
FHSST Authors

The Free High School Science Texts:
Textbooks for High School Students
Studying the Sciences
Mathematics
Grades 10 - 12

Version 0
September 17, 2008



ii



iii

Copyright 2007 “Free High School Science Texts”
Permission is granted to copy, distribute and/or modify this document under the
terms of the GNU Free Documentation License, Version 1.2 or any later version
published by the Free Software Foundation; with no Invariant Sections, no Front-
Cover Texts, and no Back-Cover Texts. A copy of the license is included in the
section entitled “GNU Free Documentation License”.

STOP!!!!

Did you notice the FREEDOMS we’ve granted you?

Our copyright license is different! It grants freedoms

rather than just imposing restrictions like all those other

textbooks you probably own or use.

• We know people copy textbooks illegally but we would LOVE it if you copied

our’s - go ahead copy to your hearts content, legally!

• Publishers revenue is generated by controlling the market, we don’t want any

money, go ahead, distribute our books far and wide - we DARE you!

• Ever wanted to change your textbook? Of course you have! Go ahead change

ours, make your own version, get your friends together, rip it apart and put

it back together the way you like it. That’s what we really want!

• Copy, modify, adapt, enhance, share, critique, adore, and contextualise. Do it

all, do it with your colleagues, your friends or alone but get involved! Together

we can overcome the challenges our complex and diverse country presents.

• So what is the catch? The only thing you can’t do is take this book, make

a few changes and then tell others that they can’t do the same with your

changes. It’s share and share-alike and we know you’ll agree that is only fair.

• These books were written by volunteers who want to help support education,

who want the facts to be freely available for teachers to copy, adapt and

re-use. Thousands of hours went into making them and they are a gift to

everyone in the education community.



iv



FHSST Core Team

Mark Horner ; Samuel Halliday ; Sarah Blyth ; Rory Adams ; Spencer Wheaton

FHSST Editors

Jaynie Padayachee ; Joanne Boulle ; Diana Mulcahy ; Annette Nell ; René Toerien ; Donovan
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Chapter 14

Trigonometry - Grade 10

14.1 Introduction

In geometry we learn about how the sides of polygons relate to the angles in the polygons,
but we have not learned how to calculate an angle if we only know the lengths of the sides.
Trigonometry (pronounced: trig-oh-nom-eh-tree) deals with the relationship between the angles
and the sides of a right-angled triangle. We will learn about trigonometric functions, which form
the basis of trigonometry.

Activity :: Investigation : History of Trigonometry
Work in pairs or groups and investigate the history of the foundation of trigonom-

etry. Describe the various stages of development and how the following cultures used
trigonometry to improve their lives.

The works of the following people or cultures can be investigated:

1. Cultures

(a) Ancient Egyptians

(b) Mesopotamians

(c) Ancient Indians of the Indus Valley

2. People

(a) Lagadha (circa 1350-1200 BC)

(b) Hipparchus (circa 150 BC)

(c) Ptolemy (circa 100)

(d) Aryabhata (circa 499)

(e) Omar Khayyam (1048-1131)

(f) Bhaskara (circa 1150)

(g) Nasir al-Din (13th century)

(h) al-Kashi and Ulugh Beg (14th century)

(i) Bartholemaeus Pitiscus (1595)

Interesting

Fact

teresting

Fact
You should be familiar with the idea of measuring angles from geometry but
have you ever stopped to think why there are 360 degrees in a circle? The
reason is purely historical. There are 360 degrees in a circle because the ancient

189



14.2 CHAPTER 14. TRIGONOMETRY - GRADE 10

Babylonians had a number system with base 60. A base is the number you count
up to before you get an extra digit. The number system that we use everyday is
called the decimal system (the base is 10), but computers use the binary system
(the base is 2). 360 = 6 × 60 so for them it made sense to have 360 degrees in a
circle.

14.2 Where Trigonometry is Used

There are many applications of trigonometry. Of particular value is the technique of triangulation,
which is used in astronomy to measure the distance to nearby stars, in geography to measure
distances between landmarks, and in satellite navigation systems. GPSs (global positioning sys-
tems) would not be possible without trigonometry. Other fields which make use of trigonometry
include astronomy (and hence navigation, on the oceans, in aircraft, and in space), music theory,
acoustics, optics, analysis of financial markets, electronics, probability theory, statistics, biology,
medical imaging (CAT scans and ultrasound), pharmacy, chemistry, number theory (and hence
cryptology), seismology, meteorology, oceanography, many physical sciences, land surveying and
geodesy, architecture, phonetics, economics, electrical engineering, mechanical engineering, civil
engineering, computer graphics, cartography, crystallography and game development.

Activity :: Discussion : Uses of Trigonometry
Select one of the uses of trigonometry from the list given and write a 1-page

report describing how trigonometry is used in your chosen field.

14.3 Similarity of Triangles

If △ABC is similar to △DEF , then this is written as:

△ABC ∼ △DEF

b

A

b B

b
C

b

D

b E

b
F

Then, it is possible to deduce proportionalities between corresponding sides of the two triangles,
such as the following:

AB
BC= DE

EF

AB
AC= DE

DF
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AC
BC=DF

EF

AB
DE= BC

EF
= AC

DF

The most important fact about similar triangles ABC and DEF is that the

angle at vertex A is equal to the angle at vertex D, the angle at B is equal to the angle at E,
and the angle at C is equal to the angle at F.

∠A = ∠D

∠B = ∠E

∠C = ∠F

Activity :: Investigation : Ratios of Similar Triangles
In your exercise book, draw three similar triangles of different sizes, but each

with Â = 30◦; B̂ = 90◦ and Ĉ = 60◦. Measure angles and lengths very accurately
in order to fill in the table below (round answers to one decimal place).

C C′ C′′B B′ B′′

A

A′
A′′

30

60 60 60

30

30

Dividing lengths of sides (Ratios)
AB
BC

= AB
AC

= CB
AC

=
A′B′

B′C′
= A′B′

A′C′
= C′B′

A′C′
=

A′′B′′

B′′C′′
= A′′B′′

A′′C′′
= C′′B′′

A′′C′′
=

What observations can you make about the ratios of the sides?
These equal ratios are used to define the trigonometric functions.

Note: In algebra, we often use the letter x for our unknown variable (although
we can use any other letter too, such as a, b, k, etc). In trigonometry, we often use
the Greek symbol θ for an unknown angle (we also use α , β , γ etc).

14.4 Definition of the Trigonometric Functions

We are familiar with a function of the form f(x) where f is the function and x is the argument.
Examples are:

f(x) = 2x (exponential function)

g(x) = x + 2 (linear function)

h(x) = 2x2 (parabolic function)

The basis of trigonometry are the trigonometric functions. There are three basic trigonometric
functions:

1. sine
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14.4 CHAPTER 14. TRIGONOMETRY - GRADE 10

2. cosine

3. tangent

These are abbreviated to:

1. sin

2. cos

3. tan

These functions are defined from a right-angled triangle.

Consider a right-angled triangle.

b

A

b

B

b

C

θ

o
p
p
o
si
te

hypotenuse

adjacent

In the right-angled triangle, we refer to the lengths of the three sides according to how they are
placed in relation to the angle θ. The side opposite to θ is labelled opposite, the side next to θ

is labelled adjacent and the side opposite the right-angle is labelled the hypotenuse.

We define:

sin θ =
opposite

hypotenuse

cos θ =
adjacent

hypotenuse

tan θ =
opposite

adjacent

These functions relate the lengths of the sides of a triangle to its interior angles.

One way of remembering the definitions is to use the following mnemonic that is perhaps easier
to remember:

Silly Old Hens Sin = Opposite
Hypotenuse

Cackle And Howl Cos = Adjacent
Hypotenuse

Till Old Age Tan = Opposite
Adjacent

Important: The definitions of opposite, adjacent and hypotenuse only make sense when
you are working with right-angled triangles! Always check to make sure your triangle has
a right-angle before you use them, otherwise you will get the wrong answer. We will find
ways of using our knowledge of right-angled triangles to deal with the trigonometry of non
right-angled triangles in Grade 11.

Activity :: Investigation : Definitions of Trigonometric Functions
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1. In each of the following triangles, state whether a, b and c are the hypotenuse,
opposite or adjacent sides of the triangle.

b

θ

θ

θ

θ

θ

θ

a

b

c
a

c

b

a
b

c

a

b
c

a

b

c

a
b

c

2. Complete each of the following, the first has been done for you
A

BC

a) sin Â =
opposite

hypotenuse
=

CB

AC

b) cos Â =

c) tan Â =

d) sin Ĉ =

e) cos Ĉ =

f) tan Ĉ =

3. Complete each of the following:

2

60o

30o

√
2

sin 60 =

cos 30 =

tan 60 =

1

45o

45o

√
2

1 sin 45 =

cos 45 =

tan 45 =

For most angles θ, it is very difficult to calculate the values of sin θ, cos θ and tan θ. One usually
needs to use a calculator to do so. However, we saw in the above Activity that we could work
these values out for some special angles. Some of these angles are listed in the table below,
along with the values of the trigonometric functions at these angles.

0◦ 30◦ 45◦ 60◦ 90◦ 180◦

cos θ 1
√

3
2

1√
2

1
2 0 −1

sin θ 0 1
2

1√
2

√
3

2 1 0

tan θ 0 1√
3

1
√

3 − 0

These values are useful when asked to solve a problem involving trig functions without using a
calculator.

Worked Example 56: Finding Lengths

Question: Find the length of x in the following triangle.
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100m

50◦

x

Answer
Step 1 : Identify the trig identity that you need
In this case you have an angle (50◦), the opposite side and the hypotenuse.
So you should use sin

sin 50◦ =
x

100

Step 2 : Rearrange the question to solve for x

⇒ x = 100 × sin 50◦

Step 3 : Use your calculator to find the answer

Use the sin button on your calculator

⇒ x = 76.6m

Worked Example 57: Finding Angles

Question: Find the value of θ in the following triangle.

100m

50m

θ

Answer
Step 1 : Identify the trig identity that you need
In this case you have the opposite side and the hypotenuse to the angle θ.
So you should use tan

tan θ =
50

100

Step 2 : Calculate the fraction as a decimal number

⇒ tan θ = 0.5

Step 3 : Use your calculator to find the angle
Since you are finding the angle,

use tan−1 on your calculator
Don’t forget to set your calculator to ‘deg’ mode!

⇒ θ = 26.6◦
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Exercise: Finding Lengths
Find the length of the sides marked with letters. Give answers correct to 2

decimal places.

a) b)

c) d)

37◦

62

a

23◦

21

b

55◦

19
c 33

49◦

d

e) f)

g) h)

e

17◦

12

22◦

f

31

32

23◦

g

h

30◦

20

14.5 Simple Applications of Trigonometric Functions

Trigonometry was probably invented in ancient civilisations to solve practical problems involving
constructing buildings and navigating their ships by the stars. In this section we will show how
trigonometry can be used to solve some other practical problems.

14.5.1 Height and Depth

One simple task is to find the height of a building by using trigonometry. We could just use a
tape measure lowered from the roof but this is impractical (and dangerous) for tall buildings. It
is much more sensible to measure a distance along the ground and use trigonometry to find the
height of the building.

Figure 14.1 shows a building whose height we do not know. We have walked 100 m away from
the building and measured the angle up to the top. This angle is found to be 38,7◦. We call
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100m

38.7◦

Figure 14.1: Determining the height of a building using trigonometry.

this angle the angle of elevation. As you can see from Figure 14.1, we now have a right-angled
triangle. As we know the length of one side and an angle, we can calculate the height of the
triangle, which is the height of the building we are trying to find.

If we examine the figure, we see that we have the opposite and the adjacent of the angle of
elevation and we can write:

tan 38,7◦ =
opposite

adjacent

=
height

100 m
⇒ height = 100 m× tan 38,7◦

= 80 m

Worked Example 58: Height of a tower

Question: A block of flats is 100m away from a cellphone tower. Someone at A

measures the angle of elevation to the top of the tower E to be 62◦, and the angle
of depression to the bottom of the tower C to be 34◦. What is the height of the
cellphone tower correct to 1 decimal place?

b

A

B

C

D

E

62
◦

34
◦

100m

Answer
Step 1 : Identify a strategy
To find the height of the tower, all we have to do is find the length of CD and DE.
We see that △ACD and △AED are both right-angled. For each of the triangles,
we have an angle and we have the length AD. Thus we can calculate the sides of
the triangles.
Step 2 : Calculate CD
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tan(CÂD) =
CD

AD

=⇒ CD = AD × tan(CÂD)

= 100 × tan 34◦

Use your calculator to find that tan 34◦ = 0,6745. Using this, we find that CD =
67,45m
Step 3 : Calculate DE

tan(DÂE) =
DE

AD

=⇒ DE = AD × tan(DÂE)

= 100 × tan 62◦

= 188,07 m

Step 4 : Combine the previous answers
We have that the height of the tower CE = CD + DE = 67,45 m + 188,07 m =
255.5 m.

14.5.2 Maps and Plans

Maps and plans are usually scale drawings. This means that they are an exact copy of the real
thing, but are usually smaller. So, only lengths are changed, but all angles are the same. We
can use this idea to make use of maps and plans by adding information from the real world.

Worked Example 59: Scale Drawing

Question: A ship approaching Cape Town Harbour reaches point A on the map,
due South of Pretoria and due East of Cape Town. If the distance from Cape Town
to Pretoria is 1000km, use trigonometry to find out how far East the ship is to Cape
Town, and hence find the scale of the map.

b

b b

Cape Town

Pretoria

A
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Answer
Step 1 : Identify what happens in the question
We already know the distance between Cape Town and A in blocks from the given
map (it is 5 blocks). Thus if we work out how many kilometers this same distance
is, we can calculate how many kilometers each block represents, and thus we have
the scale of the map.
Step 2 : Identify given information
Let us denote Cape Town with C and Pretoria with P . We can see that triangle APC

is a right-angled triangle. Furthermore, we see that the distance AC and distance
AP are both 5 blocks. Thus it is an isoceles triangle, and so AĈP = AP̂C = 45◦.
Step 3 : Carry out the calculation

CA = CP × cos(AĈP )

= 1000× cos(45◦)

= 1000√
2

km

To work out the scale, we see that

5 blocks = 1000√
2

km

=⇒ 1 block = 200√
2

km

Worked Example 60: Building plan

Question: Mr Nkosi has a garage at his house, and he decides that he wants to
add a corrugated iron roof to the side of the garage. The garage is 4m high, and
his sheet for the roof is 5m long. If he wants the roof to be at an angle of 5◦, how
high must he build the wall BD, which is holding up the roof? Give the answer to
2 decimal places.

4m

5m

B

A

5
◦

Garage

Roof
C

Wall

b

b

b

D

Answer
Step 1 : Set out strategy
We see that the triangle ABC is a right-angled triangle. As we have one side and
an angle of this triangle, we can calculate AC. The height of the wall is then the
height of the garage minus AC.
Step 2 : Execute strategy
If BC=5m, and angle AB̂C = 5◦, then

AC = BC × sin(AB̂C)

= 5 × sin 5◦

= 5 × 0,0871

= 0.4358 m

Thus we have that the height of the wall BD = 5 m − 0.4358 m = 4.56 m.
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Exercise: Applications of Trigonometric Functions

1. A boy flying a kite is standing 30 m from a point directly under the kite. If the
string to the kite is 50 m. long, find the angle of elevation of the kite.

2. What is the angle of elevation of the sun when a tree 7,15 m tall casts a shadow
10,1 m long?

14.6 Graphs of Trigonometric Functions

This section describes the graphs of trigonometric functions.

14.6.1 Graph of sin θ

Activity :: Graph of sin θ : Complete the following table, using your
calculator to calculate the values. Then plot the values with sin θ on the
y-axis and θ on the x-axis. Round answers to 1 decimal place.

θ 0◦ 30◦ 60◦ 90◦ 120◦ 150◦

sin θ

θ 180◦ 210◦ 240◦ 270◦ 300◦ 330◦ 360◦

sin θ

30 60 90 120 150 180 210 240 270 300 330 360
0

1

−1

Let us look back at our values for sin θ

θ 0◦ 30◦ 45◦ 60◦ 90◦ 180◦

sin θ 0 1
2

1√
2

√
3

2 1 0

As you can see, the function sin θ has a value of 0 at θ = 0◦. Its value then smoothly increases
until θ = 90◦ when its value is 1. We then know that it later decreases to 0 when θ = 180◦.
Putting all this together we can start to picture the full extent of the sine graph. The sine graph
is shown in Figure 14.2. Notice the wave shape, with each wave having a length of 360◦. We
say the graph has a period of 360◦. The height of the wave above (or below) the x-axis is called
the waves’ amplitude. Thus the maximum amplitude of the sine-wave is 1, and its minimum
amplitude is -1.
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180 360−180−360

1

−1

Figure 14.2: The graph of sin θ.

90 180 270−90−180−270

1

2

3

4

5

−1

Figure 14.3: Graph of f(θ) = 2 sin θ + 3

14.6.2 Functions of the form y = a sin(x) + q

In the equation, y = a sin(x) + q, a and q are constants and have different effects on the graph
of the function. The general shape of the graph of functions of this form is shown in Figure 14.3
for the function f(θ) = 2 sin θ + 3.

Activity :: Functions of the Form y = a sin(θ) + q :

1. On the same set of axes, plot the following graphs:

(a) a(θ) = sin θ − 2

(b) b(θ) = sin θ − 1

(c) c(θ) = sin θ

(d) d(θ) = sin θ + 1

(e) e(θ) = sin θ + 2

Use your results to deduce the effect of q.

2. On the same set of axes, plot the following graphs:

(a) f(θ) = −2 · sin θ

(b) g(θ) = −1 · sin θ

(c) h(θ) = 0 · sin θ
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(d) j(θ) = 1 · sin θ

(e) k(θ) = 2 · sin θ

Use your results to deduce the effect of a.

You should have found that the value of a affects the height of the peaks of the graph. As the
magnitude of a increases, the peaks get higher. As it decreases, the peaks get lower.
q is called the vertical shift. If q = 2, then the whole sine graph shifts up 2 units. If q = −1,
the whole sine graph shifts down 1 unit.

These different properties are summarised in Table 14.1.

Table 14.1: Table summarising general shapes and positions of graphs of functions of the form
y = a sin(x) + q.

a > 0 a < 0

q > 0

q < 0

Domain and Range

For f(θ) = a sin(θ) + q, the domain is {θ : θ ∈ R} because there is no value of θ ∈ R for which
f(θ) is undefined.

The range of f(θ) = a sin θ + q depends on whether the value for a is positive or negative. We
will consider these two cases separately.

If a > 0 we have:

-1 ≤ sin θ ≤ 1

-a ≤ a sin θ ≤ a (Multiplication by a positive number maintains the nature of the inequality)

-a+q ≤ a sin θ + q ≤ a + q

-a+q ≤ f(θ) ≤ a + qThis tells us that for all values of θ, f(θ) is always between −a + q and
a + q. Therefore if a > 0, the range of f(θ) = a sin θ + q is {f(θ) : f(θ) ∈ [−a + q,a + q]}.

Similarly, it can be shown that if a < 0, the range of f(θ) = a sin θ + q is {f(θ) : f(θ) ∈
[a + q, − a + q]}. This is left as an exercise.

Important: The easiest way to find the range is simply to look for the ”bottom” and the
”top” of the graph.
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Intercepts

The y-intercept, yint, of f(θ) = a sin(x) + q is simply the value of f(θ) at θ = 0◦.

yint = f(0◦)

= a sin(0◦) + q

= a(0) + q

= q

14.6.3 Graph of cos θ

Activity :: Graph of cos θ : Complete the following table, using your
calculator to calculate the values correct to 1 decimal place. Then plot the
values with cos θ on the y-axis and θ on the x-axis.

θ 0◦ 30◦ 60◦ 90◦ 120◦ 150◦

cos θ

θ 180◦ 210◦ 240◦ 270◦ 300◦ 330◦ 360◦

cos θ

30 60 90 120 150 180 210 240 270 300 330 360
0

1

−1

Let us look back at our values for cos θ

θ 0◦ 30◦ 45◦ 60◦ 90◦ 180◦

cos θ 1
√

3
2

1√
2

1
2 0 −1

If you look carefully, you will notice that the cosine of an angle θ is the same as the sine of the
angle 90◦ − θ. Take for example,

cos 60◦ =
1

2
= sin 30◦ = sin (90◦ − 60◦)

This tells us that in order to create the cosine graph, all we need to do is to shift the sine graph
90◦ to the left. The graph of cos θ is shown in figure 14.6. As the cosine graph is simply a
shifted sine graph, it will have the same period and amplitude as the sine graph.

14.6.4 Functions of the form y = a cos(x) + q

In the equation, y = a cos(x) + q, a and q are constants and have different effects on the graph
of the function. The general shape of the graph of functions of this form is shown in Figure 14.5
for the function f(θ) = 2 cos θ + 3.

Activity :: Functions of the Form y = a cos(θ) + q :

1. On the same set of axes, plot the following graphs:
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180 360−180−360

1

−1

Figure 14.4: The graph of cos θ.

90 180 270−90−180−270

1

2

3

4

5

−1

Figure 14.5: Graph of f(θ) = 2 cos θ + 3

(a) a(θ) = cos θ − 2

(b) b(θ) = cos θ − 1

(c) c(θ) = cos θ

(d) d(θ) = cos θ + 1

(e) e(θ) = cos θ + 2

Use your results to deduce the effect of q.

2. On the same set of axes, plot the following graphs:

(a) f(θ) = −2 · cos θ

(b) g(θ) = −1 · cos θ

(c) h(θ) = 0 · cos θ

(d) j(θ) = 1 · cos θ

(e) k(θ) = 2 · cos θ

Use your results to deduce the effect of a.

You should have found that the value of a affects the amplitude of the cosine graph in the same
way it did for the sine graph.

You should have also found that the value of q shifts the cosine graph in the same way as it did
the sine graph.

These different properties are summarised in Table 14.2.
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Table 14.2: Table summarising general shapes and positions of graphs of functions of the form
y = a cos(x) + q.

a > 0 a < 0

q > 0

q < 0

Domain and Range

For f(θ) = a cos(θ) + q, the domain is {θ : θ ∈ R} because there is no value of θ ∈ R for which
f(θ) is undefined.

It is easy to see that the range of f(θ) will be the same as the range of a sin(θ) + q. This is
because the maximum and minimum values of a cos(θ) + q will be the same as the maximum
and minimum values of a sin(θ) + q.

Intercepts

The y-intercept of f(θ) = a cos(x) + q is calculated in the same way as for sine.

yint = f(0◦)

= a cos(0◦) + q

= a(1) + q

= a + q

14.6.5 Comparison of Graphs of sin θ and cos θ

180 360−180−360

1

−1

90◦ shift

Figure 14.6: The graph of cos θ (solid-line) and the sine graph (dashed-line).

14.6.6 Graph of tan θ

Activity :: Graph of tan θ : Complete the following table, using your
calculator to calculate the values correct to 1 decimal place. Then plot the
values with tan θ on the y-axis and θ on the x-axis.
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θ 0◦ 30◦ 60◦ 90◦ 120◦ 150◦

tan θ

θ 180◦ 210◦ 240◦ 270◦ 300◦ 330◦ 360◦

tan θ

30 60 90 120 150 180 210 240 270 300 330 360
0

1

−1

Let us look back at our values for tan θ

θ 0◦ 30◦ 45◦ 60◦ 90◦ 180◦

tan θ 0 1√
3

1
√

3 ∞ 0

Now that we have graphs for sin θ and cos θ, there is an easy way to visualise the tangent graph.
Let us look back at our definitions of sin θ and cos θ for a right angled triangle.

sin θ

cos θ
=

opposite
hypotenuse

adjacent
hypotenuse

=
opposite

adjacent
= tan θ

This is the first of an important set of equations called trigonometric identities. An identity is
an equation, which holds true for any value, which is put into it. In this case we have shown
that

tan θ =
sin θ

cos θ

for any value of θ.
So we know that for values of θ for which sin θ = 0, we must also have tan θ = 0. Also, if
cos θ = 0 our value of tan θ is undefined as we cannot divide by 0. The graph is shown in Figure
14.7. The dashed vertical lines are at the values of θ where tan θ is not defined.

180 360−180−360

2

4

−2

−4

Figure 14.7: The graph of tan θ.

14.6.7 Functions of the form y = a tan(x) + q

In the figure below is an example of a function of the form y = a tan(x) + q.
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180 360−180−360

5

10

−5

−10

Figure 14.8: The graph of 2 tan θ + 1.

Activity :: Functions of the Form y = a tan(θ) + q :

1. On the same set of axes, plot the following graphs:

(a) a(θ) = tan θ − 2

(b) b(θ) = tan θ − 1

(c) c(θ) = tan θ

(d) d(θ) = tan θ + 1

(e) e(θ) = tan θ + 2

Use your results to deduce the effect of q.

2. On the same set of axes, plot the following graphs:

(a) f(θ) = −2 · tan θ

(b) g(θ) = −1 · tan θ

(c) h(θ) = 0 · tan θ

(d) j(θ) = 1 · tan θ

(e) k(θ) = 2 · tan θ

Use your results to deduce the effect of a.

You should have found that the value of a affects the steepness of each of the branches. You
should have also found that the value of q affects the vertical shift as for sin θ and cos θ. These
different properties are summarised in Table 14.3.

Table 14.3: Table summarising general shapes and positions of graphs of functions of the form
y = a tan(x) + q.

a > 0 a < 0

q > 0

q < 0

206



CHAPTER 14. TRIGONOMETRY - GRADE 10 14.6

Domain and Range

The domain of f(θ) = a tan(θ) + q is all the values of θ such that cos θ is not equal to 0. We
have already seen that when cos θ = 0, tan θ = sin θ

cos θ
is undefined, as we have division by zero.

We know that cos θ = 0 for all θ = 90◦ + 180◦n, where n is an integer. So the domain of
f(θ) = a tan(θ) + q is all values of θ, except the values θ = 90◦ + 180◦n.

The range of f(θ) = a tan θ + q is {f(θ) : f(θ) ∈ (−∞,∞)}.

Intercepts

The y-intercept, yint, of f(θ) = a tan(x) + q is again simply the value of f(θ) at θ = 0◦.

yint = f(0◦)

= a tan(0◦) + q

= a(0) + q

= q

Asymptotes

As θ approaches 90◦, tan θ approaches infinity. But as θ is undefined at 90◦, θ can only approach
90◦, but never equal it. Thus the tan θ curve gets closer and closer to the line θ = 90◦, without
ever touching it. Thus the line θ = 90◦ is an asymptote of tan θ. tan θ also has asymptotes at
θ = 90◦ + 180◦n, where n is an integer.

Exercise: Graphs of Trigonometric Functions

1. Using your knowldge of the effects of a and q, sketch each of the following
graphs, without using a table of values, for θ ∈ [0◦; 360◦]

(a) y = 2 sin θ

(b) y = −4 cos θ

(c) y = −2 cosθ + 1

(d) y = sin θ − 3

(e) y = tan θ − 2

(f) y = 2 cos θ − 1

2. Give the equations of each of the following graphs:

180 360

2

−2

x

y

a)

90 180 270 360
0

2

−2

x

y

b)

90−90

5

10

−5

−10

c)
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14.7 End of Chapter Exercises

1. Calculate the unknown lengths

30◦

25◦

20◦

16 cm

a

b

c

d

e5 m

f

g

50◦ 60◦

80◦

2. In the triangle PQR, PR = 20 cm, QR = 22 cm and PR̂Q = 30◦. The perpendicular
line from P to QR intersects QR at X . Calculate

A the length XR,

B the length PX , and

C the angle QP̂X

3. A ladder of length 15 m is resting against a wall, the base of the ladder is 5 m from the
wall. Find the angle between the wall and the ladder?

4. A ladder of length 25 m is resting against a wall, the ladder makes an angle 37◦ to the
wall. Find the distance between the wall and the base of the ladder?

5. In the following triangle find the angle AB̂C

A

BCD

9

17

41◦

6. In the following triangle find the length of side CD

A

BCD

9

15◦

35◦

7. A(5; 0) and B(11; 4). Find the angle between the line through A and B and the x-axis.

8. C(0;−13) and D(−12; 14). Find the angle between the line through C and D and the
y-axis.

9. E(5; 0), F (6; 2) and G(8;−2). Find the angle FÊG.

10. A 5 m ladder is placed 2 m from the wall. What is the angle the ladder makes with the wall?
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11. An isosceles triangle has sides 9 cm, 9 cm and 2 cm. Find the size of the smallest angle of
the triangle.

12. A right-angled triangle has hypotenuse 13 mm Find the length of the other two sides if
one of the angles of the triangle is 50◦.

13. One of the angles of a rhombus (rhombus - A four-sided polygon, each of whose sides is
of equal length.) with perimeter 20 cm is 30◦.

A Find the sides of the rhombus.

B Find the length of both diagonals.

14. Captain Hook was sailing towards a lighthouse of height 10 m.

A If the top of the lighthouse is 30 m away, what is the angle of elevation of the boat
to the nearest integer?

B If the boat moves another 7 m towards the lighthouse, what is the new angle of ele-
vation of the boat to the nearest integer?

15. (Tricky) A triangle with angles 40◦, 40◦ and 100◦ has a perimeter of 20 cm. Find the
length of each side of the triangle.
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Appendix A

GNU Free Documentation License

Version 1.2, November 2002
Copyright c© 2000,2001,2002 Free Software Foundation, Inc.
59 Temple Place, Suite 330, Boston, MA 02111-1307 USA
Everyone is permitted to copy and distribute verbatim copies of this license document, but
changing it is not allowed.

PREAMBLE

The purpose of this License is to make a manual, textbook, or other functional and useful doc-
ument “free” in the sense of freedom: to assure everyone the effective freedom to copy and
redistribute it, with or without modifying it, either commercially or non-commercially. Secondar-
ily, this License preserves for the author and publisher a way to get credit for their work, while
not being considered responsible for modifications made by others.

This License is a kind of “copyleft”, which means that derivative works of the document must
themselves be free in the same sense. It complements the GNU General Public License, which
is a copyleft license designed for free software.

We have designed this License in order to use it for manuals for free software, because free
software needs free documentation: a free program should come with manuals providing the
same freedoms that the software does. But this License is not limited to software manuals; it
can be used for any textual work, regardless of subject matter or whether it is published as a
printed book. We recommend this License principally for works whose purpose is instruction or
reference.

APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that contains a notice placed
by the copyright holder saying it can be distributed under the terms of this License. Such a
notice grants a world-wide, royalty-free license, unlimited in duration, to use that work under
the conditions stated herein. The “Document”, below, refers to any such manual or work. Any
member of the public is a licensee, and is addressed as “you”. You accept the license if you
copy, modify or distribute the work in a way requiring permission under copyright law.

A “Modified Version” of the Document means any work containing the Document or a portion
of it, either copied verbatim, or with modifications and/or translated into another language.

A “Secondary Section” is a named appendix or a front-matter section of the Document that deals
exclusively with the relationship of the publishers or authors of the Document to the Document’s
overall subject (or to related matters) and contains nothing that could fall directly within that
overall subject. (Thus, if the Document is in part a textbook of mathematics, a Secondary
Section may not explain any mathematics.) The relationship could be a matter of historical
connection with the subject or with related matters, or of legal, commercial, philosophical,
ethical or political position regarding them.
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The “Invariant Sections” are certain Secondary Sections whose titles are designated, as being
those of Invariant Sections, in the notice that says that the Document is released under this
License. If a section does not fit the above definition of Secondary then it is not allowed to be
designated as Invariant. The Document may contain zero Invariant Sections. If the Document
does not identify any Invariant Sections then there are none.

The “Cover Texts” are certain short passages of text that are listed, as Front-Cover Texts or
Back-Cover Texts, in the notice that says that the Document is released under this License. A
Front-Cover Text may be at most 5 words, and a Back-Cover Text may be at most 25 words.

A “Transparent” copy of the Document means a machine-readable copy, represented in a format
whose specification is available to the general public, that is suitable for revising the document
straightforwardly with generic text editors or (for images composed of pixels) generic paint
programs or (for drawings) some widely available drawing editor, and that is suitable for input
to text formatters or for automatic translation to a variety of formats suitable for input to text
formatters. A copy made in an otherwise Transparent file format whose markup, or absence of
markup, has been arranged to thwart or discourage subsequent modification by readers is not
Transparent. An image format is not Transparent if used for any substantial amount of text. A
copy that is not “Transparent” is called “Opaque”.

Examples of suitable formats for Transparent copies include plain ASCII without markup, Texinfo
input format, LATEX input format, SGML or XML using a publicly available DTD and standard-
conforming simple HTML, PostScript or PDF designed for human modification. Examples of
transparent image formats include PNG, XCF and JPG. Opaque formats include proprietary
formats that can be read and edited only by proprietary word processors, SGML or XML for
which the DTD and/or processing tools are not generally available, and the machine-generated
HTML, PostScript or PDF produced by some word processors for output purposes only.

The “Title Page” means, for a printed book, the title page itself, plus such following pages as
are needed to hold, legibly, the material this License requires to appear in the title page. For
works in formats which do not have any title page as such, “Title Page” means the text near the
most prominent appearance of the work’s title, preceding the beginning of the body of the text.

A section “Entitled XYZ” means a named subunit of the Document whose title either is precisely
XYZ or contains XYZ in parentheses following text that translates XYZ in another language.
(Here XYZ stands for a specific section name mentioned below, such as “Acknowledgements”,
“Dedications”, “Endorsements”, or “History”.) To “Preserve the Title” of such a section when
you modify the Document means that it remains a section “Entitled XYZ” according to this
definition.

The Document may include Warranty Disclaimers next to the notice which states that this
License applies to the Document. These Warranty Disclaimers are considered to be included by
reference in this License, but only as regards disclaiming warranties: any other implication that
these Warranty Disclaimers may have is void and has no effect on the meaning of this License.

VERBATIM COPYING

You may copy and distribute the Document in any medium, either commercially or non-commercially,
provided that this License, the copyright notices, and the license notice saying this License applies
to the Document are reproduced in all copies, and that you add no other conditions whatsoever
to those of this License. You may not use technical measures to obstruct or control the reading
or further copying of the copies you make or distribute. However, you may accept compensation
in exchange for copies. If you distribute a large enough number of copies you must also follow
the conditions in section A.

You may also lend copies, under the same conditions stated above, and you may publicly display
copies.

COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have printed covers) of the
Document, numbering more than 100, and the Document’s license notice requires Cover Texts,
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you must enclose the copies in covers that carry, clearly and legibly, all these Cover Texts: Front-
Cover Texts on the front cover, and Back-Cover Texts on the back cover. Both covers must also
clearly and legibly identify you as the publisher of these copies. The front cover must present the
full title with all words of the title equally prominent and visible. You may add other material on
the covers in addition. Copying with changes limited to the covers, as long as they preserve the
title of the Document and satisfy these conditions, can be treated as verbatim copying in other
respects.

If the required texts for either cover are too voluminous to fit legibly, you should put the first
ones listed (as many as fit reasonably) on the actual cover, and continue the rest onto adjacent
pages.

If you publish or distribute Opaque copies of the Document numbering more than 100, you must
either include a machine-readable Transparent copy along with each Opaque copy, or state in or
with each Opaque copy a computer-network location from which the general network-using public
has access to download using public-standard network protocols a complete Transparent copy of
the Document, free of added material. If you use the latter option, you must take reasonably
prudent steps, when you begin distribution of Opaque copies in quantity, to ensure that this
Transparent copy will remain thus accessible at the stated location until at least one year after
the last time you distribute an Opaque copy (directly or through your agents or retailers) of that
edition to the public.

It is requested, but not required, that you contact the authors of the Document well before
redistributing any large number of copies, to give them a chance to provide you with an updated
version of the Document.

MODIFICATIONS

You may copy and distribute a Modified Version of the Document under the conditions of
sections A and A above, provided that you release the Modified Version under precisely this
License, with the Modified Version filling the role of the Document, thus licensing distribution
and modification of the Modified Version to whoever possesses a copy of it. In addition, you
must do these things in the Modified Version:

1. Use in the Title Page (and on the covers, if any) a title distinct from that of the Document,
and from those of previous versions (which should, if there were any, be listed in the History
section of the Document). You may use the same title as a previous version if the original
publisher of that version gives permission.

2. List on the Title Page, as authors, one or more persons or entities responsible for authorship
of the modifications in the Modified Version, together with at least five of the principal
authors of the Document (all of its principal authors, if it has fewer than five), unless they
release you from this requirement.

3. State on the Title page the name of the publisher of the Modified Version, as the publisher.

4. Preserve all the copyright notices of the Document.

5. Add an appropriate copyright notice for your modifications adjacent to the other copyright
notices.

6. Include, immediately after the copyright notices, a license notice giving the public permis-
sion to use the Modified Version under the terms of this License, in the form shown in the
Addendum below.

7. Preserve in that license notice the full lists of Invariant Sections and required Cover Texts
given in the Document’s license notice.

8. Include an unaltered copy of this License.

9. Preserve the section Entitled “History”, Preserve its Title, and add to it an item stating
at least the title, year, new authors, and publisher of the Modified Version as given on the
Title Page. If there is no section Entitled “History” in the Document, create one stating
the title, year, authors, and publisher of the Document as given on its Title Page, then
add an item describing the Modified Version as stated in the previous sentence.
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10. Preserve the network location, if any, given in the Document for public access to a Trans-
parent copy of the Document, and likewise the network locations given in the Document
for previous versions it was based on. These may be placed in the “History” section. You
may omit a network location for a work that was published at least four years before the
Document itself, or if the original publisher of the version it refers to gives permission.

11. For any section Entitled “Acknowledgements” or “Dedications”, Preserve the Title of the
section, and preserve in the section all the substance and tone of each of the contributor
acknowledgements and/or dedications given therein.

12. Preserve all the Invariant Sections of the Document, unaltered in their text and in their
titles. Section numbers or the equivalent are not considered part of the section titles.

13. Delete any section Entitled “Endorsements”. Such a section may not be included in the
Modified Version.

14. Do not re-title any existing section to be Entitled “Endorsements” or to conflict in title
with any Invariant Section.

15. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify as Secondary
Sections and contain no material copied from the Document, you may at your option designate
some or all of these sections as invariant. To do this, add their titles to the list of Invariant
Sections in the Modified Version’s license notice. These titles must be distinct from any other
section titles.

You may add a section Entitled “Endorsements”, provided it contains nothing but endorsements
of your Modified Version by various parties–for example, statements of peer review or that the
text has been approved by an organisation as the authoritative definition of a standard.

You may add a passage of up to five words as a Front-Cover Text, and a passage of up to 25
words as a Back-Cover Text, to the end of the list of Cover Texts in the Modified Version. Only
one passage of Front-Cover Text and one of Back-Cover Text may be added by (or through
arrangements made by) any one entity. If the Document already includes a cover text for the
same cover, previously added by you or by arrangement made by the same entity you are acting
on behalf of, you may not add another; but you may replace the old one, on explicit permission
from the previous publisher that added the old one.

The author(s) and publisher(s) of the Document do not by this License give permission to use
their names for publicity for or to assert or imply endorsement of any Modified Version.

COMBINING DOCUMENTS

You may combine the Document with other documents released under this License, under the
terms defined in section A above for modified versions, provided that you include in the combi-
nation all of the Invariant Sections of all of the original documents, unmodified, and list them
all as Invariant Sections of your combined work in its license notice, and that you preserve all
their Warranty Disclaimers.

The combined work need only contain one copy of this License, and multiple identical Invariant
Sections may be replaced with a single copy. If there are multiple Invariant Sections with the
same name but different contents, make the title of each such section unique by adding at the
end of it, in parentheses, the name of the original author or publisher of that section if known,
or else a unique number. Make the same adjustment to the section titles in the list of Invariant
Sections in the license notice of the combined work.

In the combination, you must combine any sections Entitled “History” in the various original
documents, forming one section Entitled “History”; likewise combine any sections Entitled “Ac-
knowledgements”, and any sections Entitled “Dedications”. You must delete all sections Entitled
“Endorsements”.
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COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents released under
this License, and replace the individual copies of this License in the various documents with a
single copy that is included in the collection, provided that you follow the rules of this License
for verbatim copying of each of the documents in all other respects.

You may extract a single document from such a collection, and distribute it individually under
this License, provided you insert a copy of this License into the extracted document, and follow
this License in all other respects regarding verbatim copying of that document.

AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate and independent documents
or works, in or on a volume of a storage or distribution medium, is called an “aggregate” if the
copyright resulting from the compilation is not used to limit the legal rights of the compilation’s
users beyond what the individual works permit. When the Document is included an aggregate,
this License does not apply to the other works in the aggregate which are not themselves derivative
works of the Document.

If the Cover Text requirement of section A is applicable to these copies of the Document, then if
the Document is less than one half of the entire aggregate, the Document’s Cover Texts may be
placed on covers that bracket the Document within the aggregate, or the electronic equivalent
of covers if the Document is in electronic form. Otherwise they must appear on printed covers
that bracket the whole aggregate.

TRANSLATION

Translation is considered a kind of modification, so you may distribute translations of the Doc-
ument under the terms of section A. Replacing Invariant Sections with translations requires
special permission from their copyright holders, but you may include translations of some or
all Invariant Sections in addition to the original versions of these Invariant Sections. You may
include a translation of this License, and all the license notices in the Document, and any War-
ranty Disclaimers, provided that you also include the original English version of this License and
the original versions of those notices and disclaimers. In case of a disagreement between the
translation and the original version of this License or a notice or disclaimer, the original version
will prevail.

If a section in the Document is Entitled “Acknowledgements”, “Dedications”, or “History”, the
requirement (section A) to Preserve its Title (section A) will typically require changing the actual
title.

TERMINATION

You may not copy, modify, sub-license, or distribute the Document except as expressly provided
for under this License. Any other attempt to copy, modify, sub-license or distribute the Document
is void, and will automatically terminate your rights under this License. However, parties who
have received copies, or rights, from you under this License will not have their licenses terminated
so long as such parties remain in full compliance.

FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions of the GNU Free Documentation
License from time to time. Such new versions will be similar in spirit to the present version, but
may differ in detail to address new problems or concerns. See http://www.gnu.org/copyleft/.
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Each version of the License is given a distinguishing version number. If the Document specifies
that a particular numbered version of this License “or any later version” applies to it, you have the
option of following the terms and conditions either of that specified version or of any later version
that has been published (not as a draft) by the Free Software Foundation. If the Document does
not specify a version number of this License, you may choose any version ever published (not as
a draft) by the Free Software Foundation.

ADDENDUM: How to use this License for your documents

To use this License in a document you have written, include a copy of the License in the document
and put the following copyright and license notices just after the title page:

Copyright c© YEAR YOUR NAME. Permission is granted to copy, distribute and/or
modify this document under the terms of the GNU Free Documentation License,
Version 1.2 or any later version published by the Free Software Foundation; with no
Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts. A copy of the
license is included in the section entitled “GNU Free Documentation License”.

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts, replace the “with...Texts.”
line with this:

with the Invariant Sections being LIST THEIR TITLES, with the Front-Cover Texts being LIST,
and with the Back-Cover Texts being LIST.

If you have Invariant Sections without Cover Texts, or some other combination of the three,
merge those two alternatives to suit the situation.

If your document contains nontrivial examples of program code, we recommend releasing these
examples in parallel under your choice of free software license, such as the GNU General Public
License, to permit their use in free software.
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