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Chapter 30

Linear Programming - Grade 11

30.1 Introduction

In everyday life people are interested in knowing the most efficient way of carrying out a task or
achieving a goal. For example, a farmer might want to know how many crops to plant during
a season in order to maximise yield (produce) or a stock broker might want to know how much
to invest in stocks in order to maximise profit. These are examples of optimisation problems,
where by optimising we mean finding the maxima or minima of a function.

We have seen optimisation problems of one variable in Chapter 40, where there were no re-
strictions to the answer. You were then required to find the highest (maximum) or lowest
(minimum) possible value of some function. In this chapter we look at optimisation problems
with two variables and where the possible solutions are restricted.

30.2 Terminology

There are some basic terms which you need to become familiar with for the linear programming
chapters.

30.2.1 Decision Variables

The aim of an optimisation problem is to find the values of the decision variables. These values
are unknown at the beginning of the problem. Decision variables usually represent things that
can be changed, for example the rate at which water is consumed or the number of birds living
in a certain park.

30.2.2 Objective Function

The objective function is a mathematical combination of the decision variables and represents the
function that we want to optimise (i.e. maximise or minimise) is called the objective function.
We will only be looking at objective functions which are functions of two variables. For example,
in the case of the farmer, the objective function is the yield and it is dependent on the amount of
crops planted. If the farmer has two crops then the objective function f(z,y) is the yield, where
x represents the amount of the first crop planted and y represents the amount of the second
crop planted. For the stock broker, assuming that there are two stocks to invest in, the objective
function f(x,y) is the amount of profit earned by investing = rand in the first stock and y rand
in the second.
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30.2.3 Constraints

Constraints, or restrictions, are often placed on the variables being optimised. For the example
of the farmer, he cannot plant a negative number of crops, therefore the constraints would be:

x>0
> 0.

Other constraints might be that the farmer cannot plant more of the second crop than the first
crop and that no more than 20 units of the first crop can be planted. These constraints can be
written as:

T >y
r <20
Constraints that have the form
ax+by <c
or
ar+by=c

are called linear constraints. Examples of linear constraints are:

z+y<0
—2x=7
y < V2

30.2.4 Feasible Region and Points

Constraints mean that we cannot just take any x and y when looking for the x and y that
optimise our objective function. If we think of the variables x and y as a point (x,y) in the zy-
plane then we call the set of all points in the xy-plane that satisfy our constraints the feasible
region. Any point in the feasible region is called a feasible point.

For example, the constraints

Y >—0.

mean that only values of x and y that are positive are allowed. Similarly, the constraint
T >y

means that only values of x that are greater than or equal to the y values are allowed.

<20

means that only x values which are less than or equal to 20 are allowed.

Important: The constraints are used to create bounds of the solution.

30.2.5 The Solution

Important: Points that satisfy the constraints are called feasible solutions.

Once we have determined the feasible region the solution of our problem will be the feasible
point where the objective function is a maximum / minimum. Sometimes there will be more
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30.3

than one feasible point where the objective function is a maximum/minimum — in this case we

have more than one solution.

30.3 Example of a Problem

A simple problem that can be solved with linear programming involves Mrs. Nkosi and her farm.

Mrs Nkosi grows mielies and potatoes on a farm of 100 m2. She has accepted orders
that will need her to grow at least 40 m? of mielies and at least 30 m? of potatoes.
Market research shows that the demand this year will be at least twice as much for
mielies as for potatoes and so she wants to use at least twice as much area for mielies
as for potatoes. She expects to make a profit of R650 per m? for her mielies and
R1 500 per m? on her sorgum. How should she divide her land so that she can earn

the most profit?

Let m represent the area of mielies grown and let p be the area of potatoes grown.

We shall see how we can solve this problem.

30.4 Method of Linear Programming

Method: Linear Programming

1. Identify the decision variables in the problem.
2. Write constraint equations
3. Write objective function as an equation

4. Solve the problem

30.5 Skills you will need

30.5.1 Writing Constraint Equations

You will need to be comfortable with converting a word description to a mathematical description

for linear programming. Some of the words that are used is summarised in Table 30.1.

Table 30.1: Phrases and mathematical equivalents.

| Words | Mathematical description |
x equals a r=a
x is greater than a z>a
x is greater than or equal to a x>a
x is less than a r<a
x is less than or equal to a r<a
x must be at least a T >a
x must be at most b z<a

Worked Example 123: Writing constraints as equations

Question: Mrs Nkosi grows mielies and potatoes on a farm of 100 m?. She has
accepted orders that will need her to grow at least 40 m? of mielies and at least
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30 m? of potatoes. Market research shows that the demand this year will be at least
twice as much for mielies as for potatoes and so she wants to use at least twice as
much area for mielies as for potatoes.

Answer

Step 1 : Identify the decision variables

There are two decision variables: the area used to plant mielies (m) and the area
used to plant potatoes (p).

Step 2 : Identify the phrases that constrain the decision variables

e grow at least 40 m? of mielies
e grow at least 30 m? of potatoes
e area of farm is 100 m?

e demand is twice as much for mielies as for potatoes
Step 3 : For each phrase, write a constraint

e m > 40

e p>30

e m+p <100

e m >2p

Exercise: constraints as equation
Write the following constraints as equations:

1. Michael is registering for courses at university. Michael needs to register for at
least 4 courses.

2. Joyce is also registering for courses at university. She cannot register for more
than 7 courses.

3. In a geography test, Simon is allowed to choose 4 questions from each section.
4. A baker can bake at most 50 chocolate cakes in 1 day.

5. Megan and Katja can carry at most 400 koeksisters.

30.5.2 Writing the Objective Function

If the objective function is not given to you as an equation, you will need to be able to convert
a word description to an equation to get the objective function.

You will need to look for words like:

e most profit

e least cost

e largest area
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Worked Example 124: Writing the objective function

Question: The cost of hiring a small trailer is R500 per day and the cost of hiring
a big trailer is R800 per day. Write down the objective function that can be used to
find the cheapest cost for hiring trailers for 1 day.

Answer

Step 1 : Identify the decision variables

There are two decision variables: the number of big trailers (n;) and the number of
small trailers (ny).

Step 2 : Write the purpose of the objective function

The purpose of the objective function is to minimise cost.

Step 3 : Write the objective function

The cost of hiring ng small trailers for 1 day is:

500 X ng
The cost of hiring n; big trailers for 1 day is:
800 X ny

Therefore the objective function, which is the total cost of hiring ng small trailers
and ny big trailers for 1 day is:

500 x ng 4+ 800 x ny

Worked Example 125: Writing the objective function

Question: Mrs Nkosi expects to make a profit of R650 per m? for her mielies and
R1 500 per m? on her potatoes. How should she divide her land so that she can
earn the most profit?

Answer

Step 1 : Identify the decision variables

There are two decision variables: the area used to plant mielies (m) and the area
used to plant potatoes (p).

Step 2 : Write the purpose of the objective function

The purpose of the objective function is to maximise profit.

Step 3 : Write the objective function

The profit of planting m m? of mielies is:

650 x m
The profit of planting p m? of potatoes is:
1500 x p

Therefore the objective function, which is the total profit of planting mielies and
potatoes is:
650 x m + 1500 x p
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Exercise: Writing the objective function

1. The EduFurn furniture factory manufactures school chairs and school desks.
They make a profit of R50 on each chair sold and of R60 on each desk sold.
Write an equation that will show how much profit they will make by selling the
chairs and desks?

2. A manufacturer makes small screen GPS’s and wide screen GPS's. If the profit
on small screen GPS’s is R500 and the profit on wide screen GPS's is R250,
write an equation that will show the possible maximum profit.

30.5.3 Solving the Problem

The numerical method involves using the points along the boundary of the feasible region, and
determining which point has the optimises the objective function.

Activity :: Investigation : Numerical Method
Use the objective function

650 x m + 1500 x p

to calculate Mrs. Nkosi's profit for the following feasible solutions:

|m | P |Profit|

60 | 30
65 | 30
70 | 30
662 | 331

The question is How do you find the feasible region? We will use the graphical method of solving
a system of linear equations to determine the feasible. We draw all constraints as graphs and
mark the area that satisfies all constraints. This is shown in Figure 30.1 for Mrs. Nkosi's farm.

Now we can use the methods we learnt previously to find the points at the vertices of the feasible
region. In Figure 30.1, vertex A is at the intersection of p = 30 and m = 2p. Therefore, the
coordinates of A are (30,60). Similarly vertex B is at the intersection of p = 30 and m = 100—p.
Therefore the coordinates of B are (30,70). Vertex C is at the intersection of m = 100 — p and
m = 2p, which gives (333,662) for the coordinates of C.

If we now substitute these points into the objective function, we get the following:

|m|p |Profit|
60 30 | 81000

70 | 30 | 87 000
662 | 331 [ 89997

Therefore Mrs. Nkosi makes the most profit if she plants 66% m? of mielies and 66% m? of
potatoes. Her profit is R89 997.
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Figure 30.1: Graph of the feasible region

x Worked Example 126: Prizes!

Question: As part of their opening specials, a furniture store has promised to give
away at least 40 prizes with a total value of at least R2 000. The prizes are kettles
and toasters.

1. If the company decides that there will be at least 10 of each prize, write down
two more inequalities from these constraints.

2. If the cost of manufacturing a kettle is R60 and a toaster is R50, write down an
objective function C' which can be used to determine the cost to the company
of both kettles and toasters.

3. Sketch the graph of the feasibility region that can be used to determine all the
possible combinations of kettles and toasters that honour the promises of the
company.

4. How many of each prize will represent the cheapest option for the company?

5. How much will this combination of kettles and toasters cost?

Answer

Step 1 : Identify the decision variables

Let the number of kettles be x; and the number of toasters be y; and write down
two constraints apart from x; > 0 and y; > 0 that must be adhered to.

Step 2 : Write constraint equations

Since there will be at least 10 of each prize we can write:

and

Also the store has promised to give away at least 40 prizes in total. Therefore:
Tk + yr > 40

Step 3 : Write the objective function
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The cost of manufacturing a kettle is R60 and a toaster is R50. Therefore the cost
the total cost C' is:
C = 60x + 50y

Step 4 : Sketch the graph of the feasible region

Yt
100 +

90 T
70 T

o0 +
40

30 —x
20 T

10 \
| | | I | I I | €T

10 20 30 40 50 60 70 80 90 100

Step 5 : Determine vertices of feasible region

From the graph, the coordinates of vertex A is (3,1) and the coordinates of vertex
B are (1,3).

Step 6 : Calculate cost at each vertex

At vertex A, the cost is:

C = 60z + 50y
60(30) + 50(10)
1800 + 500

= 2300

At vertex B, the cost is:

C = 60z + 50y,
= 60(10) + 50(30)
= 600 + 1500
= 2100

Step 7 : Write the final answer

The cheapest combination of prizes is 10 kettles and 30 toasters, costing the company
R2 100.

30.6 End of Chapter Exercises

1. You are given a test consisting of two sections. The first section is on Algebra and the
second section is on Geometry. You are not allowed to answer more than 10 questions
from any section, but you have to answer at least 4 Algebra questions. The time allowed
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is not more than 30 minutes. An Algebra problem will take 2 minutes and a Geometry
problem will take 3 minutes each to solve.

If you answer x4 Algebra questions and ys Geometry questions,

A Formulate the constraints which satisfy the above constraints.

B The Algebra questions carry 5 marks each and the Geometry questions carry 10 marks
each. If T is the total marks, write down an expression for T

2. A local clinic wants to produce a guide to healthy living. The clinic intends to produce
the guide in two formats: a short video and a printed book. The clinic needs to decide
how many of each format to produce for sale. Estimates show that no more than 10 000
copies of both items together will be sold. At least 4 000 copies of the video and at least
2 000 copies of the book could be sold, although sales of the book are not expected to
exceed 4 000 copies. Let x, be the number of videos sold, and ¥, the number of printed
books sold.

A Write down the constraint inequalities that can be deduced from the given informa-
tion.

B Represent these inequalities graphically and indicate the feasible region clearly.

C The clinic is seeking to maximise the income, I, earned from the sales of the two
products. Each video will sell for R50 and each book for R30. Write down the
objective function for the income.

D Determine graphically, by using a search line, the number of videos and books that
ought to be sold to maximise the income.

E What maximum income will be generated by the two guides?

3. A patient in a hospital needs at least 18 grams of protein, 0,006 grams of vitamin C and
0,005 grams of iron per meal, which consists of two types of food, A and B. Type A
contains 9 grams of protein, 0,002 grams of vitamin C and no iron per serving. Type
B contains 3 grams of protein, 0,002 grams of vitamin C and 0,005 grams of iron per
serving. The energy value of A is 800 kilojoules and the of B 400 kilojoules per mass unit.
A patient is not allowed to have more than 4 servings of A and 5 servings of B. There are
x4 servings of A and yp servings of B on the patients plate.

A Write down in terms of £ 4 and yp

i. The mathematical constraints which must be satisfied.
ii. The kilojoule intake per meal.

B Represent the constraints graphically on graph paper. Use the scale 1 unit = 20mm
on both axes. Shade the feasible region.

C Deduce from the graphs, the values of x4 and yp which will give the minimum
kilojoule intake per meal for the patient.

4. A certain motorcycle manufacturer produces two basic models, the 'Super X' and the
'Super Y'. These motorcycles are sold to dealers at a profit of R20 000 per 'Super X' and
R10 000 per 'Super Y'. A 'Super X' requires 150 hours for assembly, 50 hours for painting
and finishing and 10 hours for checking and testing. The 'Super Y’ requires 60 hours for
assembly, 40 hours for painting and finishing and 20 hours for checking and testing. The
total number of hours available per month is: 30 000 in the assembly department, 13 000
in the painting and finishing department and 5 000 in the checking and testing department.

The above information can be summarised by the following table:

Department Hours for ‘Super X' | Hours for Super 'Y’ | Maximum hours
available per month

Assembley 150 60 30 000

Painting and Finishing 50 40 13 000

Checking and Testing 10 20 5 000

Let « be the number of 'Super X' and y be the number of 'Super Y' models manufactured
per month.
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5.

Write down the set of constraint inequalities.
Use the graph paper provided to represent the constraint inequalities.
Shade the feasible region on the graph paper.

Write down the profit generated in terms of = and y.

m O n ™ >

How many motorcycles of each model must be produced in order to maximise the
monthly profit?

F What is the maximum monthly profit?

A group of students plan to sell z hamburgers and y chicken burgers at a rugby match.
They have meat for at most 300 hamburgers and at most 400 chicken burgers. Each
burger of both types is sold in a packet. There are 500 packets available. The demand is
likely to be such that the number of chicken burgers sold is at least half the number of
hamburgers sold.

A Write the constraint inequalities.

B Two constraint inequalities are shown on the graph paper provided. Represent the
remaining constraint inequalities on the graph paper.

C Shade the feasible region on the graph paper.

D A profit of R3 is made on each hamburger sold and R2 on each chicken burger sold.
Write the equation which represents the total profit, P, in terms of x and y.

E The objective is to maximise profit. How many, of each type of burger, should be
sold to maximise profit?

Fashion-cards is a small company that makes two types of cards, type X and type Y. With
the available labour and material, the company can make not more than 150 cards of type
X and not more than 120 cards of type Y per week. Altogether they cannot make more
than 200 cards per week.

There is an order for at least 40 type X cards and 10 type Y cards per week. Fashion-cards
makes a profit of R5 for each type X card sold and R10 for each type Y card.

Let the number of type X cards be x and the number of type Y cards be y, manufactured
per week.

A One of the constraint inequalities which represents the restrictions above is x < 150.
Werite the other constraint inequalities.

B Represent the constraints graphically and shade the feasible region.

C Write the equation that represents the profit P (the objective function), in terms of
x and y.

D Calculate the maximum weekly profit.

To meet the requirements of a specialised diet a meal is prepared by mixing two types of
cereal, Vuka and Molo. The mixture must contain x packets of Vuka cereal and y packets of
Molo cereal. The meal requires at least 15 g of protein and at least 72 g of carbohydrates.
Each packet of Vuka cereal contains 4 g of protein and 16 g of carbohydrates. Each packet
of Molo cereal contains 3 g of protein and 24 g of carbohydrates. There are at most 5
packets of cereal available. The feasible region is shaded on the attached graph paper.

A Write down the constraint inequalities.

B If Vuka cereal costs R6 per packet and Molo cereal also costs R6 per packet, use the
graph to determine how many packets of each cereal must be used for the mixture
to satisfy the above constraints in each of the following cases:

i. The total cost is a minimum.

ii. The total cost is a maximum (give all possibilities).
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8. A bicycle manufacturer makes two different models of bicycles, namely mountain bikes and
speed bikes. The bicycle manufacturer works under the following constraints:
No more than 5 mountain bicycles can be assembled daily.
No more than 3 speed bicycles can be assembled daily.
It takes one man to assemble a mountain bicycle, two men to assemble a speed bicycle
and there are 8 men working at the bicycle manufacturer.
Let = represent the number of mountain bicycles and let y represent the number of speed
bicycles.

A Determine algebraically the constraints that apply to this problem.
Represent the constraints graphically on the graph paper.

B
C By means of shading, clearly indicate the feasible region on the graph.
D

The profit on a mountain bicycle is R200 and the profit on a speed bicycle is R600.
Write down an expression to represent the profit on the bicycles.

E Determine the number of each model bicycle that would maximise the profit to the
manufacturer.
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Appendix A

GNU Free Documentation License

Version 1.2, November 2002

Copyright (© 2000,2001,2002 Free Software Foundation, Inc.

59 Temple Place, Suite 330, Boston, MA 02111-1307 USA

Everyone is permitted to copy and distribute verbatim copies of this license document, but
changing it is not allowed.

PREAMBLE

The purpose of this License is to make a manual, textbook, or other functional and useful doc-
ument “free” in the sense of freedom: to assure everyone the effective freedom to copy and
redistribute it, with or without modifying it, either commercially or non-commercially. Secondar-
ily, this License preserves for the author and publisher a way to get credit for their work, while
not being considered responsible for modifications made by others.

This License is a kind of “copyleft”, which means that derivative works of the document must
themselves be free in the same sense. It complements the GNU General Public License, which
is a copyleft license designed for free software.

We have designed this License in order to use it for manuals for free software, because free
software needs free documentation: a free program should come with manuals providing the
same freedoms that the software does. But this License is not limited to software manuals; it
can be used for any textual work, regardless of subject matter or whether it is published as a
printed book. We recommend this License principally for works whose purpose is instruction or
reference.

APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that contains a notice placed
by the copyright holder saying it can be distributed under the terms of this License. Such a
notice grants a world-wide, royalty-free license, unlimited in duration, to use that work under
the conditions stated herein. The “Document”, below, refers to any such manual or work. Any
member of the public is a licensee, and is addressed as “you”. You accept the license if you
copy, modify or distribute the work in a way requiring permission under copyright law.

A “Modified Version” of the Document means any work containing the Document or a portion
of it, either copied verbatim, or with modifications and/or translated into another language.

A “Secondary Section” is a named appendix or a front-matter section of the Document that deals
exclusively with the relationship of the publishers or authors of the Document to the Document’s
overall subject (or to related matters) and contains nothing that could fall directly within that
overall subject. (Thus, if the Document is in part a textbook of mathematics, a Secondary
Section may not explain any mathematics.) The relationship could be a matter of historical
connection with the subject or with related matters, or of legal, commercial, philosophical,
ethical or political position regarding them.
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The “Invariant Sections” are certain Secondary Sections whose titles are designated, as being
those of Invariant Sections, in the notice that says that the Document is released under this
License. If a section does not fit the above definition of Secondary then it is not allowed to be
designated as Invariant. The Document may contain zero Invariant Sections. If the Document
does not identify any Invariant Sections then there are none.

The "Cover Texts” are certain short passages of text that are listed, as Front-Cover Texts or
Back-Cover Texts, in the notice that says that the Document is released under this License. A
Front-Cover Text may be at most 5 words, and a Back-Cover Text may be at most 25 words.

A “Transparent” copy of the Document means a machine-readable copy, represented in a format
whose specification is available to the general public, that is suitable for revising the document
straightforwardly with generic text editors or (for images composed of pixels) generic paint
programs or (for drawings) some widely available drawing editor, and that is suitable for input
to text formatters or for automatic translation to a variety of formats suitable for input to text
formatters. A copy made in an otherwise Transparent file format whose markup, or absence of
markup, has been arranged to thwart or discourage subsequent modification by readers is not
Transparent. An image format is not Transparent if used for any substantial amount of text. A
copy that is not “Transparent” is called “Opaque”.

Examples of suitable formats for Transparent copies include plain ASCIl without markup, Texinfo
input format, IKTEX input format, SGML or XML using a publicly available DTD and standard-
conforming simple HTML, PostScript or PDF designed for human modification. Examples of
transparent image formats include PNG, XCF and JPG. Opaque formats include proprietary
formats that can be read and edited only by proprietary word processors, SGML or XML for
which the DTD and/or processing tools are not generally available, and the machine-generated
HTML, PostScript or PDF produced by some word processors for output purposes only.

The "Title Page” means, for a printed book, the title page itself, plus such following pages as
are needed to hold, legibly, the material this License requires to appear in the title page. For
works in formats which do not have any title page as such, “Title Page” means the text near the
most prominent appearance of the work’s title, preceding the beginning of the body of the text.

A section “Entitled XYZ" means a named subunit of the Document whose title either is precisely
XYZ or contains XYZ in parentheses following text that translates XYZ in another language.
(Here XYZ stands for a specific section name mentioned below, such as "Acknowledgements”,
“Dedications”, “Endorsements”, or “History”.) To "Preserve the Title" of such a section when
you modify the Document means that it remains a section “Entitled XYZ" according to this
definition.

The Document may include Warranty Disclaimers next to the notice which states that this
License applies to the Document. These Warranty Disclaimers are considered to be included by
reference in this License, but only as regards disclaiming warranties: any other implication that
these Warranty Disclaimers may have is void and has no effect on the meaning of this License.

VERBATIM COPYING

You may copy and distribute the Document in any medium, either commercially or non-commercially,
provided that this License, the copyright notices, and the license notice saying this License applies
to the Document are reproduced in all copies, and that you add no other conditions whatsoever
to those of this License. You may not use technical measures to obstruct or control the reading
or further copying of the copies you make or distribute. However, you may accept compensation

in exchange for copies. If you distribute a large enough number of copies you must also follow
the conditions in section A.

You may also lend copies, under the same conditions stated above, and you may publicly display
copies.

COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have printed covers) of the
Document, numbering more than 100, and the Document’s license notice requires Cover Texts,
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you must enclose the copies in covers that carry, clearly and legibly, all these Cover Texts: Front-
Cover Texts on the front cover, and Back-Cover Texts on the back cover. Both covers must also
clearly and legibly identify you as the publisher of these copies. The front cover must present the
full title with all words of the title equally prominent and visible. You may add other material on
the covers in addition. Copying with changes limited to the covers, as long as they preserve the
title of the Document and satisfy these conditions, can be treated as verbatim copying in other
respects.

If the required texts for either cover are too voluminous to fit legibly, you should put the first
ones listed (as many as fit reasonably) on the actual cover, and continue the rest onto adjacent
pages.

If you publish or distribute Opaque copies of the Document numbering more than 100, you must
either include a machine-readable Transparent copy along with each Opaque copy, or state in or
with each Opaque copy a computer-network location from which the general network-using public
has access to download using public-standard network protocols a complete Transparent copy of
the Document, free of added material. If you use the latter option, you must take reasonably
prudent steps, when you begin distribution of Opaque copies in quantity, to ensure that this
Transparent copy will remain thus accessible at the stated location until at least one year after
the last time you distribute an Opaque copy (directly or through your agents or retailers) of that
edition to the public.

It is requested, but not required, that you contact the authors of the Document well before
redistributing any large number of copies, to give them a chance to provide you with an updated
version of the Document.

MODIFICATIONS

You may copy and distribute a Modified Version of the Document under the conditions of
sections A and A above, provided that you release the Modified Version under precisely this
License, with the Modified Version filling the role of the Document, thus licensing distribution
and modification of the Modified Version to whoever possesses a copy of it. In addition, you
must do these things in the Modified Version:

1. Use in the Title Page (and on the covers, if any) a title distinct from that of the Document,
and from those of previous versions (which should, if there were any, be listed in the History
section of the Document). You may use the same title as a previous version if the original
publisher of that version gives permission.

2. List on the Title Page, as authors, one or more persons or entities responsible for authorship
of the modifications in the Modified Version, together with at least five of the principal
authors of the Document (all of its principal authors, if it has fewer than five), unless they
release you from this requirement.

3. State on the Title page the name of the publisher of the Modified Version, as the publisher.
4. Preserve all the copyright notices of the Document.

5. Add an appropriate copyright notice for your modifications adjacent to the other copyright
notices.

6. Include, immediately after the copyright notices, a license notice giving the public permis-
sion to use the Modified Version under the terms of this License, in the form shown in the
Addendum below.

7. Preserve in that license notice the full lists of Invariant Sections and required Cover Texts
given in the Document's license notice.

8. Include an unaltered copy of this License.

9. Preserve the section Entitled “History”, Preserve its Title, and add to it an item stating
at least the title, year, new authors, and publisher of the Modified Version as given on the
Title Page. If there is no section Entitled “History” in the Document, create one stating
the title, year, authors, and publisher of the Document as given on its Title Page, then
add an item describing the Modified Version as stated in the previous sentence.
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10. Preserve the network location, if any, given in the Document for public access to a Trans-
parent copy of the Document, and likewise the network locations given in the Document
for previous versions it was based on. These may be placed in the "History” section. You
may omit a network location for a work that was published at least four years before the
Document itself, or if the original publisher of the version it refers to gives permission.

11. For any section Entitled “Acknowledgements” or “Dedications”, Preserve the Title of the
section, and preserve in the section all the substance and tone of each of the contributor
acknowledgements and/or dedications given therein.

12. Preserve all the Invariant Sections of the Document, unaltered in their text and in their
titles. Section numbers or the equivalent are not considered part of the section titles.

13. Delete any section Entitled “Endorsements”. Such a section may not be included in the
Modified Version.

14. Do not re-title any existing section to be Entitled “Endorsements” or to conflict in title
with any Invariant Section.

15. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify as Secondary
Sections and contain no material copied from the Document, you may at your option designate
some or all of these sections as invariant. To do this, add their titles to the list of Invariant
Sections in the Modified Version's license notice. These titles must be distinct from any other
section titles.

You may add a section Entitled “Endorsements”, provided it contains nothing but endorsements
of your Modified Version by various parties—for example, statements of peer review or that the
text has been approved by an organisation as the authoritative definition of a standard.

You may add a passage of up to five words as a Front-Cover Text, and a passage of up to 25
words as a Back-Cover Text, to the end of the list of Cover Texts in the Modified Version. Only
one passage of Front-Cover Text and one of Back-Cover Text may be added by (or through
arrangements made by) any one entity. If the Document already includes a cover text for the
same cover, previously added by you or by arrangement made by the same entity you are acting
on behalf of, you may not add another; but you may replace the old one, on explicit permission
from the previous publisher that added the old one.

The author(s) and publisher(s) of the Document do not by this License give permission to use
their names for publicity for or to assert or imply endorsement of any Modified Version.

COMBINING DOCUMENTS

You may combine the Document with other documents released under this License, under the
terms defined in section A above for modified versions, provided that you include in the combi-
nation all of the Invariant Sections of all of the original documents, unmodified, and list them
all as Invariant Sections of your combined work in its license notice, and that you preserve all
their Warranty Disclaimers.

The combined work need only contain one copy of this License, and multiple identical Invariant
Sections may be replaced with a single copy. If there are multiple Invariant Sections with the
same name but different contents, make the title of each such section unique by adding at the
end of it, in parentheses, the name of the original author or publisher of that section if known,
or else a unique number. Make the same adjustment to the section titles in the list of Invariant
Sections in the license notice of the combined work.

In the combination, you must combine any sections Entitled “History” in the various original
documents, forming one section Entitled “History”; likewise combine any sections Entitled “Ac-
knowledgements”, and any sections Entitled “Dedications”. You must delete all sections Entitled
“Endorsements” .
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COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents released under
this License, and replace the individual copies of this License in the various documents with a
single copy that is included in the collection, provided that you follow the rules of this License
for verbatim copying of each of the documents in all other respects.

You may extract a single document from such a collection, and distribute it individually under
this License, provided you insert a copy of this License into the extracted document, and follow
this License in all other respects regarding verbatim copying of that document.

AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate and independent documents
or works, in or on a volume of a storage or distribution medium, is called an “aggregate” if the
copyright resulting from the compilation is not used to limit the legal rights of the compilation’s
users beyond what the individual works permit. When the Document is included an aggregate,
this License does not apply to the other works in the aggregate which are not themselves derivative
works of the Document.

If the Cover Text requirement of section A is applicable to these copies of the Document, then if
the Document is less than one half of the entire aggregate, the Document’s Cover Texts may be
placed on covers that bracket the Document within the aggregate, or the electronic equivalent
of covers if the Document is in electronic form. Otherwise they must appear on printed covers
that bracket the whole aggregate.

TRANSLATION

Translation is considered a kind of modification, so you may distribute translations of the Doc-
ument under the terms of section A. Replacing Invariant Sections with translations requires
special permission from their copyright holders, but you may include translations of some or
all Invariant Sections in addition to the original versions of these Invariant Sections. You may
include a translation of this License, and all the license notices in the Document, and any War-
ranty Disclaimers, provided that you also include the original English version of this License and
the original versions of those notices and disclaimers. In case of a disagreement between the
translation and the original version of this License or a notice or disclaimer, the original version
will prevail.

If a section in the Document is Entitled “Acknowledgements”, “Dedications”, or “History”, the
requirement (section A) to Preserve its Title (section A) will typically require changing the actual
title.

TERMINATION

You may not copy, modify, sub-license, or distribute the Document except as expressly provided
for under this License. Any other attempt to copy, modify, sub-license or distribute the Document
is void, and will automatically terminate your rights under this License. However, parties who
have received copies, or rights, from you under this License will not have their licenses terminated
so long as such parties remain in full compliance.

FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions of the GNU Free Documentation
License from time to time. Such new versions will be similar in spirit to the present version, but
may differ in detail to address new problems or concerns. See http://www.gnu.org/copyleft/.
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Each version of the License is given a distinguishing version number. If the Document specifies
that a particular numbered version of this License “or any later version” applies to it, you have the
option of following the terms and conditions either of that specified version or of any later version
that has been published (not as a draft) by the Free Software Foundation. If the Document does
not specify a version number of this License, you may choose any version ever published (not as
a draft) by the Free Software Foundation.

ADDENDUM: How to use this License for your documents

To use this License in a document you have written, include a copy of the License in the document
and put the following copyright and license notices just after the title page:

Copyright © YEAR YOUR NAME. Permission is granted to copy, distribute and/or
modify this document under the terms of the GNU Free Documentation License,
Version 1.2 or any later version published by the Free Software Foundation; with no
Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts. A copy of the
license is included in the section entitled “GNU Free Documentation License”.

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts, replace the “with... Texts.”
line with this:

with the Invariant Sections being LIST THEIR TITLES, with the Front-Cover Texts being LIST,
and with the Back-Cover Texts being LIST.

If you have Invariant Sections without Cover Texts, or some other combination of the three,
merge those two alternatives to suit the situation.

If your document contains nontrivial examples of program code, we recommend releasing these
examples in parallel under your choice of free software license, such as the GNU General Public
License, to permit their use in free software.
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