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Chapter 10

Equations and Inequalities - Grade
10

10.1 Strategy for Solving Equations

This chapter is all about solving different types of equations for one or two variables. In general,
we want to get the unknown variable alone on the left hand side of the equation with all the
constants on the right hand side of the equation. For example, in the equation x — 1 = 0, we
want to be able to write the equation as x = 1.

As we saw in section 2.9 (page 13), an equation is like a set of weighing scales, that must always
be balanced. When we solve equations, we need to keep in mind that what is done to one side
must be done to the other.

Method: Rearranging Equations

You can add, subtract, multiply or divide both sides of an equation by any number you want, as
long as you always do it to both sides.

For example, in the equation £ +5—1 = —6, we want to get = alone on the left hand side of the
equation. This means we need to subtract 5 and add 1 on the left hand side. However, because
we need to keep the equation balanced, we also need to subtract 5 and add 1 on the right hand
side.

r+5—-1 = —6
r+5-5—-1+1 = —-6-5+1
z+0+0 = —-11+1
z = -—10

In another example, %x = 8, we must divide by 2 and multiply by 3 on the left hand side in

order to get x alone. However, in order to keep the equation balanced, we must also divide by
2 and multiply by 3 on the right hand side.

Z - 8
3$
2
§x+2><3 = 8+2x3
2 3 8x3
— X =XTr =
2 3 2
Ix1lxax = 12

= 12

These are the basic rules to apply when simplifying any equation. In most cases, these rules
have to be applied more than once, before we have the unknown variable on the left hand side
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of the equation.

We are now ready to solve some equations!

‘ Important: The following must also be kept in mind:
o 1. Division by 0 is undefined.
2. If £ =0, then x = 0 and y # 0, because division by 0 is undefined.

i

Activity :: Investigation : Strategy for Solving Equations
In the following, identify what is wrong.

dr—8 = 3(zr—2)

4x—2) = 3(x—2)

4xr—-2)  3x-2)

(z—-2) (-2
4 = 3

10.2 Solving Linear Equations

The simplest equation to solve is a linear equation. A linear equation is an equation where the
power on the variable(letter, e.g. x) is 1(one). The following are examples of linear equations.

20+2 = 1
2—x

= 2
3z+1
4 6 Tx + 2
- — = Tz
3

In this section, we will learn how to find the value of the variable that makes both sides of the
linear equation true. For example, what value of  makes both sides of the very simple equation,

r+1=1 true.

Since the highest power on the variable is one(1) in a linear equation, there is at most one
solution or root for the equation.

This section relies on all the methods we have already discussed: multiplying out expressions,
grouping terms and factorisation. Make sure that you are comfortable with these methods,
before trying out the work in the rest of this chapter.

2r+2 =1
2z = 1-—2 (like terms together)
2z = —1 (simplified as much a possible)
Now we see that 22 = —1. This means if we divide both sides by 2, we will get:
1
T=—=
2
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If we substitute x = —%, back into the original equation, we get:

2+ 2

2~3)+2

—1+2
1

That is all that there is to solving linear equations.

Important: Solving Equations

When you have found the solution to an equation, substitute the solution into the original

equation, to check your answer.

Method: Solving Equations

The general steps to solve equations are:

1. Expand(Remove) all brackets.

2. "Move" all terms with the variable to the left hand side of equation, and all constant terms
(the numbers) to the right hand side of the equal to-sign. Bearing in mind that the sign
of the terms will chance(from (+) to (-) or vice versa, as they "cross over’ the equal to

sign.

3. Group all like terms together and simplify as much as possible.

4. Factorise if necessary.

5. Find the solution.

6. Substitute solution into original equation to check answer.

Worked Example 28: Solving Linear Equations

Question: Solve for x: 4 —x =4
Answer

Step 1 : Determine what is given and what is required

We are given 4 — z = 4 and are required to solve for x.

Step 2 : Determine how to approach the problem

Since there are no brackets, we can start with grouping like terms and then simpli-

fying.
Step 3 : Solve the problem

—4 (move all constant terms (numbers) to the RHS (right hand side))

4—xz = 4
—r = 4
—x = 0 (group like terms together)
—x = 0 (simplify grouped terms)
- = 0
T 0

Step 4 : Check the answer
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Substitute solution into original equation:
4-0=14

4=4

Since both sides are equal, the answer is correct.
Step 5 : Write the Final Answer
The solutionof 4 —x =4 isz = 0.

\ Worked Example 29: Solving Linear Equations

Question: Solve for z: 4(2z —9) — 4z =4 — 6z

Answer

Step 1 : Determine what is given and what is required

We are given 4(2x — 9) — 4z = 4 — 6z and are required to solve for x.

Step 2 : Determine how to approach the problem

We start with expanding the brackets, then grouping like terms and then simplifying.
Step 3 : Solve the problem

42x —9) —4x = 4 -6z
8r—36—4x = 4-—6x (expand the brackets)
8r—4x +6x = 4436 (move all terms with x to the LHS and all constant terms to the RHS of the =)
(8x —4x+6x) = (4+436) (group like terms together)
10z = 40 (simplify grouped terms)
%x = 411_8 (divide both sides by 10)
r = 4

Step 4 : Check the answer
Substitute solution into original equation:

4(2(4) —9) —4(4) = 4-6(4)
A48-9)—16 = 4-—24
4(-1)—16 = —20
—4-16 = —20
—20 = -20

Since both sides are equal to —20, the answer is correct.
Step 5 : Write the Final Answer
The solution of 4(22 —9) —4x =4 — 6z is x = 4.

\ Worked Example 30: Solving Linear Equations

H . . 2—x __
Question: Solve for z: 3o = 2
Answer
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Step 1 : Determine what is given and what is required

We are given 321;;51 = 2 and are required to solve for z.

Step 2 : Determine how to approach the problem

Since there is a denominator of (3x+1), we can start by multiplying both sides of
the equation by (3x+1). But because division by 0 is not permissible, there is a
restriction on a value for x. (z # 3*)

Step 3 : Solve the problem

2—-z

w1

2—-z) = 23z+1)

2—x = 6x+2 (remove/expand brackets)
—x—6x = 2—2 (move all terms containing x to the LHS and all constant terms (numbers) to the RHS.
Tz = 0 (simplify grouped terms)
x = 0+(=7)
therefore x = 0 zero divide by any number is O

Step 4 : Check the answer
Substitute solution into original equation:

2 (0)

3(0) + 1 2
2 _
=

Since both sides are equal to 2, the answer is correct.

Step 5 : Write the Final Answer

H 2—x __ H _
The solution of 5ot = 2isz =0.

Worked Example 31: Solving Linear Equations

Question: Solve for x: %:v —6=Tx+2

Answer

Step 1 : Determine what is given and what is required

We are given %x — 6 = T7x+ 2 and are required to solve for z.

Step 2 : Determine how to approach the problem

We start with multiplying each of the terms in the equation by 3, then grouping like
terms and then simplifying.

Step 3 : Solve the problem

4
5:17 -6 = Tr+4+2
4 —18 = 21z +6 (each term is multiplied by 3
dx — 21z = 6+ 18 (move all terms with x to the LHS and all constant terms to the RHS of the =)
—17z = 24 (simplify grouped terms)
-17 24 . .
4% = Tz (divide both sides by -17)
-
ST
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Step 4 : Check the answer
Substitute solution into original equation:

4  —24 —24
- X— =6 = TXxX—+2
3717 ST
4 x (—8) 7 x (—24)
—— 6 = —=+2
i T
(—32) . —168
17 = 1 TP
-32-102  (—168) + 34
17 - 17
-134 —134
717
Since both sides are equal to %;’4, the answer is correct.

Step 5 : Write the Final Answer

The solution of %x —6=Tox+2is, == —1_274_

, Exercise: Solving Linear Equations

[ 1. Solve for y: 2y —3 =17
2. Solve for w: —=3w =10
3. Solve for z: 4z =16
4. Solve for t: 12t +0 =144
5. Solve for x: 74 5x = 62
6. Solve for y: 55 =5y + %
7. Solve for z: 5z =32+ 45
8. Solve for a: 23a — 12 =6+ 2a
9. Solve for b: 12 — 6b+ 34b = 2b— 24 — 64
10. Solve for ¢: 6¢+ 3¢ =4 — 5(2¢ — 3).
11. Solve for p: 18 —=2p=p+9
12. Solve for ¢: % =4
13. Solve for q: $ =4
14. Solve for r: —(=16—r) =13r—1
15. Solve for d: 6d —2+2d = -2+ 4d + 8
16. Solve for f: 3f —10=10
17. Solve for v: 3v 4 16 = 4v — 10
18. Solve for k: 10k +5+ 0= —2k+ —3k+ 80
19. Solve for j: 8(j —4) =5(j — 4)
20. Solve for m: 6 =6(m+7) + 5m
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10.3 Solving Quadratic Equations

A quadratic equation is an equation where the power on the variable is at most 2. The following
are examples of quadratic equations.

202 +22 = 1
9
T 2z
3r+1
4 2
gx—6 = Tz 42

Quadratic equations differ from linear equations by the fact that a linear equation only has one
solution, while a quadratic equation has at most two solutions. There are some special situations
when a quadratic equation only has one solution.

We solve quadratic equations by factorisation, that is writing the quadratic as a product of two
expressions in brackets. For example, we know that:

(x+1)(2z —3) =222 — 2 — 3.

In order to solve:
202 —2—-3=0

we need to be able to write 22? — x — 3 as (z + 1)(2z — 3), which we already know how to do.

Activity :: Investigation : Factorising a Quadratic
Factorise the following quadratic expressions:

1. z+ 22

2. 22+ 1422
3. 22 —4x+5
4. 1622 -9
5. 422 + 42+ 1

Being able to factorise a quadratic means that you are one step away from solving a quadratic
equation. For example, 22 — 3z — 2 = 0 can be written as (z — 1)(z — 2) = 0. This means
that both  —1 = 0 and x — 2 = 0, which gives x = 1 and x = 2 as the two solutions to the
quadratic equation 22 — 3z — 2 =0.

Method: Solving Quadratic Equations

1. First divide the entire equation by any common factor of the coefficients, so as to obtain
an equation of the form ax? + bx + ¢ = 0 where a, b and ¢ have no common factors. For
example, 222 + 4z + 2 = 0 can be written as 22 4+ 2z + 1 = 0 by dividing by 2.

2. Write az? + bz + c in terms of its factors (rz + s)(uz + v).
This means (rz + s)(uz + v) = 0.

3. Once writing the equation in the form (ra + s)(ux + v) = 0, it then follows that the two

solutions are x = —f orr = —%.

Extension: Solutions of Quadratic Equations
There are two solutions to a quadratic equation, because any one of the values can
solve the equation.
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Worked Example 32: Solving Quadratic Equations

Question: Solve for z: 322 +2x—1=0

Answer

Step 1 : Find the factors of 322 4+ 2z — 1

As we have seen the factors of 32% + 2z — 1 are (z + 1) and (3z — 1).
Step 2 : Write the equation with the factors

(x+1)Bx—1)=0

Step 3 : Determine the two solutions

We have

r+1=0
or

3r—1=0
Therefore, x = —1 or x = %

3
Step 4 : Write the final answer

3x2+2x—1:Oforx:—lorx=%.

Worked Example 33: Solving Quadratic Equations

Question: Solve for z: Vz +2 ==z

Answer

Step 1 : Square both sides of the equation

Both sides of the equation should be squared to remove the square root sign.

r+2 =2z

Step 2 : Write equation in the form az? + bz +c¢=0

r+2 = x? (subtract 22 to both sides)
r+2—2> = 0  (divide both sides by -1)
—z—2+2> = 0
2 —x+2 0

Step 3 : Factorise the quadratic

2 —x+2
The factors of 2% — z + 2 are (z — 2)(x + 1).

Step 4 : Write the equation with the factors

(x—2)(x+1)=0

Step 5 : Determine the two solutions
We have
z+1=0

or
r—2=0
90
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Therefore, x = —1 or x = 2.

Step 6 : Check whether solutions are valid
Substitute = —1linto the original equation vz + 2 = x:

LHS = (-1)+2
= Vi
1
but
RHS = (-1)

Therefore LHS#RHS
Therefore x # —1
Now substitute x = 2 into original equation v/z + 2 = x:

LHS = V242
= V4
2
and
RHS = 2

Therefore LHS = RHS
Therefore x = 2 is the only valid solution
Step 7 : Write the final answer

v +2=x forx =2 only.

Worked Example 34: Solving Quadratic Equations

Question: Solve the equation: 22 + 3z —4 = 0.

Answer

Step 1 : Check if the equation is in the form az? + bz +c=0

The equation is in the required form, with a = 1.

Step 2 : Factorise the quadratic

You need the factors of 1 and 4 so that the middle term is +3 So the factors are:
(x —1)(xz+4)

Step 3 : Solve the quadratic equation

2?43z —4=(x—1)(z+4) =0 (10.1)

Therefore x =1 or x = —4.
Step 4 : Write the final solution
Therefore the solutions are x = 1 or x = —4.
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Worked Example 35: Solving Quadratic Equations

Question: Find the roots of the quadratic equation 0 = —2z2 + 42 — 2.

Answer

Step 1 : Determine whether the equation is in the form az? + bz + ¢ = 0,
with no common factors.

There is a common factor: -2. Therefore, divide both sides of the equation by -2.

222 44 -2 =
2 —2x+1 =

Step 2 : Factorise 22 — 22 + 1

The middle term is negative. Therefore, the factors are (z — 1)(x — 1)
If we multiply out (z — 1)(x — 1), we get 22 — 2z + 1.

Step 3 : Solve the quadratic equation

22 =2 +1=(x—1)(z—1)=0

In this case, the quadratic is a perfect square, so there is only one solution for z:
z=1.

Step 4 : Write the final solution

The root of 0 = —222 442 — 2 is z = 1.

Exercise: Solving Quadratic Equations

1. Solve for x: 3z +2)(3x—4) =0
2. Solve for a: (5a — 9)(a+6) =0
3. Solve for z: (22 +3)(2x —3) =0
4. Solve for z: (22 +1)(2z —9) =0
5. Solve for z: (22 —3)(22—3) =0
6. Solve for z: 20z + 2522 = 0
7. Solve for a: 4a® — 17a — 77 =0
8. Solve for 2: 222 — 52 —12=0
9. Solve for b: —75b% 4+ 290b — 240 =0
10. Solve for y: 2y = 1y — 3y + 142
11. Solve for §: 6% — 40 = —4
12. Solve for ¢: —q® +4q — 6 = 4¢%> —5¢+3
13. Solve for t: t? = 3t
14. Solve for w: 3w? + 10w — 25 =0
15. Solve for v: v2 —v +3
16. Solve for z: 2% — 42 +4 =10
17. Solve for t: 12 — 6t =17
18. Solve for z: 1422 + 52 = 6
19. Solve for t: 2t — 2t =12
20. Solve for y: 3y? +2y —6=y> —y +2
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10.4 Exponential Equations of the form ka(**?) = m

examples solved by trial and error)

Exponential equations generally have the unknown variable as the power. The following are
examples of exponential equations:

27 =1
9-z
3m+1 = 2
4
S—6 = T"+2
3 +

You should already be familiar with exponential notation. Solving exponential equations are
simple, if we remember how to apply the laws of exponentials.

Activity :: Investigation : Solving Exponential Equations
Solve the following equations by completing the table:

20 =2 T
31-2|-1|1]0]1]2]3

DE

3*=9 T
3]1-2|-170(1]2]3

3%

27T =38 z
3|1-2|-1|1]0]1]2]3

2m+1

10.4.1 Algebraic Solution

Definition: Equality for Exponential Functions
If @ is a positive number such that a > 0, then:

if and only if:

This means that if we can write all terms in an equation with the same base, we can solve the
exponential equations by equating the indices. For example take the equation 3**1 = 9. This
can be written as:

3I+l — 32
Since the bases are equal (to 3), we know that the exponents must also be equal. Therefore we

can write:
r+1=2.

This gives:
z=1.
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Method: Solving Exponential Equations

Try to write all terms with the same base.

Activity :: Investigation : Exponential Numbers
Write the following with the same base. The base is the first in the list. For
example, in the list 2, 4, 8, the base is two and we can write 4 as 22,

1. 2,4,8,16,32,64,128,512,1024
2. 3,9,27,81,243

3. 5,25,125,625

4. 13,169

5. 2z, 422, 823, 4928

x Worked Example 36: Solving Exponential Equations

Question: Solve for z: 2% =2

Answer

Step 1 : Try to write all terms with the same base.
All terms are written with the same base.

27 = 2!
Step 2 : Equate the indices
r=1
Step 3 : Check your answer
2(13
— o1
= 9!

Since both sides are equal, the answer is correct.
Step 4 : Write the final answer

r=1
is the solution to 2”7 = 2.
x Worked Example 37: Solving Exponential Equations
Question: Solve:
21-{-4 _ 42w
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10.4

Answer
Step 1 : Try to write all terms with the same base.

21-{-4 _ 42;E
2:6+4 — 22(2:6)
2:E+4 — 24I
Step 2 : Equate the indices
r+4=4x
Step 3 : Solve for =
r+4 = Adx
r—4xr = —4
—3x = —4
—4
r = —
-3
4
r = =
3
Step 4 : Check your answer
LHS = 2°H
= 2G+Y
e
= (2'%)s
RHS = 4**
— 423
— 4%
= (4%
(CODE
= (216)%
LHS
Since both sides are equal, the answer is correct.
Step 5 : Write the final answer
4
T ==
3
is the solution to 2514 = 427
Exercise: Solving Exponential Equations
1. Solve the following exponential equations.
a. 2w+5 — 25 b. 32m+1 — 33

d. 65—1 — 612 e. 64ﬂc+1 — 162;E+5

2. Solve: 392 = 27
95

C. 52m+2 — 53
f. 125% =
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3. Solve for k: 81k12 = 97k+4

4. The growth of an algae in a pond is can be modeled by the function f(t) = 2%.
Find the value of ¢ such that f(¢) = 1287

5. Solve for z: 25(1722) — 54

6. Solve for z: 27* x 9272 =1

10.5 Linear Inequalities

graphically;

Activity :: Investigation : Inequalities on a Number Line
Represent the following on number lines:

x=4
<4
z <4
T >4
x>4

ok =

A linear inequality is similar to a linear equation and has the power on the variable is equal to 1.
The following are examples of linear inequalities.

20+2 < 1
2—x

> 2
3r+1 —
4

The methods used to solve linear inequalities are identical to those used to solve linear equations.
The only difference occurs when there is a multiplication or a division that involves a minus sign.
For example, we know that 8 > 6. If both sides of the inequality are divided by —2, —4 is not
greater than —3. Therefore, the inequality must switch around, making —4 < —3.

Important: When you divide or multiply both sides of an inequality by any number with a
minus sign, the direction of the inequality changes.

For example, if x < 1, then —z > —1.

In order to compare am inequality to a normal equation, we shall solve an equation first. Solve
20 +2 =1.

2z4+2 =1
20 = 1-2
20 = -1
1
r= 3

If we represent this answer on a number line, we get
96



CHAPTER 10. EQUATIONS AND INEQUALITIES - GRADE 10 10.5

r=—1
5% a6 1
Now let us solve the inequality 22 + 2 < 1.
20+2 < 1
20 < 1-2
20 < -1
- 1
T _Z
- 2

If we represent this answer on a number line, we get

< —
- ; } — — } t t
-3 -2 -1 0 1 2 3

N[

As you can see, for the equation, there is only a single value of x for which the equation is true.
However, for the inequality, there is a range of values for which the inequality is true. This is
the main difference between an equation and an inequality.

Worked Example 38: Linear Inequalities

Question: Solve for r: 6 —r > 2
Answer
Step 1 : Move all constants to the RHS

—r>2-06
—r > —4

Step 2 : Multiply both sides by -1
When you multiply by a minus sign, the direction of the inequality changes.

r<4
Step 3 : Represent answer graphically

7'{4

- ' ' y
0 1 2 3 4 5

Worked Example 39: Linear Inequalities

Question: Solve for ¢: 4¢+ 3 < 2(q + 3) and represent solution on a number line.
Answer
Step 1 : Expand all brackets

49+3 < 2(g+3)
494+3 < 2q+6
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Step 2 : Move all constants to the RHS and all unknowns to the LHS

49+3 < 2¢+6
4q9—-2¢ < 6-3
2 < 3

Step 3 : Solve inequality

2q < 3 Divide both sides by 2

_ 3
q 2

Step 4 : Represent answer graphically
q<3

- ' ’ i i ; J
0 1 2 3 4 5

Worked Example 40: Compound Linear Inequalities

Question: Solve for z: 5 < x + 3 < 8 and represent solution on a number line.
Answer

Step 1 : Subtract 3 from Left, middle and right of inequalities
5—3< z+3-3 <8-3

2< T <b

Step 2 : Represent answer graphically

2<zx<5h
¢ . ;
0 1 2 3 4 5

Exercise: Linear Inequalities

1. Solve for x and represent the solution graphically:
(a) 3z +4>5x+38

(b) 3(x—1)—2<6zx+4

(C) wT—7 > 2w2—3

(d) “4(z—-1)<z+2

(e) 3z +i(z—1)> 32— 1

2. Solve the following inequalities. lllustrate your answer on a number line if x is
a real number.

(a) 2<z-1<3
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(b) —5<20—-3<7

3. Solve for z: 7(3x +2) — 5(2x — 3) > 7.
Illustrate this answer on a number line.

10.6 Linear Simultaneous Equations

Thus far, all equations that have been encountered have one unknown variable, that must be
solved for. When two unknown variables need to be solved for, two equations are required
and these equations are known as simultaneous equations. The solutions to the system of
simultaneous equations, are the values of the unknown variables which satisfy the system of
equations simultaneously, that means at the same time. In general, if there are n unknown
variables, then n equations are required to obtain a solution for each of the n variables.

An example of a system of simultaneous equations is:

20 +2y=1 (10.2)
9 _

x N
Jy+1

10.6.1 Finding solutions

In order to find a numerical value for an unknown variable, one must have at least as many inde-
pendent equations as variables. We solve simultaneous equations graphically and algebraically/

10.6.2 Graphical Solution

Simultaneous equations can also be solved graphically. If the graphs corresponding to each
equation is drawn, then the solution to the system of simultaneous equations is the co-ordinate
of the point at which both graphs intersect.

T =2y (10.3)

Draw the graphs of the two equations in (10.3).

N+
1

1
1+ S
>

The intersection of the two graphs is (2,1). So the solution to the system of simultaneous
equations in (10.3) is y =1 and = 2.
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This can be shown algebraically as:

y = 2(2y)-3
y—4y = -3
-3y = -3
y = 1
Substitute into the first equation: z = 2(1)
= 2

Worked Example 41: Simultaneous Equations

Question: Solve the following system of simultaneous equations graphically.

100
12

4y + 3x
4y — 19z

Answer
Step 1 : Draw the graphs corresponding to each equation.
For the first equation:

dy+3x = 100
4y = 100 — 3z
3
y = 25— 1"
and for the second equation:
dy—19z = 12
4y = 19x+ 12
19
y = Zw +3
7
1 o
7”777:!-“;;::::::“ZL:Iff'fffi:”;zﬁffff 777::777”777”7777”777”7777’7?[7”777”777”777”77
10T= %

Step 2 : Find the intersection of the graphs.

The graphs intersect at (4,22).

Step 3 : Write the solution of the system of simultaneous equations as given
by the intersection of the graphs.
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10.6.3 Solution by Substitution

A common algebraic technique is the substitution method: try to solve one of the equations
for one of the variables and substitute the result into the other equations, thereby reducing the
number of equations and the number of variables by 1. Continue until you reach a single equation
with a single variable, which (hopefully) can be solved; back substitution then yields the values
for the other variables.

In the example (??), we first solve the first equation for a:

and substitute this result into the second equation:

Lo
I
S

= 2
3y+1
2-G-y _ ,
Jy+1
1
2—(5—1/) = 23y +1)
1
2—-+y = 6y+2
1
y—6y = —2+§—|—2
1
5y = =
4 2
B 1
Y 10
1
r = = —
5~V
1 1
= __(_E)
_ 6
10
_ 3
5

Worked Example 42: Simultaneous Equations

Question: Solve the following system of simultaneous equations:

dy+3x = 100
dy—19z = 12

Answer
Step 1 : If the question, does not explicitly ask for a graphical solution, then
the system of equations should be solved algebraically.
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Step 2 : Make z the subject of the first equation.

dy+3x = 100
3z = 100 —4y
100 — 4y
r = —
3

Step 3 : Substitute the value obtained for z into the second equation.

4y—19(%) — 12
12y — 19(100 — 4y) = 36
12y — 1900 + 76y = 36
88y — 1936
y = 22

Step 4 : Substitute into the equation for x.

100 — 4
X = ﬂ
3

100 — 88
B 3
_ L2
T3
= 4

Step 5 : Substitute the values for x and y into both equations to check the
solution.

4(22) 4+ 3(4) =88+12 = 100 v
4(22) —19(4) =88 —76 = 12 V

Worked Example 43: Bicycles and Tricycles

Question: A shop sells bicycles and tricycles. In total there are 7 cycles and 19
wheels. Determine how many of each there are, if a bicycle has two wheels and a
tricycle has three wheels.

Answer

Step 1 : Ildentify what is required

The number of bicycles and the number of tricycles are required.

Step 2 : Set up the necessary equations

If b is the number of bicycles and ¢ is the number of tricycles, then:

b+t = 7
26+3t = 19

Step 3 : Solve the system of simultaneous equations using substitution.
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b = 7—t
Into second equation: 2(7—1¢)+3t = 19
14—-2t+3t = 19
t =5
Into first equation: b = 7-5
= 2

Step 4 : Check solution by substituting into original system of equations.

245 = 7 V
202)+3(5)=4+15 = 19 v

Exercise: Simultaneous Equations

1. Solve graphically and confirm your answer algebraically: 3a — 207 =0, a —
4+1=0

2. Solve algebraically: 15¢+ 11d — 132 =0, 2¢+3d — 59 =0
3. Solve algebraically: —18¢ —18+3f =0, e—4f +47=0
4. Solve graphically: v +2y=7,24+y =0

10.7 Mathematical Models

10.7.1 Introduction

Tom and Jane are friends. Tom picked up Jane's Physics test paper, but will not tell Jane what
her marks are. He knows that Jane hates maths so he decided to tease her. Tom says: “l have
2 marks more than you do and the sum of both our marks is equal to 14. How much did we
get?”

Let's help Jane find out what her marks are. We have two unknowns, Tom's mark (which we shall
call t) and Jane's mark (which we shall call j). Tom has 2 more marks than Jane. Therefore,

t=75+2
Also, both marks add up to 14. Therefore,
t+j=14

The two equations make up a set of linear (because the highest power is one) simultaneous
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equations, which we know how to solve! Substitute for ¢ in the second equation to get:

Then,

t+j = 14
j+2+4j = 14
2j+2 = 14
20/+1) = 14
j+1 = 7

j o= 7-1
t o= j+2
= 6+2

8

So, we see that Tom scored 8 on his test and Jane scored 6.

This problem is an example of a simple mathematical model. We took a problem and we able
to write a set of equations that represented the problem, mathematically. The solution of the
equations then gave the solution to the problem.

10.7

.2 Problem Solving Strategy

The purpose of this section is to teach you the skills that you need to be able to take a problem
and formulate it mathematically, in order to solve it. The general steps to follow are:

= e N

o

Read ALL of it !
Find out what is requested.
Let the requested be a variable e.g. x.

Rewrite the information given in terms of . That is, translate the words into algebraic
language. This is the reponse

Set up an equation (i.e. a mathematical sentence or model) to solve the required variable.

Solve the equation algebraically to find the result.

Important: Follow the three R's and solve the problem... Request - Response - Result

10.7

.3 Application of Mathematical Modelling

Worked Example 44: Mathematical Modelling: One variable

Question: A fruit shake costs R2,00 more than a chocolate milkshake. If three fruit
shakes and 5 chocolate milkshakes cost R78,00, determine the individual prices.
Answer

Step 1 : Summarise the information in a table

Price | number Total
Fruit x+2 3 3(x+2)
Chocolate T 5 5%
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Step 2 : Set up an algebraic equation

3z+2)+5x = 78

Step 3 : Solve the equation

3r+6+5xr = 78
8r = 72
zr = 9

Step 4 : Present the final answer
Chocolate milkshake costs R 9,00 and the Fruitshake costs R 11,00

Worked Example 45: Mathematical Modelling: Two variables

Question: Three rulers and two pens cost R 21,00. One ruler and one pen cost R
8,00. Find the cost of one ruler and one pen

Answer

Step 1 : Translate the problem using variables

Let the cost of one ruler be = rand and the cost of one pen be y rand.

Step 2 : Rewrite the information in terms of the variables

3x+2y = 21 (10.4)
r+y = 8 (10.5)

Step 3 : Solve the equations simultaneously
First solve the second equation for y:

y=8—-=zx

and substitute the result into the first equation:

3x+2(8—xz) = 21
3r+16—-2x = 21
r = 5
therefore
y = 8-=5
y = 3

Step 4 : Present the final answers
one Ruler costs R 5,00 and one Pen costs R 3,00
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, Exercise: Mathematical Models

® 1. Stephen has 1 | of a mixture containing 69% of salt. How much water must
Stephen add to make the mixture 50% salt? Write your answer as a fraction.

2. The diagonal of a rectangle is 25 cm more than its width. The length of
the rectangle is 17 cm more than its width. What are the dimensions of the
rectangle?

3. The sum of 27 and 12 is 73 more than an unknown number. Find the unknown
number.

4. The two smaller angles in a right-angled triangle are in the ratio of 1:2. What
are the sizes of the two angles?

5. George owns a bakery that specialises in wedding cakes. For each wedding cake,
it costs George R150 for ingredients, R50 for overhead, and R5 for advertising.
George's wedding cakes cost R400 each. As a percentage of George's costs,
how much profit does he make for each cake sold?

6. If 4 times a number is increased by 7, the result is 15 less than the square of
the number. Find the numbers that satisfy this statement, by formulating an
equation and then solving it.

7. The length of a rectangle is 2 cm more than the width of the rectangle. The
perimeter of the rectangle is 20 cm. Find the length and the width of the
rectangle.

10.7.4 End of Chapter Exercises

1. What are the roots of the quadratic equation 2 — 3z 4 2 = 0?
2. What are the solutions to the equation 22 + 2 = 67
3. In the equation y = 222 — 52 — 18, which is a value of z when y = 0?

4. Manuel has 5 more CDs than Pedro has. Bob has twice as many CDs as Manuel has.
Altogether the boys have 63 CDs. Find how many CDs each person has.

5. Seven-eighths of a certain number is 5 more than one-third of the number. Find the
number.

6. A man runs to a telephone and back in 15 minutes. His speed on the way to the telephone
is 5 m/s and his speed on the way back is 4 m/s. Find the distance to the telephone.

7. Solve the inequality and then answer the questions:
g—14>14-7%

(a) If zeR, write the solution in interval notation.

(b) if zeZ and x < 51, write the solution as a set of integers.

8. Solve for a: -5t >1

9. Solve forz: z — 1= ‘;—2

10. Solve for x and y: 7z + 3y = 13 and 2z — 3y = —4

chapterFunctions and Graphs - Grade 10
106



CHAPTER 10. EQUATIONS AND INEQUALITIES - GRADE 10 10.8

10.8 Introduction to Functions and Graphs

Functions are mathematical building blocks for designing machines, predicting natural disasters,
curing diseases, understanding world economies and for keeping aeroplanes in the air. Functions
can take input from many variables, but always give the same answer, unique to that function.
It is the fact that you always get the same answer from a set of inputs, which is what makes
functions special.

A major advantage of functions is that they allow us to visualise equations in terms of a graph.
A graph is an accurate drawing of a function and is much easier to read than lists of numbers.
In this chapter we will learn how to understand and create real valued functions, how to read
graphs and how to draw them.

Despite their use in the problems facing humanity, functions also appear on a day-to-day level,
so they are worth learning about. A function is always dependent on one or more variables, like
time, distance or a more abstract quantity.

10.9 Functions and Graphs in the Real-World

Some typical examples of functions you may already have met include:-

e how much money you have, as a function of time. You never have more than one amount
of money at any time because you can always add everything to give one number. By
understanding how your money changes over time, you can plan to spend your money
sensibly. Businesses find it very useful to plot the graph of their money over time so that
they can see when they are spending too much. Such observations are not always obvious
from looking at the numbers alone.

e the temperature is a very complicated function because it has so many inputs, including;
the time of day, the season, the amount of clouds in the sky, the strength of the wind, where
you are and many more. But the important thing is that there is only one temperature
when you measure it. By understanding how the temperature is effected by these things,
you can plan for the day.

e where you are is a function of time, because you cannot be in two places at once! If you
were to plot the graphs of where two people are as a function of time, if the lines cross it
means that the two people meet each other at that time. This idea is used in logistics, an
area of mathematics that tries to plan where people and items are for businesses.

e your weight is a function of how much you eat and how much exercise you do, but everybody
has a different function so that is why people are all different sizes.

10.10 Recap

The following should be familiar.

10.10.1 Variables and Constants

In section 2.4 (page 8), we were introduced to variables and constants. To recap, a variable
can take any value in some set of numbers, so long is the equation is consistent. Most often, a
variable will be written as a letter.

A constant has a fixed value. The number 1 is a constant. Sometimes letters are used to
represent constants, as its easier to work with.

Activity :: Investigation : Variables and Constants
In the following expressions, identify the variables and the constants:
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22 =1
3z4+4y =7

=

x

y=7"-2

10.10.2 Relations and Functions

In earlier grades, you saw that variables can be related to each other. For example, Alan is two
years older than Nathan. Therefore the relationship between the ages of Alan and Nathan can
be written as A = N + 2, where A is Alan’s age and N is Nathan's age.

In general, a relation is an equation which relates two variables. For example, y = 5z and
y? 4+ 22 = 5 are relations. In both examples = and y are variables and 5 is a constant, but for a
given value of x the value of y will be very different in each relation.

Besides writing relations as equations, they can also be represented as words, tables and graphs.
Instead of writing y = 5z, we could also say “y is always five times as big as 2". We could also
give the following table:

2 10
6 30
8 40
13 65
15 75

Activity :: Investigation : Relations and Functions
Complete the following table for the given functions:
x y=x |y=22 |y=x+2
1
2
3
50
100

10.10.3 The Cartesian Plane

When working with real valued functions, our major tool is drawing graphs. In the first place, if
we have two real variables, x and y, then we can assign values to them simultaneously. That is,
we can say “let x be 5 and y be 3". Just as we write “let x = 5" for “let x be 5", we have the
shorthand notation “let (x,y) = (5,3)" for “let  be 5 and y be 3". We usually think of the
real numbers as an infinitely long line, and picking a number as putting a dot on that line. If
we want to pick two numbers at the same time, we can do something similar, but now we must
use two dimensions. What we do is use two lines, one for x and one for y, and rotate the one
for y, as in Figure 10.1. We call this the Cartesian plane.
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Figure 10.1: The Cartesian plane is made up of an x—axis (horizontal) and a y—axis (vertical).

10.10.4 Drawing Graphs

In order to draw the graph of a function, we need to calculate a few points. Then we plot the
points on the Cartesian Plane and join the points with a smooth line.

The great beauty of doing this is that it allows us to “draw” functions, in a very abstract way.
Assume that we were investigating the properties of the function f(z) = 2z. We could then
consider all the points (x,y) such that y = f(z), i.e. y = 2z. For example, (1,2),(2.5,5), and
(3,6) would all be such points, whereas (3,5) would not since 5 # 2 x 3. If we put a dot at
each of those points, and then at every similar one for all possible values of x, we would obtain
the graph shown in

Figure 10.2: Graph of f(z) = 2z

The form of this graph is very pleasing — it is a simple straight line through the middle of
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the plane. The technique of “plotting”, which we have followed here, is the key element in
understanding functions.

Activity :: Investigation : Drawing Graphs and the Cartesian Plane
Plot the following points and draw a smooth line through them. (-6; -8),(-2; 0),
(2; 8), (6; 16)

10.10.5 Notation used for Functions

Thus far you would have seen that we can use y = 2x to represent a function. This notation
however gets confusing when you are working with more than one function. A more general form
of writing a function is to write the function as f(z), where f is the function name and z is the
independent variable. For example, f(x) = 2z and g(t) = 2¢ + 1 are two functions.

Both notations will be used in this book.

x Worked Example 46: Function notation

Question: If f(n) =n? —6n+9, find f(k — 1) in terms of k.
Answer
Step 1 : Replace n with £ —1

ftn) = n?>—6n+9
flk=1) = (k=1>=6(k—1)+9

Step 2 : Remove brackets on RHS and simplify

= kK —-2k+1-6k+6+9
= k2-8k+16

x Worked Example 47: Function notation

Question: If f(x) = 22 — 4, calculate b if f(b) = 45.
Answer
Step 1 : Replace = with b
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Step 2 : f(b) = f(b)

bV —4 = 45
b —49 = 0
b = +Tor—-7
{ExerciseRecap
1. Guess the function in the form y = ... that has the values listed in the table.

x| 1]2]3|40]| 50| 600 | 700 | 800 | 900 | 1000
y|1[2]|3]|40]| 50| 600 | 700 | 800 | 900 | 1000

2. Guess the function in the form y = ... that has the values listed in the table.

x| 112|340 | 50 | 600 | 700 | 800 | 900 | 1000
y|2|4]6]|80]| 100 | 1200 | 1400 | 1600 | 1800 | 2000

3. Guess the function in the form y = ... that has the values listed in the table.

x| 1 ]2 |3 | 40 | 50 | 600 | 700 | 800 | 900 | 1000
vy || 10 | 20 | 30 | 400 | 500 | 6000 | 7000 | 8000 | 9000 | 10000

4. On a Cartesian plane, plot the following points: (1,2), (2,4), (3,6), (4,8), (5,10). Join the
points. Do you get a straight-line?

5. If f(z) = 2 + 22, write out:

(a) f(®)
(b) f(a)
(c) f(1)
(d) f(3)
6. If g(z) =z and f(z) = 2z, write out:
(a) F(t)+9(t)
(b) f(a) - g(a)
() F(1) +9(2)
(d) f(3)+9(s)

7. A car drives by you on a straight highway. The car is travelling 10 m every second.
Complete the table below by filling in how far the car has travelled away from you after 5,
10 and 20 seconds.

Time (s) 01 ]2 (51020
Distance (m) || 0 | 10 | 20

Use the values in the table and draw a graph of distance on the y-axis and time on the
T-axis.
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10.11 Characteristics of Functions - All Grades

There are many characteristics of graphs that help describe the graph of any function. These
properties are:

1. dependent and independent variables

2. domain and range

3. intercepts with axes

4. turning points

5. asymptotes

6. lines of symmetry

7. intervals on which the function increases/decreases

8. continuous nature of the function

Some of these words may be unfamiliar to you, but each will be clearly described. Examples of
these properties are shown in Figure 10.3.

A y-intercept
B, C

 F z-intercept
, E turning points

Figure 10.3: (a) Example graphs showing the characteristics of a function. (b) Example graph
showing asymptotes of a function.

10.11.1 Dependent and Independent Variables

Thus far, all the graphs you have drawn have needed two values, an z-value and a y-value. The
y-value is usually determined from some relation based on a given or chosen x-value. These
values are given special names in mathematics. The given or chosen z-value is known as the
independent variable, because its value can be chosen freely. The calculated y-value is known
as the dependent variable, because its value depends on the chosen z-value.
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10.11.2 Domain and Range

The domain of a relation is the set of all the = values for which there exists at least one y value
according to that relation. The range is the set of all the y values, which can be obtained using
at least one x value.

If the relation is of height to people, then the domain is all living people, while the range would
be about 0.1 to 3 metres — no living person can have a height of Om, and while strictly its not
impossible to be taller than 3 metres, no one alive is. An important aspect of this range is that
it does not contain all the numbers between 0.1 and 3, but only six billion of them (as many as
there are people).

As another example, suppose x and y are real valued variables, and we have the relation y = 2*.
Then for any value of z, there is a value of y, so the domain of this relation is the whole set of
real numbers. However, we know that no matter what value of 2 we choose, 2% can never be
less than or equal to 0. Hence the range of this function is all the real numbers strictly greater
than zero.

These are two ways of writing the domain and range of a function, set notation and interval
notation. Both notations are used in mathematics, so you should be familiar with each.

Set Notation

A set of certain z values has the following form:

{z : conditions, more conditions} (10.6)

We read this notation as “the set of all x values where all the conditions are satisfied”. For
example, the set of all positive real numbers can be written as {z : € R,z > 0} which reads
as “the set of all = values where x is a real number and is greater than zero”.

Interval Notation

Here we write an interval in the form 'lower bracket, lower number, comma, upper number,
upper bracket’. We can use two types of brackets, square ones [,] or round ones (,). A square
bracket means including the number at the end of the interval whereas a round bracket means
excluding the number at the end of the interval. It is important to note that this notation can
only be used for all real numbers in an interval. It cannot be used to describe integers in an
interval or rational numbers in an interval.

So if z is a real number greater than 2 and less than or equal to 8, then x is any number in the

interval
(2,8] (10.7)

It is obvious that 2 is the lower number and 8 the upper number. The round bracket means
'excluding 2', since x is greater than 2, and the square bracket means 'including 8’ as x is less
than or equal to 8.

10.11.3 Intercepts with the Axes

The intercept is the point at which a graph intersects an axis. The x-intercepts are the points
at which the graph cuts the z-axis and the y-intercepts are the points at which the graph cuts
the y-axis.

In Figure 10.3(a), the A is the y-intercept and B, C and F are z-intercepts.

You will usually need to calculate the intercepts. The two most important things to remember
is that at the x-intercept, y = 0 and at the y-intercept, z = 0.

For example, calculate the intercepts of y = 3x + 5. For the y-intercept, x = 0. Therefore the
y-intercept is yine = 3(0) + 5 = 5. For the a-intercept, y = 0. Therefore the a-intercept is
found from 0 = 3x;,: + 5, giving Tin: = —%.

113



10.11 CHAPTER 10. EQUATIONS AND INEQUALITIES - GRADE 10

10.11.4 Turning Points

Turning points only occur for graphs of functions that whose highest power is greater than 1.
For example, graphs of the following functions will have turning points.

flx) = 222 -2
glx) = 23 —22° 42 -2
hz) = §x4 -2

There are two types of turning points: a minimal turning point and a maximal turning point.
A minimal turning point is a point on the graph where the graph stops decreasing in value and
starts increasing in value and a maximal turning point is a point on the graph where the graph
stops increasing in value and starts decreasing. These are shown in Figure 10.4.

maximal turning point

y-values decreasing y-values increasing

y-values increasing y-values decreasing

minimal turning point

Figure 10.4: (a) Maximal turning point. (b) Minimal turning point.
In Figure 10.3(a), E is a maximal turning point and D is a minimal turning point.

10.11.5 Asymptotes

An asymptote is a straight or curved line, which the graph of a function will approach, but never
touch.

In Figure 10.3(b), the y-axis and line h are both asymptotes as the graph approaches both these
lines, but never touches them.

10.11.6 Lines of Symmetry

Graphs look the same on either side of lines of symmetry. These lines include the z- and y-
axes. For example, in Figure 10.5 is symmetric about the y-axis. This is described as the axis
of symmetry.

10.11.7 Intervals on which the Function Increases/Decreases

In the discussion of turning points, we saw that the graph of a function can start or stop
increasing or decreasing at a turning point. If the graph in Figure 10.3(a) is examined, we find
that the values of the graph increase and decrease over different intervals. We see that the
graph increases (i.e. that the y-values increase) from -oo to point E, then it decreases (i.e. the
y-values decrease) from point E to point D and then it increases from point D to +o0.

10.11.8 Discrete or Continuous Nature of the Graph

A graph is said to be continuous if there are no breaks in the graph. For example, the graph in
Figure 10.3(a) can be described as a continuous graph, while the graph in Figure 10.3(b) has a
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Figure 10.5: Demonstration of axis of symmetry. The y-axis is an axis of symmetry, because the
graph looks the same on both sides of the y-axis.

break around the asymptotes. In Figure 10.3(b), it is clear that the graph does have a break in
it around the asymptote.

Exercise: Domain and Range

1. The domain of the function f(x) = 2z 45 is -3; -3; -3; 0. Determine the range
of f.
2. If g(x) = —2? + 5 and x is between - 3 and 3, determine:
(a) the domain of g(z)
(b) the range of g(x)
3. Label, on the following graph:
(a) the z-intercept(s)
(b) the y-intercept(s)
(c) regions where the graph is increasing
(d)

d) regions where the graph is decreasing

4. Label, on the following graph:
(a) the z-intercept(s)
(b) the y-intercept(s)
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(c) regions where the graph is increasing
(d) regions where the graph is decreasing

10.12 Graphs of Functions

10.12.1 Functions of the form y = ax + ¢

Functions with a general form of y = ax + ¢ are called straight line functions. In the equation,
y = ax + q, a and ¢ are constants and have different effects on the graph of the function. The
general shape of the graph of functions of this form is shown in Figure 10.6 for the function
flz)=2x+3.

Figure 10.6: Graph of f(z) =22 +3

Activity :: Investigation : Functions of the Form y = ax + ¢
1. On the same set of axes, plot the following graphs:
(@) a(z) =2x—2
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(b) b(zx) =2 -1
(€) c(z) =

(d) dz)=2z+1
(e) e(z) =x+2

Use your results to deduce the effect of q.

2. On the same set of axes, plot the following graphs:

(@) f(z)=-2-z
(b) g(z) =-1-=
(c) h(z)=0-z
(d) j(z)=1-=
(e) k(z) =22

Use your results to deduce the effect of a.

You should have found that the value of a affects the slope of the graph. As a increases, the slope
of the graph increases. If a > 0 then the graph increases from left to right (slopes upwards).
If @ < 0 then the graph increases from right to left (slopes downwards). For this reason, a is
referred to as the slope or gradient of a straight-line function.

You should have also found that the value of ¢ affects where the graph passes through the y-axis.
For this reason, ¢ is known as the y-intercept.

These different properties are summarised in Table 10.1.

Table 10.1: Table summarising general shapes and positions of graphs of functions of the form
Yy =ar—+gq.

| || a>0 | a<0 |

A~ D

q>0

Y

q<0

Domain and Range
For f(z) = az + g, the domain is {x : € R} because there is no value of z € R for which
f(z) is undefined.

The range of f(z) = ax + ¢ is also {f(x) : f(x) € R} because there is no value of f(z) € R
for which f(z) is undefined.

For example, the domain of g(z) =z — 1 is { : « € R} because there is no value of z € R for
which g(z) is undefined. The range of g(x) is {g(z) : g(z) € R}.

Intercepts

For functions of the form, y = ax + ¢, the details of calculating the intercepts with the x and y
axis is given.
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The y-intercept is calculated as follows:
y = ar+gq (10.8)
yint = a(0)+gq (10.9)
q (10.10)
For example, the y-intercept of g(x) = x — 1 is given by setting = 0 to get:
glx) = =—1
Yint = 0-1
-1
The z-intercepts are calculated as follows:
y = ar+gq (10.11)
0 = a ZTiy+q (10.12)
a-Ting = —q (10.13)
q
it = —— 10.14
Lint 0 ( )

For example, the a-intercepts of g(z) = x — 1 is given by setting y = 0 to get:

g(z) = z-1
0 = Tint — 1
Ting = 1

Turning Points

The graphs of straight line functions do not have any turning points.

Axes of Symmetry

The graphs of straight-line functions do not, generally, have any axes of symmetry.

Sketching Graphs of the Form f(z) = az + ¢

In order to sketch graphs of the form, f(z) = ax+ g, we need to determine three characteristics:

1. sign of a
2. y-intercept

3. x-intercept

Only two points are needed to plot a straight line graph. The easiest points to use are the

x-intercept (where the line cuts the z-axis) and the y-intercept.

For example, sketch the graph of g(x) =z — 1. Mark the intercepts.

Firstly, we determine that a > 0. This means that the graph will have an upward slope.

The y-intercept is obtained by setting x = 0 and was calculated earlier to be y;n: = —1. The

x-intercept is obtained by setting y = 0 and was calculated earlier to be z;,; = 1.

Worked Example 48: Drawing a straight line graph

Question: Draw the graph of y = 2z 4+ 2
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10.12

Figure 10.7: Graph of the function g(z) =2 — 1

Answer
Step 1 : Find the y-intercept
For the intercept on the y-axis, let x = 0

y = 2(0)+2
2

Step 2 : Find the x-intercept
For the intercept on the x-axis, let y =0

0 = 2x+2
20 = =2
T -1
Step 3 : Draw the graph
3 -
2 Y
1 -
-3 1 2 3
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Exercise: Intercepts

1. List the y-intercepts for the following straight-line graphs:

(@ y==x

(b) y=2-1
(c)y=2x—-1
(d) y+1=2z

2. Give the equation of the iIIus§rated graph below:

\ (0:3)

(4,0) X

3. Sketch the following relations on the same set of axes, clearly indicating the
intercepts with the axes as well as the co-ordinates of the point of interception
on the graph: z4+2y—5=0and 3z —y—1=0

10.12.2 Functions of the Form y = az? + ¢

The general shape and position of the graph of the function of the form f(x) = az?+ ¢ is shown
in Figure 10.8.

Activity :: Investigation : Functions of the Form y = az? + ¢

1. On the same set of axes, plot the following graphs:
(a) a(x) = —2-22+1

(b) b(z) = —1-22+1
(c) c(x)=0-22+1
(d) diz) =1-22 +1
(e) e(x) =222 +1

Use your results to deduce the effect of a.
2. On the same set of axes, plot the following graphs:
(@) flz)=2%-2
(b) g(z) =2® -1
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= N W ks Ot O 0 ©
I
T

Figure 10.8: Graph of the f(z) = 2% — 1.

(c) h(z)=2%+0
() j@) =22 +1
(e) k(x) =22 +2

Use your results to deduce the effect of q.

Complete the following table of values for the functions a to k to help with drawing
the required graphs in this activity:
x -2 -1 0 1 2

8

S e

S

8

5

A/-\/_\H [

3

8
NP N N

| e || o | lo
—~| ===
8

8

8
~— | ~—

From your graphs, you should have found that a affects whether the graph makes a smile or a
frown. If a < 0, the graph makes a frown and if a > 0 then the graph makes a smile. This is
shown in Figure 10.9.

N RN

a > 0 (a positive smile) a < 0 (a negative frown)

Figure 10.9: Distinctive shape of graphs of a parabola if a > 0 and a < 0.

You should have also found that the value of ¢ affects whether the turning point is to the left
of the y-axis (¢ > 0) or to the right of the y-axis (¢ < 0).

These different properties are summarised in Table ?7.
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Table 10.2: Table summarising general shapes and positions of functions of the form y = az?+q.
| || a>0 | a<0 |

\/
—f— | A

q>0

—= |

q<0

Domain and Range
For f(x) = az? + g, the domain is {x : © € R} because there is no value of = € R for which
f(z) is undefined.

The range of f(x) = ax® + q depends on whether the value for a is positive or negative. We
will consider these two cases separately.

If @ > 0 then we have:

2

x® > 0 (The square of an expression is always positive)
az®> > 0 (Multiplication by a positive number maintains the nature of the inequality)
ar’+q > ¢
fx) = ¢

This tells us that for all values of z, f(x) is always greater than g. Therefore if a > 0, the range

of f(z) = az® + g is {f(z) : f(x) € [g,00)}.

Similarly, it can be shown that if @ < 0 that the range of f(x) = az? + ¢ is {f(z) : f(z) €
(—00,q]}. This is left as an exercise.

For example, the domain of g(x) = 2% + 2 is {z : © € R} because there is no value of z € R for
which g(z) is undefined. The range of g(x) can be calculated as follows:

x> > 0
2+2 >
g(z) >

Therefore the range is {g(x) : g(x) € [2,00)}.

Intercepts

For functions of the form, y = ax? + ¢, the details of calculating the intercepts with the = and
Y axis is given.

The y-intercept is calculated as follows:

y = azr’+q (10.15)
Yyt = a(0)®+q (10.16)
= q (10.17)
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For example, the y-intercept of g(z) = 22 4 2 is given by setting x = 0 to get:

gl) = 2*+2
Yint = 07 +2
2

The z-intercepts are calculated as follows:

y = ax’+gq (10.18)

0 = ax?,+q (10.19)

arl,, = —q (10.20)

Tt = 1)L (10.21)
a

However, (10.21) is only valid if —Z > 0 which means that either ¢ < 0 or a < 0. This is
consistent with what we expect, since if ¢ > 0 and a > 0 then —% is negative and in this case
the graph lies above the z-axis and therefore does not intersect the z-axis. If however, ¢ > 0
and a < 0, then —Z is positive and the graph is hat shaped and should have two z-intercepts.
Similarly, if ¢ < 0 and a > 0 then — is also positive, and the graph should intersect with the

T-axis.

For example, the 2-intercepts of g(x) = 22 + 2 is given by setting y = 0 to get:

glz) = 2*+2
-2 = ‘Tzznt

which is not real. Therefore, the graph of g(x) = x? 4+ 2 does not have any z-intercepts.

Turning Points

The turning point of the function of the form f(x) = axz?+ ¢ is given by examining the range of
the function. We know that if a > 0 then the range of f(z) = az?+qis {f(z) : f(z) € [¢g,0)}
and if a < 0 then the range of f(z) = ax® + qis {f(z) : f(z) € (—o0,q]}.

So, if a > 0, then the lowest value that f(x) can take on is gq. Solving for the value of = at
which f(z) = g gives:

¢ = arj,+q
0 = a:vfp
0 = :zrfp

Typ = 0

oo =0 at f(z) = q. The co-ordinates of the (minimal) turning point is therefore (0;g).

Similarly, if @ < 0, then the highest value that f(z) can take on is ¢ and the co-ordinates of the
(maximal) turning point is (0; q).

Axes of Symmetry

There is one axis of symmetry for the function of the form f(z) = axz? + ¢ that passes through
the turning point. Since the turning point lies on the y-axis, the axis of symmetry is the y-axis.

Sketching Graphs of the Form f(r) = az? +¢

In order to sketch graphs of the form, f(z) = az? + ¢, we need to calculate determine four
characteristics:

1. sign of a
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2. domain and range
3. turning point

4. y-intercept

5. x-intercept

For example, sketch the graph of g(z) = —%xQ — 3. Mark the intercepts, turning point and axis

of symmetry.
Firstly, we determine that @ < 0. This means that the graph will have a maximal turning point.

The domain of the graph is {z : x € R} because f(x) is defined for all z € R. The range of the
graph is determined as follows:

x? > 0
1
—51'2 S 0
1
—§x2—3 < -3
flx) <=3

Therefore the range of the graph is {f(x) : f(z) € (-0, — 3]}.

Using the fact that the maximum value that f(z) achieves is -3, then the y-coordinate of the
turning point is -3. The z-coordinate is determined as follows:

1
—§x2—3 = -3
1
—§x2—3+3 =0
1
_51-2 —

Divide both sides by —3: =

Take square root of both sides: = =

o O o O

The coordinates of the turning point are: (0, — 3).

The y-intercept is obtained by setting x = 0. This gives:

Yt = —5(0)* =3

The x-intercept is obtained by setting y = 0. This gives:

1
0 = —Exfnt -3
1
3 = _ix?nt
-6 = xzznt

which is not real. Therefore, there are no z-intercepts.

We also know that the axis of symmetry is the y-axis.
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Figure 10.10: Graph of the function f(z) = —32% — 3

Exercise: Parabolas

1. Show that if a < 0 that the range of f(x) = ax®+qis {f(z) : f(x) € (—00,q]}.

2. Draw the graph of the function y = —x? + 4 showing all intercepts with the
axes.

3. Two parabolas are drawn: g:y = az? +pand h: y = bx? + q.
y

23

(-4,7) 47

>

(a) Find the values of a and p.

(b) Find the values of b and gq.

(c) Find the values of z for which az? + p > bx? + q.
(d)

d) For what values of z is g increasing ?

10.12.3  Functions of the Form y = ¢ + ¢

Functions of the form y = £ + ¢ are known as hyperbolic functions. The general form of the
graph of this function is shown in Figure 10.11.

Activity :: Investigation : Functions of the Form y = 2 + ¢

1. On the same set of axes, plot the following graphs:
(@) a(z)==2+1
(b) b(z) == +1
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4 32 -1 1 2 3 4

Figure 10.11: General shape and position of the graph of a function of the form f(z) = £ +¢.

(c) clx) =§ +1
(d) d(z) = *7 +1
(e) e(x) =2 +1
Use your results to deduce the effect of a.

2. On the same set of axes, plot the following graphs:

(@) flx) =3 -2
(b) g(z) = 7 -1
(c) h(z) = +0
(d) j(x) = 7 +1
() k(z) =3 +2

Use your results to deduce the effect of ¢.

You should have found that the value of a affects whether the graph is located in the first and
third quadrants of Cartesian plane.

You should have also found that the value of ¢ affects whether the graph lies above the x-axis
(g > 0) or below the z-axis (¢ < 0).

These different properties are summarised in Table 10.3. The axes of symmetry for each graph
are shown as a dashed line.

Domain and Range

For y = 2 + ¢, the function is undefined for z = 0. The domain is therefore {z : x € R,z # 0}.

We see that y = ¢ + ¢ can be re-written as:

a
y = —+q

x

a

y—q = =

x

If £ #£0then: (y—q)(z) = a
a

€T =

Yy—4q

This shows that the function is undefined at y = ¢. Therefore the range of f(z) = £ + ¢ is
{f(z) : f(x) € (—00,q) U (¢,00)}-
126



CHAPTER 10. EQUATIONS AND INEQUALITIES - GRADE 10 10.12

Table 10.3: Table summarising general shapes and positions of functions of the form y = £ +¢.
The axes of symmetry are shown as dashed lines.
| I a>0 | a<0 |

o

q>0

For example, the domain of g(z) = 2 + 2 is {z : v € R,x # 0} because g(z) is undefined at
z = 0.
2
y = —+2
x
2
(y—2) = -
x
If  #0 then: z(y—2) = 2
Lo 2
= .73

We see that g(z) is undefined at y = 2. Therefore the range is {g(z) : g(x) € (—0,2) U(2,00)}.

Intercepts

For functions of the form, y = = + ¢, the intercepts with the x and y axis is calculated by setting
x = 0 for the y-intercept and by setting y = 0 for the z-intercept.

The y-intercept is calculated as follows:

y = g (10.22)
Yo = 5+ (10.23)

which is undefined. Therefore there is no y-intercept.

For example, the y-intercept of g(x) = % + 2 is given by setting = 0 to get:

2

y = —+2
T
2

which is undefined.
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The x-intercepts are calculated by setting y = 0 as follows:

y = —+q (10.24)
0 = +q (10.25)
Tint
a
= — 10.2
-~ q (10.26)
a = —q(Tint) (10.27)
a
Tint = — 10.28
e (10.28)
(10.29)

2
y = —+2
X
2
0 = +2
Tint
2
—92 =
Tint
_2(xint) = 2
2
Tint = )
Tint = -1

Asymptotes
There are two asymptotes for functions of the form y = = +¢. They are determined by examining
the domain and range.

We saw that the function was undefined at © = 0 and for y = ¢q. Therefore the asymptotes are
x=0and y=gq.

For example, the domain of g(z) = 2 + 2 is {z : v € R,x # 0} because g(z) is undefined at
x = 0. We also see that g(x) is undefined at y = 2. Therefore the range is {g(z) : g(z) €
(_0072) U (2500)}

From this we deduce that the asymptotes are at x = 0 and y = 2.

Sketching Graphs of the Form f(z) = £ + ¢

In order to sketch graphs of functions of the form, f(x) = 4 4-¢, we need to calculate determine
four characteristics:

1. domain and range
2. asymptotes
3. y-intercept

4. x-intercept

For example, sketch the graph of g(z) = % + 2. Mark the intercepts and asymptotes.

We have determined the domain to be {z : © € R,z # 0} and the range to be {g(x) : g(z) €
(—00,2) U (2,00)}. Therefore the asymptotes are at x = 0 and y = 2.

There is no y-intercept and the x-intercept is x;,: = —1.
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Figure 10.12: Graph of g(z) = 2 + 2.

x

Exercise: Graphs
1. Using grid paper, draw the graph of zy = —6.
(a) Does the point (-2; 3) lie on the graph ? Give a reason for your answer.
(b) Why is the point (-2; -3) not on the graph ?
(c) If the z-value of a point on the drawn graph is 0,25, what is the corre-
sponding y-value ?
(d) What happens to the y-values as the z-values become very large ?
(e) With the line y = —x as line of symmetry, what is the point symmetrical
to (-2;3) ?
2. Draw the graph of zy = 8.
(a) How would the graph y = % + 3 compare with that of zy = 87 Explain
your answer fully.
(b) Draw the graph of y = % + 3 on the same set of axes.

10.12.4 Functions of the Form y = ab'® + ¢

Functions of the form y = ab(®) + ¢ are known as exponential functions. The general shape of
a graph of a function of this form is shown in Figure 10.13.

Activity :: Investigation : Functions of the Form y = ab(®) + ¢

1. On the same set of axes, plot the following graphs:
(a) a(z) = —2-b™) 41
(b) b(z) = —1-b®) +1
(c) c(z) = —=0-b™) 41
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-4 -3 -2 -1 1 2 3 4

Figure 10.13: General shape and position of the graph of a function of the form f(z) = ab® 4q.

(d) d(z) = —1-b@ +1
(e) e(x) = —2-b@) 41
Use your results to deduce the effect of a.
2. On the same set of axes, plot the following graphs:
(@) flz)=1-b@ —2
(b) g(x) =1-b") —
(c) h(z)=1-b) 40
(d) j(z)=1-b@ +1
(e) k(z)=1-b*) 42

Use your results to deduce the effect of ¢.

You should have found that the value of a affects whether the graph curves upwards (a > 0) or
curves downwards (a < 0).

You should have also found that the value of ¢ affects the position of the y-intercept.

These different properties are summarised in Table 10.4.

Table 10.4: Table summarising general shapes and positions of functions of the form y =
ab® 4 q.

| I a>0 | a<0 |

/

(——/ (\

-—t (—%»

q>0

B /2 R
q<0 \

Domain and Range

For y = ab(® + ¢, the function is defined for all real values of x. Therefore, the domain is
{z:2z eR}.
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The range of y = ab'® + ¢ is dependent on the sign of a.
If @ > 0 then:

pE)

a-b@®

a-b® +gq

f(x)

Therefore, if a > 0, then the range is {f(z) : f(z) € [¢,00)}.

VvV IV IV IV

If a < 0 then:

b
a - b@®
f(z)

Therefore, if a < 0, then the range is {f(z) : f(z) € (—o0,¢]}.

VAN VAN VAN VAN
Qe o o

For example, the domain of g(x) =3-2% 4 2 is {z : € R}. For the range,

2% >0
3-22 > 0
3:2°4+2 > 2

Therefore the range is {g(z) : g(x) € [2,00)}.

Intercepts

For functions of the form, y = ab\®) + ¢, the intercepts with the z and y axis is calculated by
setting x = 0 for the y-intercept and by setting y = 0 for the z-intercept.

The y-intercept is calculated as follows:

y = ab™ +gq (10.30)
Yt = ab® +¢q (10.31)
= a(l)+gq (10.32)
= a+gq (10.33)
For example, the y-intercept of g(x) = 3 - 2% + 2 is given by setting = 0 to get:
y = 3.2742
Yint = 3-20+2
= 342
5
The x-intercepts are calculated by setting y = 0 as follows:
y = ab® +q (10.34)
0 = ab@m) 4 q (10.35)
ab@int) = _g (10.36)
plom) = 1 10.37
Z (1037)

Which only has a real solution if either a < 0 or ¢ < 0. Otherwise, the graph of the function of
form y = ab®) + ¢ does not have any z-intercepts.
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For example, the a-intercept of g(z) = 3 - 2% + 2 is given by setting y = 0 to get:

y = 3:2*42
0 = 3.2%nm 42
—2 = 3.guim
-2
2111nt —
3

which has no real solution. Therefore, the graph of g(z) = 3 - 2% + 2 does not have any
x-intercepts.

Asymptotes
There are two asymptotes for functions of the form y = ab®*) + q. They are determined by
examining the domain and range.

We saw that the function was undefined at © = 0 and for y = ¢q. Therefore the asymptotes are
x=0and y=gq.

For example, the domain of g(x) =3-2*+2is {« : € R,z # 0} because g(z) is undefined
at x = 0. We also see that g(z) is undefined at y = 2. Therefore the range is {g(z) : g(x) €
(—00,2) U (2,00)}.

From this we deduce that the asymptotes are at z =0 and y = 2.

Sketching Graphs of the Form f(z) = ab\®) + ¢

In order to sketch graphs of functions of the form, f(z) = ab(®*) 4 ¢, we need to calculate
determine four characteristics:

1. domain and range
2. y-intercept
3. x-intercept
For example, sketch the graph of g(x) = 3 - 2% 4+ 2. Mark the intercepts.

We have determined the domain to be {z : x € R} and the range to be {g(x) : g(z) € [2,00)}.

The y-intercept is y;n: = 5 and there are no x-intercepts.

Figure 10.14: Graph of g(z) =3 -2% + 2.
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Exercise: Exponential Functions and Graphs

1. Draw the graphs of y = 2% and y = (%)z on the same set of axes.

(a) Is the z-axis and asymptote or and axis of symmetry to both graphs ?
Explain your answer.

(b) Which graph is represented by the equation y = 27% ? Explain your
answer.

(c) Solve the equation 2% = (1) graphically and check that your answer is
correct by using substitution.

(d) Predict how the graph y = 2.2% will compare to y = 2% and then draw the
graph of y = 2.2% on the same set of axes.

2. The curve of the exponential function f in the accompanying diagram cuts the

— A(0,1)

B(2,4)

y-axis at the point A(0; 1) and B(2; 4) ison f.
(a) Determine the equation of the function f.

(b) Determine the equation of h, the function of which the curve is the reflec-
tion of the curve of f in the z-axis.

(c) Determine the range of h.

10.13 End of Chapter Exercises

1. Given the functions f(z) = —222 — 18 and g(z) = -2z + 6

(a) Draw f and g on the same set of axes.

(b) Calculate the points of intersection of f and g.

(c) Hence use your graphs and the points of intersection to solve for x when:
i. f(z)>0
i. 48 <0

(d) Give the equation of the reflection of f in the z-axis.

2. After a ball is dropped, the rebound height of each bounce decreases. The equation

y = 5(0.8)* shows the relationship between x, the number of bounces, and y, the height
of the bounce, for a certain ball. What is the approximate height of the fifth bounce of
this ball to the nearest tenth of a unit ?

. Marc had 15 coins in five rand and two rand pieces. He had 3 more R2-coins than R5-
coins. He wrote a system of equations to represent this situation, letting x represent the
number of five rand coins and y represent the number of two rand coins. Then he solved
the system by graphing.
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(a) Write down the system of equations.
(b) Draw their graphs on the same set of axes.

(c) What is the solution?
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Appendix A

GNU Free Documentation License

Version 1.2, November 2002

Copyright (© 2000,2001,2002 Free Software Foundation, Inc.

59 Temple Place, Suite 330, Boston, MA 02111-1307 USA

Everyone is permitted to copy and distribute verbatim copies of this license document, but
changing it is not allowed.

PREAMBLE

The purpose of this License is to make a manual, textbook, or other functional and useful doc-
ument “free” in the sense of freedom: to assure everyone the effective freedom to copy and
redistribute it, with or without modifying it, either commercially or non-commercially. Secondar-
ily, this License preserves for the author and publisher a way to get credit for their work, while
not being considered responsible for modifications made by others.

This License is a kind of “copyleft”, which means that derivative works of the document must
themselves be free in the same sense. It complements the GNU General Public License, which
is a copyleft license designed for free software.

We have designed this License in order to use it for manuals for free software, because free
software needs free documentation: a free program should come with manuals providing the
same freedoms that the software does. But this License is not limited to software manuals; it
can be used for any textual work, regardless of subject matter or whether it is published as a
printed book. We recommend this License principally for works whose purpose is instruction or
reference.

APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that contains a notice placed
by the copyright holder saying it can be distributed under the terms of this License. Such a
notice grants a world-wide, royalty-free license, unlimited in duration, to use that work under
the conditions stated herein. The “Document”, below, refers to any such manual or work. Any
member of the public is a licensee, and is addressed as “you”. You accept the license if you
copy, modify or distribute the work in a way requiring permission under copyright law.

A “Modified Version” of the Document means any work containing the Document or a portion
of it, either copied verbatim, or with modifications and/or translated into another language.

A “Secondary Section” is a named appendix or a front-matter section of the Document that deals
exclusively with the relationship of the publishers or authors of the Document to the Document’s
overall subject (or to related matters) and contains nothing that could fall directly within that
overall subject. (Thus, if the Document is in part a textbook of mathematics, a Secondary
Section may not explain any mathematics.) The relationship could be a matter of historical
connection with the subject or with related matters, or of legal, commercial, philosophical,
ethical or political position regarding them.
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The “Invariant Sections” are certain Secondary Sections whose titles are designated, as being
those of Invariant Sections, in the notice that says that the Document is released under this
License. If a section does not fit the above definition of Secondary then it is not allowed to be
designated as Invariant. The Document may contain zero Invariant Sections. If the Document
does not identify any Invariant Sections then there are none.

The "Cover Texts” are certain short passages of text that are listed, as Front-Cover Texts or
Back-Cover Texts, in the notice that says that the Document is released under this License. A
Front-Cover Text may be at most 5 words, and a Back-Cover Text may be at most 25 words.

A “Transparent” copy of the Document means a machine-readable copy, represented in a format
whose specification is available to the general public, that is suitable for revising the document
straightforwardly with generic text editors or (for images composed of pixels) generic paint
programs or (for drawings) some widely available drawing editor, and that is suitable for input
to text formatters or for automatic translation to a variety of formats suitable for input to text
formatters. A copy made in an otherwise Transparent file format whose markup, or absence of
markup, has been arranged to thwart or discourage subsequent modification by readers is not
Transparent. An image format is not Transparent if used for any substantial amount of text. A
copy that is not “Transparent” is called “Opaque”.

Examples of suitable formats for Transparent copies include plain ASCIl without markup, Texinfo
input format, IKTEX input format, SGML or XML using a publicly available DTD and standard-
conforming simple HTML, PostScript or PDF designed for human modification. Examples of
transparent image formats include PNG, XCF and JPG. Opaque formats include proprietary
formats that can be read and edited only by proprietary word processors, SGML or XML for
which the DTD and/or processing tools are not generally available, and the machine-generated
HTML, PostScript or PDF produced by some word processors for output purposes only.

The "Title Page” means, for a printed book, the title page itself, plus such following pages as
are needed to hold, legibly, the material this License requires to appear in the title page. For
works in formats which do not have any title page as such, “Title Page” means the text near the
most prominent appearance of the work’s title, preceding the beginning of the body of the text.

A section “Entitled XYZ" means a named subunit of the Document whose title either is precisely
XYZ or contains XYZ in parentheses following text that translates XYZ in another language.
(Here XYZ stands for a specific section name mentioned below, such as "Acknowledgements”,
“Dedications”, “Endorsements”, or “History”.) To "Preserve the Title" of such a section when
you modify the Document means that it remains a section “Entitled XYZ" according to this
definition.

The Document may include Warranty Disclaimers next to the notice which states that this
License applies to the Document. These Warranty Disclaimers are considered to be included by
reference in this License, but only as regards disclaiming warranties: any other implication that
these Warranty Disclaimers may have is void and has no effect on the meaning of this License.

VERBATIM COPYING

You may copy and distribute the Document in any medium, either commercially or non-commercially,
provided that this License, the copyright notices, and the license notice saying this License applies
to the Document are reproduced in all copies, and that you add no other conditions whatsoever
to those of this License. You may not use technical measures to obstruct or control the reading
or further copying of the copies you make or distribute. However, you may accept compensation

in exchange for copies. If you distribute a large enough number of copies you must also follow
the conditions in section A.

You may also lend copies, under the same conditions stated above, and you may publicly display
copies.

COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have printed covers) of the
Document, numbering more than 100, and the Document’s license notice requires Cover Texts,
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you must enclose the copies in covers that carry, clearly and legibly, all these Cover Texts: Front-
Cover Texts on the front cover, and Back-Cover Texts on the back cover. Both covers must also
clearly and legibly identify you as the publisher of these copies. The front cover must present the
full title with all words of the title equally prominent and visible. You may add other material on
the covers in addition. Copying with changes limited to the covers, as long as they preserve the
title of the Document and satisfy these conditions, can be treated as verbatim copying in other
respects.

If the required texts for either cover are too voluminous to fit legibly, you should put the first
ones listed (as many as fit reasonably) on the actual cover, and continue the rest onto adjacent
pages.

If you publish or distribute Opaque copies of the Document numbering more than 100, you must
either include a machine-readable Transparent copy along with each Opaque copy, or state in or
with each Opaque copy a computer-network location from which the general network-using public
has access to download using public-standard network protocols a complete Transparent copy of
the Document, free of added material. If you use the latter option, you must take reasonably
prudent steps, when you begin distribution of Opaque copies in quantity, to ensure that this
Transparent copy will remain thus accessible at the stated location until at least one year after
the last time you distribute an Opaque copy (directly or through your agents or retailers) of that
edition to the public.

It is requested, but not required, that you contact the authors of the Document well before
redistributing any large number of copies, to give them a chance to provide you with an updated
version of the Document.

MODIFICATIONS

You may copy and distribute a Modified Version of the Document under the conditions of
sections A and A above, provided that you release the Modified Version under precisely this
License, with the Modified Version filling the role of the Document, thus licensing distribution
and modification of the Modified Version to whoever possesses a copy of it. In addition, you
must do these things in the Modified Version:

1. Use in the Title Page (and on the covers, if any) a title distinct from that of the Document,
and from those of previous versions (which should, if there were any, be listed in the History
section of the Document). You may use the same title as a previous version if the original
publisher of that version gives permission.

2. List on the Title Page, as authors, one or more persons or entities responsible for authorship
of the modifications in the Modified Version, together with at least five of the principal
authors of the Document (all of its principal authors, if it has fewer than five), unless they
release you from this requirement.

3. State on the Title page the name of the publisher of the Modified Version, as the publisher.
4. Preserve all the copyright notices of the Document.

5. Add an appropriate copyright notice for your modifications adjacent to the other copyright
notices.

6. Include, immediately after the copyright notices, a license notice giving the public permis-
sion to use the Modified Version under the terms of this License, in the form shown in the
Addendum below.

7. Preserve in that license notice the full lists of Invariant Sections and required Cover Texts
given in the Document's license notice.

8. Include an unaltered copy of this License.

9. Preserve the section Entitled “History”, Preserve its Title, and add to it an item stating
at least the title, year, new authors, and publisher of the Modified Version as given on the
Title Page. If there is no section Entitled “History” in the Document, create one stating
the title, year, authors, and publisher of the Document as given on its Title Page, then
add an item describing the Modified Version as stated in the previous sentence.
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10. Preserve the network location, if any, given in the Document for public access to a Trans-
parent copy of the Document, and likewise the network locations given in the Document
for previous versions it was based on. These may be placed in the "History” section. You
may omit a network location for a work that was published at least four years before the
Document itself, or if the original publisher of the version it refers to gives permission.

11. For any section Entitled “Acknowledgements” or “Dedications”, Preserve the Title of the
section, and preserve in the section all the substance and tone of each of the contributor
acknowledgements and/or dedications given therein.

12. Preserve all the Invariant Sections of the Document, unaltered in their text and in their
titles. Section numbers or the equivalent are not considered part of the section titles.

13. Delete any section Entitled “Endorsements”. Such a section may not be included in the
Modified Version.

14. Do not re-title any existing section to be Entitled “Endorsements” or to conflict in title
with any Invariant Section.

15. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify as Secondary
Sections and contain no material copied from the Document, you may at your option designate
some or all of these sections as invariant. To do this, add their titles to the list of Invariant
Sections in the Modified Version's license notice. These titles must be distinct from any other
section titles.

You may add a section Entitled “Endorsements”, provided it contains nothing but endorsements
of your Modified Version by various parties—for example, statements of peer review or that the
text has been approved by an organisation as the authoritative definition of a standard.

You may add a passage of up to five words as a Front-Cover Text, and a passage of up to 25
words as a Back-Cover Text, to the end of the list of Cover Texts in the Modified Version. Only
one passage of Front-Cover Text and one of Back-Cover Text may be added by (or through
arrangements made by) any one entity. If the Document already includes a cover text for the
same cover, previously added by you or by arrangement made by the same entity you are acting
on behalf of, you may not add another; but you may replace the old one, on explicit permission
from the previous publisher that added the old one.

The author(s) and publisher(s) of the Document do not by this License give permission to use
their names for publicity for or to assert or imply endorsement of any Modified Version.

COMBINING DOCUMENTS

You may combine the Document with other documents released under this License, under the
terms defined in section A above for modified versions, provided that you include in the combi-
nation all of the Invariant Sections of all of the original documents, unmodified, and list them
all as Invariant Sections of your combined work in its license notice, and that you preserve all
their Warranty Disclaimers.

The combined work need only contain one copy of this License, and multiple identical Invariant
Sections may be replaced with a single copy. If there are multiple Invariant Sections with the
same name but different contents, make the title of each such section unique by adding at the
end of it, in parentheses, the name of the original author or publisher of that section if known,
or else a unique number. Make the same adjustment to the section titles in the list of Invariant
Sections in the license notice of the combined work.

In the combination, you must combine any sections Entitled “History” in the various original
documents, forming one section Entitled “History”; likewise combine any sections Entitled “Ac-
knowledgements”, and any sections Entitled “Dedications”. You must delete all sections Entitled
“Endorsements” .
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COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents released under
this License, and replace the individual copies of this License in the various documents with a
single copy that is included in the collection, provided that you follow the rules of this License
for verbatim copying of each of the documents in all other respects.

You may extract a single document from such a collection, and distribute it individually under
this License, provided you insert a copy of this License into the extracted document, and follow
this License in all other respects regarding verbatim copying of that document.

AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate and independent documents
or works, in or on a volume of a storage or distribution medium, is called an “aggregate” if the
copyright resulting from the compilation is not used to limit the legal rights of the compilation’s
users beyond what the individual works permit. When the Document is included an aggregate,
this License does not apply to the other works in the aggregate which are not themselves derivative
works of the Document.

If the Cover Text requirement of section A is applicable to these copies of the Document, then if
the Document is less than one half of the entire aggregate, the Document’s Cover Texts may be
placed on covers that bracket the Document within the aggregate, or the electronic equivalent
of covers if the Document is in electronic form. Otherwise they must appear on printed covers
that bracket the whole aggregate.

TRANSLATION

Translation is considered a kind of modification, so you may distribute translations of the Doc-
ument under the terms of section A. Replacing Invariant Sections with translations requires
special permission from their copyright holders, but you may include translations of some or
all Invariant Sections in addition to the original versions of these Invariant Sections. You may
include a translation of this License, and all the license notices in the Document, and any War-
ranty Disclaimers, provided that you also include the original English version of this License and
the original versions of those notices and disclaimers. In case of a disagreement between the
translation and the original version of this License or a notice or disclaimer, the original version
will prevail.

If a section in the Document is Entitled “Acknowledgements”, “Dedications”, or “History”, the
requirement (section A) to Preserve its Title (section A) will typically require changing the actual
title.

TERMINATION

You may not copy, modify, sub-license, or distribute the Document except as expressly provided
for under this License. Any other attempt to copy, modify, sub-license or distribute the Document
is void, and will automatically terminate your rights under this License. However, parties who
have received copies, or rights, from you under this License will not have their licenses terminated
so long as such parties remain in full compliance.

FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions of the GNU Free Documentation
License from time to time. Such new versions will be similar in spirit to the present version, but
may differ in detail to address new problems or concerns. See http://www.gnu.org/copyleft/.
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Each version of the License is given a distinguishing version number. If the Document specifies
that a particular numbered version of this License “or any later version” applies to it, you have the
option of following the terms and conditions either of that specified version or of any later version
that has been published (not as a draft) by the Free Software Foundation. If the Document does
not specify a version number of this License, you may choose any version ever published (not as
a draft) by the Free Software Foundation.

ADDENDUM: How to use this License for your documents

To use this License in a document you have written, include a copy of the License in the document
and put the following copyright and license notices just after the title page:

Copyright © YEAR YOUR NAME. Permission is granted to copy, distribute and/or
modify this document under the terms of the GNU Free Documentation License,
Version 1.2 or any later version published by the Free Software Foundation; with no
Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts. A copy of the
license is included in the section entitled “GNU Free Documentation License”.

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts, replace the “with... Texts.”
line with this:

with the Invariant Sections being LIST THEIR TITLES, with the Front-Cover Texts being LIST,
and with the Back-Cover Texts being LIST.

If you have Invariant Sections without Cover Texts, or some other combination of the three,
merge those two alternatives to suit the situation.

If your document contains nontrivial examples of program code, we recommend releasing these
examples in parallel under your choice of free software license, such as the GNU General Public
License, to permit their use in free software.
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