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Chapter 40

Differential Calculus - Grade 12

40.1 Why do | have to learn this stuff?

Calculus is one of the central branches of mathematics and was developed from algebra and
geometry. Calculus is built on the concept of limits, which will be discussed in this chapter.
Calculus consists of two complementary ideas: differential calculus and integral calculus. Only
differential calculus will be studied. Differential calculus is concerned with the instantaneous rate
of change of quantities with respect to other quantities, or more precisely, the local behaviour
of functions. This can be illustrated by the slope of a function's graph. Examples of typical
differential calculus problems include: finding the acceleration and velocity of a free-falling body
at a particular moment and finding the optimal number of units a company should produce to
maximize its profit.

Calculus is fundamentally different from the mathematics that you have studied previously. Cal-
culus is more dynamic and less static. It is concerned with change and motion. It deals with
quantities that approach other quantities. For that reason it may be useful to have an overview
of the subject before beginning its intensive study.

Calculus is a tool to understand many natural phenomena like how the wind blows, how water
flows, how light travels, how sound travels and how the planets move. However, other human
activities such as economics are also made easier with calculus.

In this section we give a glimpse of some of the main ideas of calculus by showing how limits
arise when we attempt to solve a variety of problems.

Extension: Integral Calculus
Integral calculus is concerned with the accumulation of quantities, such as areas
under a curve, linear distance traveled, or volume displaced. Differential and integral
calculus act inversely to each other. Examples of typical integral calculus problems
include finding areas and volumes, finding the amount of water pumped by a pump
with a set power input but varying conditions of pumping losses and pressure and
finding the amount of rain that fell in a certain area if the rain fell at a specific rate.

Both Isaac Newton (4 January 1643 — 31 March 1727) and Gottfried Liebnitz
(1 July 1646 — 14 November 1716 (Hanover, Germany)) are credited with the
‘invention’ of calculus. Newton was the first to apply calculus to general physics,
while Liebnitz developed most of the notation that is still in use today.

When Newton and Leibniz first published their results, there was some contro-
versy over whether Leibniz’s work was independent of Newton’s. While Newton
derived his results years before Leibniz, it was only some time after Leibniz pub-
lished in 1684 that Newton published. Later, Newton would claim that Leibniz
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got the idea from Newton’s notes on the subject; however examination of the
papers of Leibniz and Newton show they arrived at their results independently,
with Leibniz starting first with integration and Newton with differentiation. This
controversy between Leibniz and Newton divided English-speaking mathemati-
cians from those in Europe for many years, which slowed the development of
mathematical analysis. Today, both Newton and Leibniz are given credit for
independently developing calculus. It is Leibniz, however, who is credited with
giving the new discipline the name it is known by today: ”calculus”. Newton’s
name for it was ”the science of fluxions”.

40.2 Limits

40.2.1 A Tale of Achilles and the Tortoise

Int<™Ning 74, (circa 490 BC - circa 430 BC) was a pre-Socratic Greek philosopher of
) southern Italy who is famous for his paradoxes.

One of Zeno's paradoxes can be summarised by:

Achilles and a tortoise agree to a race, but the tortoise is unhappy because Achilles
is very fast. So, the tortoise asks Achilles for a head-start. Achilles agrees to give
the tortoise a 1 000 m head start. Does Achilles overtake the tortoise?

We know how to solve this problem. We start by writing:

ra = wvat (40.1)
x¢ = 1000m + vyt (40.2)

where

x4 distance covered by Achilles

va  Achilles’ speed

t time taken by Achilles to overtake tortoise
x;  distance covered by the tortoise

vt the tortoise's speed

If we assume that Achilles runs at 2 m-s~! and the tortoise runs at 0,25 m-s~—! then Achilles
will overtake the tortoise when both of them have covered the same distance. This means that
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Achilles overtakes the tortoise at a time calculated as:

TA = @y (40.3)
vat = 1000 + vt (40.4)
(2m-s™!)t = 1000m+ (0,25m -5~ )t (40.5)
(2m-s7' —0,25m-s7 ')t = 1000m (40.6)
1000 m
t = 40.7
12m-s1 (407)
1000 m
= 7—— (40.8)
4
4)(1000
_ ()(7 )s (40.9)
4000
= —s (40.10)
3
= 571Zs (40.11)

However, Zeno (the Greek philosopher who thought up this problem) looked at it as follows:

Achilles takes 1000
t = = 500s

to travel the 1 000 m head start that the tortoise had. However, in this 500 s, the tortoise has
travelled a further
2z = (500)(0,25) = 125 m.

Achilles then takes another 195
t= T = 62,58

to travel the 125 m. In this 62,5 s, the tortoise travels a further

z = (62,5)(0,25) = 15,625 m.

Zeno saw that Achilles would always get closer but wouldn't actually overtake the tortoise.

40.2.2 Sequences, Series and Functions

So what does Zeno, Achilles and the tortoise have to do with calculus?

Well, in Grades 10 and 11 you studied sequences. For the sequence
12314
01_1_1_7_7 s
23’4’5

which is defined by the expression
1

ap=1——
n

the terms get closer to 1 as n gets larger. Similarly, for the sequence

] 1111
’2’3’4757"'
which is defined by the expression
1
ap = —
n

the terms get closer to 0 as n gets larger. We have also seen that the infinite geometric series
has a finite total. The infinite geometric series is

oo
Sm:Zal.rFlz 1a_1r for -1
i=1

where ai is the first term of the series and r is the common ratio.
511



40.2 CHAPTER 40. DIFFERENTIAL CALCULUS - GRADE 12

We see that there are some functions where the value of the function gets close to or approaches
a certain value.

Similarly, for the function:

- x2 4+ 4z — 12
v= x4+ 6
The numerator of the function can be factorised as:
_ (z46)(x—2)
x+6 '

Then we can cancel the x — 6 from numerator and denominator and we are left with:
y=x—2.

However, we are only able to cancel the x + 6 term if x # —6. If x = —6, then the denominator
becomes 0 and the function is not defined. This means that the domain of the function does
not include z = —6. But we can examine what happens to the values for y as = gets close to -6.
These values are listed in Table 40.1 which shows that as x gets closer to -6, y gets close to 8.

Table 40.1: Values for the function y = % as x gets close to -6.
e —
-9 -11
-8 -10
-7 -9
-6.5 -8.5
-6.4 -8.4
-6.3 -8.3
-6.2 -8.2
-6.1 -8.1
-6.09 -8.09
-6.08 -8.08
-6.01 -8.01
-5.9 -7.9
-5.8 -7.8
-5.7 -7.7
-5.6 -7.6
-5.5 -7.5
-5 -7
-4 -6
-3 -5

The graph of this function is shown in Figure 40.1. The graph is a straight line with slope 1 and
intercept -2, but with a missing section at z = —6.

Extension: Continuity
We say that a function is continuous if there are no values of the independent variable
for which the function is undefined.

40.2.3 Limits

6)(x —2
We can now introduce a new notation. For the function y = Miz) we can write:
X
im EFO@=2) o
xr——6 r+6
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N W
1
1

—9-8-7—6-5-4-3-2=] //2 3 4

Figure 40.1: Graph of y = %&_2)'

This is read: the limit of “*E=2) a5 5 tends to -6 is 8.

Activity :: Investigation : Limits
If f(z) =2+ 1, determine:

f(-0.1)
f(-0.05)
f(-0.04)
f(-0.03)

What do you notice about the value of f(x) as z gets close to 0.

Worked Example 172: Limits Notation

Question: Summarise the following situation by using limit notation: As z gets
close to 1, the value of the function

y=x+2

gets close to 3.
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Answer
This is written as:
limx+2=3

rx—1

in limit notation.

We can also have the situation where a function has a different value depending on whether z
approaches from the left or the right. An example of this is shown in Figure 40.2.

Figure 40.2: Graph of y = 1.

x

As z — 0 from the left, y = % approaches —oo. As x — 0 from the right, y = % approaches
+00. This is written in limits notation as:

o1
lim — = -
z—0" T
for x approaching zero from the left and
o1
lim — =00
z—0t T

for x approaching zero from the right. You can calculate the limit of many different functions
using a set method.

Method:

Limits If you are required to calculate a limit like lim,_., then:

1. Simplify the expression completely.
2. If it is possible, cancel all common terms.

3. Let x approach the a.

Worked Example 173: Limits
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Question: Determine
lim 10

r—1

Answer

Step 1 : Simplify the expression

There is nothing to simplify.

Step 2 : Cancel all common terms

There are no terms to cancel.

Step 3 : Let z — 1 and write final answer

lim1 10 =10

Worked Example 174: Limits

Question: Determine
lim x
r—2

Answer

Step 1 : Simplify the expression

There is nothing to simplify.

Step 2 : Cancel all common terms

There are no terms to cancel.

Step 3 : Let z — 2 and write final answer

lim x = 2
r—2
Worked Example 175: Limits
Question: Determine
x? — 100

0z — 10
Answer
Step 1 : Simplify the expression
The numerator can be factorised.

2> —100 (x4 10)(z — 10)

x—10 z—10

Step 2 : Cancel all common terms

x — 10 can be cancelled from the numerator and denominator.

(z +10)(z — 10)

= 10
z— 10 v
Step 3 : Let z — 1 and write final answer
2100
< =20

m ————-
z—10 x — 10
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40.2.4 Average Gradient and Gradient at a Point

In Grade 10 you learnt about average gradients on a curve. The average gradient between any
two points on a curve is given by the gradient of the straight line that passes through both
points. In Grade 11 you were introduced to the idea of a gradient at a single point on a curve.
We saw that this was the gradient of the tangent to the curve at the given point, but we did
not learn how to determine the gradient of the tangent.

Now let us consider the problem of trying to find the gradient of a tangent ¢ to a curve with
equation y = f(x) at a given point P.

tangent p

f(x)

We know how to calculate the average gradient between two points on a curve, but we need two
points. The problem now is that we only have one point, namely P. To get around the problem
we first consider a secant to the curve that passes through point P and another point on the
curve ). We can now find the average gradient of the curve between points P and Q.

secant

If the z-coordinate of P is a, then the y-coordinate is f(a). Similarly, if the z-coordinate of @
is a — h, then the y-coordinate is f(a — h). If we choose a as xz2 and a — h as z1, then:

y1 = fla—h)

y2 = f(a).

We can now calculate the average gradient as:

Y2 — Y1 fla) — fla—h)

e iy (40.12)
w (40.13)

Now imagine that Q moves along the curve toward P. The secant line approaches the tangent
line as its limiting position. This means that the average gradient of the secant approaches the
gradient of the tangent to the curve at P. In (40.13) we see that as point () approaches point
P, h gets closer to 0. When h = 0, points P and () are equal. We can now use our knowledge
of limits to write this as:

fla) ~ fla— 1)

- (40.14)

gradient at P = lim
h—0

and we say that the gradient at point P is the limit of the average gradient as () approaches P
along the curve.
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Activity :: Investigation : Limits
The gradient at a point = on a curve defined by f(x) can also be written as:

_ fl@t+h)— fz)
lim (40.15)

Show that this is equivalent to (40.14).

Worked Example 176: Limits

Question: For the function f(x) = 222 — 52, determine the gradient of the tangent
to the curve at the point z = 2.

Answer

Step 1 : Calculating the gradient at a point

We know that the gradient at a point x is given by:

o J@h) = @)

h—0 h

In our case x = 2. It is simpler to substitute x = 2 at the end of the calculation.
Step 2 : Write f(z + h) and simplify

flx+h) = 2(x+h)*—5(x+h)
2(2® + 2xh + h?) — 5z — 5h
= 22 +4ah + 2h* — 5z — 5h

Step 3 : Calculate limit

. flx+h)—f(z) 22?4 4xh+2h* — 5z — 5h — (22* — 5z)
ey h B h
. 22?2 4+ 4axh +2h% — 50 — 5h — 222 + 5z
= lim
h—0 h
. 4xh +2h% —5h
= lim ———
h—0 h
" im h(4z 4+ 2h — 5)
h—0 h
= lim4x+2h -5
h—0

= 4r-5

Step 4 : Calculate gradient at x =2

Az —5=4(2)—-5=3

Step 5 : Write the final answer
The gradient of the tangent to the curve f(z) = 222 — 5z at z = 2 is 3.
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x Worked Example 177: Limits

Question: For the function f(r) = 522 — 42 + 1, determine the gradient of the
tangent to curve at the point z = a.

Answer

Step 1 : Calculating the gradient at a point

We know that the gradient at a point x is given by:

o 1)~ (@)
h—0 h

In our case x = a. It is simpler to substitute x = a at the end of the calculation.
Step 2 : Write f(z + h) and simplify

flx+h) = 5@@+h)?—4@+h)+1
= 5(2® 4+ 2ch +h?) — 4z —4h +1
522 4+ 10xh + 5h* — 4o — 4h + 1

Step 3 : Calculate limit

lim flx+h)—f(z) _ ba*+10zh+ 5h* — 4z —4h + 1 — (52 — 4z + 1)
ho0 h - h
. 5224+ 10zh+5h%2 —dx —4h+1 -5z + 4z —1
= lim
h—0 h
. 10zh + 5k — 4h
= lim ————
h—0 h
" im h(10z 4 5h — 4)
h—0 h
= lim 10z +5h — 4
h—0

= 10x—4

Step 4 : Calculate gradient at z = a

10z —4 =10a — 5

Step 5 : Write the final answer
The gradient of the tangent to the curve f(r) =522 —4x + 1 at x = 1 is 10a — 5.

? Exercise: Limits
Determine the following

()
1.
i 2 -9
im
x—3 .I—|—3
2.
T+ 3
im ———
z—3 22 + 3x
3.
o 322 —4x
lim ———

z—2 33—
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I 22— —12
im ——
r—4 r—4

lim 3 —
:E1—>m2 I+3CL‘

40.3 Differentiation from First Principles

The tangent problem has given rise to the branch of calculus called differential calculus and

the equation:
L Ja k) = f(@)
h—0 h

defines the derivative of the function f(x). Using (40.15) to calculate the derivative is called
finding the derivative from first principles.

Definition: Derivative
The derivative of a function f(x) is written as f’(z) and is defined by:

f'(@) = Jim w (40.16)

There are a few different notations used to refer to derivatives. If we use the traditional notation
y = f(x) to indicate that the dependent variable is y and the independent variable is , then
some common alternative notations for the derivative are as follows:

! . !/ dy . df . d . —
flx) =y = g dr %f(fc) = Df(z) = D.f(x)

The symbols D and % are called differential operators because they indicate the operation of
differentiation, which is the process of calculating a derivative. It is very important that you
learn to identify these different ways of denoting the derivative, and that you are consistent in
your usage of them when answering questions.

Important: Though we choose to use a fractional form of representation, % is a limit and

is not a fraction, i.e. % does not mean dy +dx. % means y differentiated with respect to

x. Thus, % means p differentiated with respect to x. The ‘di’ is the “operator”, operating
X X

on some function of x.

Worked Example 178: Derivatives - First Principles

Question: Calculate the derivative of g(x) = 2 — 1 from first principles.
Answer
Step 1 : Calculating the gradient at a point
We know that the gradient at a point x is given by:
. +h) —g(z)
') = Jim I
g'(z) = lim Y
Step 2 : Write g(z + h) and simplify
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glx+h)=x+h—-1
Step 3 : Calculate limit

/ — 1
o) = Jim =y
—1—-(x—1
_ me—Fh (x—1)
h—0 h
. o rx+h—1—z+1
= lim
h—0 h
= 1. —
hlg%)h
= lim1
h—0

Step 4 : Write the final answer
The derivative ¢'(z) of g(z) =z — 1 is 1.

Worked Example 179: Derivatives - First Principles

Question: Calculate the derivative of h(x) = 22 — 1 from first principles.
Answer

Step 1 : Calculating the gradient at a point

We know that the gradient at a point x is given by:

Step 2 : Write g(z + h) and simplify

glx+h)=x+h-1

Step 3 : Calculate limit

g (x) = lim

Step 4 : Write the final answer
The derivative ¢'(z) of g(z) =z — 1 is 1.
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Exercise: Derivatives

1. Given g(z) = —2?

A determine w

B hence, determine
i 9&+H) — 9(2)
h—0 h

C explain the meaning of your answer in (b).

2. Find the derivative of f(z) = —222 + 3x using first principles.

3. Determine the derivative of f(z) =

1 L .
5 using first principles.

4. Determine f’(3) from first principles if f(z) = —5x2.
5. If h(z) = 422 — 4z, determine h’(x) using first principles.

40.4 Rules of Differentiation

Calculating the derivative of a function from first principles is very long, and it is easy to make
mistakes. Fortunately, there are rules which make calculating the derivative simple.

Activity :: Investigation : Rules of Differentiation
From first principles, determine the derivatives of the following:

f(z

~

T

8

~

b
x
z?
z) =23
1

oA~ W N
~

X

)
()
()
()
()

~

/@

You should have found the following:

| f@) ] f=) |
b 0
T 1
22 2x
x3 322
r=a"1] —272

— (2") = na"! (40.17)

There are two other rules which make differentiation simpler. For any two functions f(z) and

g(z): .
—[f(x) £ g(x)] = f'(z) £ ¢'(2) (40.18)

dzr
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This means that we differentiate each term separately.

The final rule applies to a function f(z) that is multiplied by a constant k.

ks @) = k(@) (40.19)

x Worked Example 180: Rules of Differentiation

Question: Determine the derivative of x — 1 using the rules of differentiation.
Answer

Step 1 : Identify the rules that will be needed

We will apply two rules of differentiation:

d ny __ n—
. (z") = na" !
and p p p
1) — @) = 1))~ o)

Step 2 : Determine the derivative
In our case f(x) =z and g(x) = 1.

and

Step 3 : Write the final answer
The derivative of x — 1 is 1 which is the same result as was obtained earlier, from
first principles.

40.4.1 Summary of Differentiation Rules

, Exercise: Rules of Differentiation

° 1. Find f/(z) if f(z) = m.

T —2
2. Find f'(y) if f(y) = /¥
3. Find f'(2) if f(z)=(z—1)(z+1).
3+ 2y —3

522
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1
5. Determine the derivative of y = Va3 + 33
x

40.5 Applying Differentiation to Draw Graphs

Thus far we have learnt about how to differentiate various functions, but | am sure that you are
beginning to ask, What is the point of learning about derivatives? Well, we know one important
fact about a derivative: it is a gradient. So, any problems involving the calculations of gradients
or rates of change can use derivatives. One simple application is to draw graphs of functions by
firstly determine the gradients of straight lines and secondly to determine the turning points of
the graph.

40.5.1 Finding Equations of Tangents to Curves

In section 40.2.4 we saw that finding the gradient of a tangent to a curve is the same as finding
the slope of the same curve at the point of the tangent. We also saw that the gradient of a
function at a point is just its derivative.

Since we have the gradient of the tangent and the point on the curve through which the tangent
passes, we can find the equation of the tangent.

Worked Example 181: Finding the Equation of a Tangent to a Curve

Question: Find the equation of the tangent to the curve y = 22 at the point (1,1)
and draw both functions.

Answer

Step 1 : Determine what is required

We are required to determine the equation of the tangent to the curve defined by
y = z? at the point (1,1). The tangent is a straight line and we can find the equation
by using derivatives to find the gradient of the straight line. Then we will have the
gradient and one point on the line, so we can find the equation using:

y—y1=m($—f€1)

from grade 11 Coordinate Geometry.
Step 2 : Differentiate the function
Using our rules of differentiation we get:

/

Yy =2z

Step 3 : Find the gradient at the point (1,1)
In order to determine the gradient at the point (1,1), we substitute the x-value into
the equation for the derivative. So, 3y’ at z =1 is:

2(1) =2

Step 4 : Find equation of tangent

y—y = mz—x1)

y—1 = (2)z—-1)
y = 2x—2+1
y = 2z—1
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Step 5 : Write the final answer

The equation of the tangent to the curve defined by y = 22 at the point (1,1) is
y=2r— 1.

Step 6 : Sketch both functions

40.5.2 Curve Sketching

Differentiation can be used to sketch the graphs of functions, by helping determine the turning
points. We know that if a graph is increasing on an interval and reaches a turning point, then
the graph will start decreasing after the turning point. The turning point is also known as a
stationary point because the gradient at a turning point is 0. We can then use this information
to calculate turning points, by calculating the points at which the derivative of a function is 0.

Important: If z = a is a turning point of f(x), then:
f'(a)=0
This means that the derivative is 0 at a turning point.

Take the graph of y = 22 as an example. We know that the graph of this function has a turning
point at (0,0), but we can use the derivative of the function:

y =2z
and set it equal to 0 to find the z-value for which the graph has a turning point.

2t = 0
z = 0

We then substitute this into the equation of the graph (i.e. y = 2%) to determine the y-coordinate
of the turning point:

f(0)=(0)*=0
This corresponds to the point that we have previously calculated.
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Worked Example 182: Calculation of Turning Points

Question: Calculate the turning points of the graph of the function

f(z) =22 — 92 + 122 — 15

Answer

Step 1 : Determine the derivative of f(z)
Using the rules of differentiation we get:

f'(x) = 62% — 18z + 12

Step 2 : Set f/(x) = 0 and calculate z-coordinate of turning point

62 — 18z +12 =
2 —3r+2 =
(x=2)(z—-1) =

Therefore, the turning points are at z =2 and x = 1.
Step 3 : Substitute z-coordinate of turning point into f(z) to determine

y-coordinates

2 =

) =

Step 4 : Write final answer

2(2)% —9(2)? +12(2) — 15
16 — 36 + 24 — 15
—11

2(1)* —9(1)? +12(1) — 15
2-94+12-15
-10

The turning points of the graph of f(z) = 223 — 922 + 122 — 15 are (2,-11) and

(1,-10).

We are now ready to sketch graphs of functions.

Method:

Sketching GraphsSuppose we are given that f(x) = ax®+bx? + cx +d, then there are five steps
to be followed to sketch the graph of the function:

1. If @ > 0, then the graph is increasing from left to right, and has a maximum and then a
minimum. As x increases, so does f(z). If a < 0, then the graph decreasing is from left
to right, and has first a minimum and then a maximum. f(z) decreases as x increases.

2. Determine the value of the y-intercept by substituting 2 = 0 into f(z)

3. Determine the z-intercepts by factorising az® + bx? + cx + d = 0 and solving for z. First
try to eliminate constant common factors, and to group like terms together so that the
expression is expressed as economically as possible. Use the factor theorem if necessary.
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. Find the turning points of the function by working out the derivative % and setting it to

zero, and solving for x.

. Determine the y-coordinates of the turning points by substituting the x values obtained in

the previous step, into the expression for f(x).

. Draw a neat sketch.

Worked Example 183: Sketching Graphs

Question: Draw the graph of g(z) = 2% — x + 2
Answer

Step 1 : Determine the y-intercept
y-intercept is obtained by setting x = 0.

Step 2 : Determine the z-intercepts
The z-intercepts are found by setting g(x) = 0.

glx) = 22 —24+2
0 = 2°—z+2

which does not have real roots. Therefore, the graph of g(x) does not have any
z-intercepts.

Step 3 : Find the turning points of the function

Work out the derivative g—g and set it to zero to for the x coordinate of the turning
point.

dg
— =2rx—-1
dx .
dg
= — 0
dx
20—1 = 0
20 = 1
1
r = =
2

Step 4 : Determine the y-coordinates of the turning points by substituting
the z values obtained in the previous step, into the expression for f(z).

y coordinate of turning point is given by calculating g(%)

o(3) = G- (5)+2
1
= —54‘2

The turning point is at (1,%)
Step 5 : Draw a neat sketch
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Worked Example 184: Sketching Graphs

Question: Sketch the graph of g(z) = —2® + 622 — 9z + 4.
Answer

Step 1 : Calculate the turning points

Find the turning points by setting ¢’(z) = 0.

If we use the rules of differentiation we get

g(z) =32 +122 -9

g(x) =

—3z2+122 -9 =

2 —dr+3 =
(x—=3)(z—1)

o O O O

The z-coordinates of the turning points are: x =1 and = = 3.
The y-coordinates of the turning points are calculated as:

g(r) = —a°+62°—9r+4

g(1) = —(1)°+6(1)* - 9(1) +4
= —1+6-9+4
= 0

glx) = —a%+6x2—9x+4

93) = —(3)°+6(3)*~9(3) +4
= —27T4+54-27+14

4

Therefore the turning points are: (1,0) and (3,4).
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Step 2 : Determine the y-intercepts
We find the y-intercepts by finding the value for g(0).

g(x) = —2*+62 —9r+4
—(0)* +6(0)* —9(0) + 4
4

<
<
3
~~

|
©
=

o

|

Step 3 : Determine the z-intercepts
We find the z-intercepts by finding the points for which the function g(x) = 0.

g(x) = =23 + 627 — 9z + 4

Use the factor theorem to confirm that (z — 1) is a factor. If g(1) = 0, then (z —1)

is a factor.
g(x) = —2®+62*—9r+4
9(1) = —(1)°+6(1)*—9(1) +4
= —-14+6-9+4
0

Therefore, (x — 1) is a factor.
If we divide g(x) by (z — 1) we are left with:

—2? 45 —4

This has factors
—(z—4)(z-1)
Therefore:
g(@) = —(z—-1)(z-1)(z—4)

The z-intercepts are: z;,; = 1,4
Step 4 : Draw a neat sketch

(3.4)
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Exercise: Sketching Graphs

1. Given f(z) = 23 + 2% — 52 + 3:

A Show that (z — 1) is a factor of f(x) and hence fatorise f(z) fully.
B Find the coordinates of the intercepts with the axes and the turning points
and sketch the graph

2. Sketch the graph of f(z) = 23 — 422 — 112+ 30 showing all the relative turning
points and intercepts with the axes.

3. A Sketch the graph of f(x) = 2% — 922 + 24z — 20, showing all intercepts
with the axes and turning points.

B Find the equation of the tangent to f(x) at x = 4.

40.5.3 Local minimum, Local maximum and Point of Inflextion

If the derivative (%) is zero at a point, the gradient of the tangent at that point is zero. It

means that a turning point occurs as seen in the previous example.

(3;4)

From the drawing the point (1;0) represents a local minimum and the point (3;4) the local
maximum.

A graph has a horizontal point of inflexion where the derivative is zero but the sign of the sign
of the gradient does not change. That means the graph always increases or always decreases.
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From this drawing, the point (3;1) is a horizontal point of inflexion, because the sign of the
derivative stays positive.

40.6 Using Differential Calculus to Solve Problems

We have seen that differential calculus can be used to determine the stationary points of func-
tions, in order to sketch their graphs. However, determining stationary points also lends itself to
the solution of problems that require some variable to be optimised.

For example, if fuel used by a car is defined by:
3
flv) = %UQ — 6v + 245 (40.20)

where v is the travelling speed, what is the most economical speed (that means the speed that
uses the least fuel)?

If we draw the graph of this function we find that the graph has a minimum. The speed at the
minimum would then give the most economical speed.

=~
)
1
T

10 +

o b—+—t+—+—+——+—+—+—+—

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140
speed (km-hr=1)

We have seen that the coordinates of the turning point can be calculated by differentiating the

function and finding the z-coordinate (speed in the case of the example) for which the derivative
is 0.

Differentiating (40.20), we get:

fllv) = 4—301) -6

If we set f/(v) = 0 we can calculate the speed that corresponds to the turning point.
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! f— —_ J—
fllv)y = 107 6
3
O = EU_G
6 x 40
v =
3
= 80

This means that the most economical speed is 80 km-hr—".

Worked Example 185: Optimisation Problems

Question: The sum of two positive numbers is 10. One of the numbers is multiplied
by the square of the other. If each number is greater than 0, find the numbers that
make this product a maximum.
Answer
Step 1 : Examine the problem and formulate the equations that are required
Let the two numbers be a and b. Then we have:

a+b=10 (40.21)

We are required to minimise the product of a and b. Call the product P. Then:

P=a-b (40.22)
We can solve for b from (40.21) to get:

b=10—a (40.23)

Substitute this into (40.22) to write P in terms of a only.

P =a(10 —a) = 10a — a® (40.24)

Step 2 : Differentiate
The derivative of (40.24) is:
P'(a) =10 — 2a

Step 3 : Find the stationary point
Set P’(a) = 0 to find the value of a which makes P a maximum.

Plla) = 10-2a
0 = 10— 2a
20 = 10

10
)
a = 5

Substitute into (40.27) to solve for the width.

b = 10—a
= 10-5
5

Step 4 : Write the final answer
The product is maximised if ¢ and b are both equal to 5.
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x Worked Example 186: Optimisation Problems

Question: Michael wants to start a vegetable garden, which he decides to fence off
in the shape of a rectangle from the rest of the garden. Michael only has 160 m of
fencing, so he decides to use a wall as one border of the vegetable garden. Calculate
the width and length of the garden that corresponds to largest possible area that
Michael can fence off.

width, w

Answer

Step 1 : Examine the problem and formulate the equations that are required
The important pieces of information given are related to the area and modified
perimeter of the garden. We know that the area of the garden is:

A=w-1 (40.25)

We are also told that the fence covers only 3 sides and the three sides should add
up to 160 m. This can be written as:

160 = w+ 1 +1 (40.26)
However, we can use (40.26) to write w in terms of I
w =160 — 21 (40.27)
Substitute (40.27) into (40.25) to get:
A = (160 — 21)l = 1601 — 21? (40.28)

Step 2 : Differentiate
Since we are interested in maximising the area, we differentiate (40.28) to get:

A'(1) = 160 — 41

Step 3 : Find the stationary point
To find the stationary point, we set A’(l) = 0 and solve for the value of I that
maximises the area.

A(l) = 160—4l
0 = 160—4l
-4 = 160
A
T4
[ = 40m

Substitute into (40.27) to solve for the width.

w = 160—2]
= 160 — 2(40)
= 160—80
= 80m
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Step 4 : Write the final answer
A width of 80 m and a length of 40 m will yield the maximal area fenced off.

Exercise: Solving Optimisation Problems using Differential Calculus

1. The sum of two positive numbers is 20. One of the numbers is multiplied by
the square of the other. Find the numbers that make this products a maximum.

2. A wooden block is made as shown in the diagram. The ends are right-angled
triangles having sides 3z, 4z and 5z. The length of the block is y. The total
surface area of the block is 3 600 cm?.

3z 4z
I
I
I
I
I
I
' Y
I
I
2~
Ve ~a
Ve N
~
-
-
~
~

300 — z2

A Show that y = —— *

B Find the value of x for which the block will have a maximum volume.
(Volume = area of base x height.)

3. The diagram shows the plan for a verandah which is to be built on the corner
of a cottage. A railing ABCDE is to be constructed around the four edges of
the verandah.

Yy
Cro oD
S
verandah
FJ O
= Oa F
cottage

If AB= DE = x and BC = CD = y, and the length of the railing must be 30
metres, find the values of x and y for which the verandah will have a maximum
area.
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40.6.1 Rate of Change problems

Two concepts were discussed in this chapter: Average rate of change = w and Instan-

taneous rate of change = limj,_, w When we mention rate of change, the latter
is implied. Instantaneous rate of change is the derivative. When Average rate of change is
required, it will be specifically refer to as average rate of change.

Velocity is one of the most common forms of rate of change. Again, average velocity = average
rate of change and instantaneous velocity = instantaneous rate of change = derivative.
Velocity refers to the increase of distance(s) for a corresponding increade in time (t). The
notation commonly used for this is:

=250

u(t) = pri

Acceleration is the change in velocity for a corersponding increase in time. Therefore, acceleration
is the derivative of velocity
a(t) = v'(t)

This implies that acceleration is the second derivative of the distance(s).

Worked Example 187: Rate of Change

Question: The height (in metres) of a golf ball that is hit into the air after ¢ seconds,
is given by h(t) = 20t = 5t2. Determine

1. the average velocity of the ball during the first two seconds

2. the velocity of the ball after 1,5 seconds

3. when the velocity is zero

4. the velocity at which the ball hits the ground

5. the acceleration of the ball

Answer
Step 1 : Average velocity

Ave velocity = M
2-0
_ [202) = 5(2)’] - [20(0) — 5(0)?]
B 2
. 40-20
B 2
= 10ms!
Step 2 : Instantaneous Velocity
dh
t) = —
v(t) o
= 20-10t
Velocity after 1,5 seconds:
v(1,5) = 20—10(L,5)
= 5ms !

Step 3 : Zero velocity
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v(t) = 0

20-10t = O
10t = 20

t = 2

Therefore the velocity is zero after 2 seconds
Step 4 : Ground velocity
The ball hits the ground when h(t) = 0

20t —5t2 = 0
5t(4—t) = 0
t=0 or t=4

The ball hits the ground after 4 seconds. The velocity after 4 seconds will be:

v(4) = K(4)
= 20— 10(4)

20 ms~t

The ball hits the gound at a speed of 20m.s~*
Step 5 : Acceleration

a = v'(t)

—10 ms™!

40.7 End of Chapter Exercises
1. Determine f’(x) from first principles if:
f(z) =2* — 62
f(z) =2z — 2?2
2. Given:  f(x) = —a® + 3z, find f’(z) using first principles.

3. Determine Z—”” if:
y

A 1
— 2 _ -
B
_2/z-5
VST

4. Given: f(x) =23 —32% +4

A Calculate f(—1), and hence solve the equationf(z) =0
B Determine f'(x)

C Sketch the graph of f neatly and clearly, showing the co-ordinates of the turning
points as well as the intercepts on both axes.
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D Determine the co-ordinates of the points on the graph of f where the gradient is 9.
5. Given: f(z) =223 — 52% — 4a + 3. The z-intercepts of f are: (-1,0) ($;0) and (3;0).

A Determine the co-ordinates of the turning points of f.

B Draw a neat sketch graph of f. Clearly indicate the co-ordinates of the intercepts
with the axes, as well as the co-ordinates of the turning points.

C For which values of k will the equation f(x) =k, have exactly two real roots?
D Determine the equation of the tangent to the graph of f(z) = 22° — 522 — 42 + 3
at the point where z = 1.
6. A Sketch the graph of f(x) = 2 — 922 + 242 — 20, showing all intercepts with the
axes and turning points.

B Find the equation of the tangent to f(z) at x = 4.

7. Calculate:

1— 23

1m
rx—1 1—;5

8. Given:
flz)=22% -2

A Use the definition of the derivative to calculate f/(z).

B Hence, calculate the co-ordinates of the point at which the gradient of the tangent
to the graph of f is 7.

9. Ifzy — 5 = \/F determine Z—Z
10. Given: g(x) = (z72 + 2%)%. Calculate ¢'(2).
11. Given: flx)=22-3

A Find: fYx)
B Solve: f(z) =3f(x)

12. Find f’(z) for each of the following:

N —5x)2(3:17—|—2)

13. Determine the minimum value of the sum of a positive number and its reciprocal.

14. If the displacement s (in metres) of a particle at time ¢ (in seconds) is governed by the
equation s = %t?’ — 2t, find its acceleration after 2 seconds. (Acceleration is the rate of
change of velocity, and velocity is the rate of change of displacement.)

15. A After doing some research, a transport company has determined that the rate at
which petrol is consumed by one of its large carriers, travelling at an average speed
of = km per hour, is given by:

55
P(z) = % % litres per kilometre
i. Assume that the petrol costs R4,00 per litre and the driver earns R18,00 per
hour (travelling time). Now deduce that the total cost, C, in Rands, for a 2 000

km trip is given by:
256000

C(x) + 40z

ii. Hence determine the average speed to be maintained to effect a minimum cost
for a 2 000 km trip.
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B During an experiment the temperature T (in degrees Celsius), varies with time ¢ (in
hours), according to the formula:

1
T(t) =30 + 4t — §t2 t € [1;10]

i. Determine an expression for the rate of change of temperature with time.
ii. During which time interval was the temperature dropping?

16. The depth, d, of water in a kettle ¢ minutes after it starts to boil, is given by d =
86 — £t — 11, where d is measured in millimetres.
A How many millimetres of water are there in the kettle just before it starts to boil?

B As the water boils, the level in the kettle drops. Find the rate at which the water
level is decreasing when ¢ = 2 minutes.

C How many minutes after the kettle starts boiling will the water level be dropping at
a rate of 124 mm/minute?
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Appendix A

GNU Free Documentation License

Version 1.2, November 2002

Copyright (© 2000,2001,2002 Free Software Foundation, Inc.

59 Temple Place, Suite 330, Boston, MA 02111-1307 USA

Everyone is permitted to copy and distribute verbatim copies of this license document, but
changing it is not allowed.

PREAMBLE

The purpose of this License is to make a manual, textbook, or other functional and useful doc-
ument “free” in the sense of freedom: to assure everyone the effective freedom to copy and
redistribute it, with or without modifying it, either commercially or non-commercially. Secondar-
ily, this License preserves for the author and publisher a way to get credit for their work, while
not being considered responsible for modifications made by others.

This License is a kind of “copyleft”, which means that derivative works of the document must
themselves be free in the same sense. It complements the GNU General Public License, which
is a copyleft license designed for free software.

We have designed this License in order to use it for manuals for free software, because free
software needs free documentation: a free program should come with manuals providing the
same freedoms that the software does. But this License is not limited to software manuals; it
can be used for any textual work, regardless of subject matter or whether it is published as a
printed book. We recommend this License principally for works whose purpose is instruction or
reference.

APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that contains a notice placed
by the copyright holder saying it can be distributed under the terms of this License. Such a
notice grants a world-wide, royalty-free license, unlimited in duration, to use that work under
the conditions stated herein. The “Document”, below, refers to any such manual or work. Any
member of the public is a licensee, and is addressed as “you”. You accept the license if you
copy, modify or distribute the work in a way requiring permission under copyright law.

A “Modified Version” of the Document means any work containing the Document or a portion
of it, either copied verbatim, or with modifications and/or translated into another language.

A “Secondary Section” is a named appendix or a front-matter section of the Document that deals
exclusively with the relationship of the publishers or authors of the Document to the Document’s
overall subject (or to related matters) and contains nothing that could fall directly within that
overall subject. (Thus, if the Document is in part a textbook of mathematics, a Secondary
Section may not explain any mathematics.) The relationship could be a matter of historical
connection with the subject or with related matters, or of legal, commercial, philosophical,
ethical or political position regarding them.
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The “Invariant Sections” are certain Secondary Sections whose titles are designated, as being
those of Invariant Sections, in the notice that says that the Document is released under this
License. If a section does not fit the above definition of Secondary then it is not allowed to be
designated as Invariant. The Document may contain zero Invariant Sections. If the Document
does not identify any Invariant Sections then there are none.

The "Cover Texts” are certain short passages of text that are listed, as Front-Cover Texts or
Back-Cover Texts, in the notice that says that the Document is released under this License. A
Front-Cover Text may be at most 5 words, and a Back-Cover Text may be at most 25 words.

A “Transparent” copy of the Document means a machine-readable copy, represented in a format
whose specification is available to the general public, that is suitable for revising the document
straightforwardly with generic text editors or (for images composed of pixels) generic paint
programs or (for drawings) some widely available drawing editor, and that is suitable for input
to text formatters or for automatic translation to a variety of formats suitable for input to text
formatters. A copy made in an otherwise Transparent file format whose markup, or absence of
markup, has been arranged to thwart or discourage subsequent modification by readers is not
Transparent. An image format is not Transparent if used for any substantial amount of text. A
copy that is not “Transparent” is called “Opaque”.

Examples of suitable formats for Transparent copies include plain ASCIl without markup, Texinfo
input format, IKTEX input format, SGML or XML using a publicly available DTD and standard-
conforming simple HTML, PostScript or PDF designed for human modification. Examples of
transparent image formats include PNG, XCF and JPG. Opaque formats include proprietary
formats that can be read and edited only by proprietary word processors, SGML or XML for
which the DTD and/or processing tools are not generally available, and the machine-generated
HTML, PostScript or PDF produced by some word processors for output purposes only.

The "Title Page” means, for a printed book, the title page itself, plus such following pages as
are needed to hold, legibly, the material this License requires to appear in the title page. For
works in formats which do not have any title page as such, “Title Page” means the text near the
most prominent appearance of the work’s title, preceding the beginning of the body of the text.

A section “Entitled XYZ" means a named subunit of the Document whose title either is precisely
XYZ or contains XYZ in parentheses following text that translates XYZ in another language.
(Here XYZ stands for a specific section name mentioned below, such as "Acknowledgements”,
“Dedications”, “Endorsements”, or “History”.) To "Preserve the Title" of such a section when
you modify the Document means that it remains a section “Entitled XYZ" according to this
definition.

The Document may include Warranty Disclaimers next to the notice which states that this
License applies to the Document. These Warranty Disclaimers are considered to be included by
reference in this License, but only as regards disclaiming warranties: any other implication that
these Warranty Disclaimers may have is void and has no effect on the meaning of this License.

VERBATIM COPYING

You may copy and distribute the Document in any medium, either commercially or non-commercially,
provided that this License, the copyright notices, and the license notice saying this License applies
to the Document are reproduced in all copies, and that you add no other conditions whatsoever
to those of this License. You may not use technical measures to obstruct or control the reading
or further copying of the copies you make or distribute. However, you may accept compensation

in exchange for copies. If you distribute a large enough number of copies you must also follow
the conditions in section A.

You may also lend copies, under the same conditions stated above, and you may publicly display
copies.

COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have printed covers) of the
Document, numbering more than 100, and the Document’s license notice requires Cover Texts,
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you must enclose the copies in covers that carry, clearly and legibly, all these Cover Texts: Front-
Cover Texts on the front cover, and Back-Cover Texts on the back cover. Both covers must also
clearly and legibly identify you as the publisher of these copies. The front cover must present the
full title with all words of the title equally prominent and visible. You may add other material on
the covers in addition. Copying with changes limited to the covers, as long as they preserve the
title of the Document and satisfy these conditions, can be treated as verbatim copying in other
respects.

If the required texts for either cover are too voluminous to fit legibly, you should put the first
ones listed (as many as fit reasonably) on the actual cover, and continue the rest onto adjacent
pages.

If you publish or distribute Opaque copies of the Document numbering more than 100, you must
either include a machine-readable Transparent copy along with each Opaque copy, or state in or
with each Opaque copy a computer-network location from which the general network-using public
has access to download using public-standard network protocols a complete Transparent copy of
the Document, free of added material. If you use the latter option, you must take reasonably
prudent steps, when you begin distribution of Opaque copies in quantity, to ensure that this
Transparent copy will remain thus accessible at the stated location until at least one year after
the last time you distribute an Opaque copy (directly or through your agents or retailers) of that
edition to the public.

It is requested, but not required, that you contact the authors of the Document well before
redistributing any large number of copies, to give them a chance to provide you with an updated
version of the Document.

MODIFICATIONS

You may copy and distribute a Modified Version of the Document under the conditions of
sections A and A above, provided that you release the Modified Version under precisely this
License, with the Modified Version filling the role of the Document, thus licensing distribution
and modification of the Modified Version to whoever possesses a copy of it. In addition, you
must do these things in the Modified Version:

1. Use in the Title Page (and on the covers, if any) a title distinct from that of the Document,
and from those of previous versions (which should, if there were any, be listed in the History
section of the Document). You may use the same title as a previous version if the original
publisher of that version gives permission.

2. List on the Title Page, as authors, one or more persons or entities responsible for authorship
of the modifications in the Modified Version, together with at least five of the principal
authors of the Document (all of its principal authors, if it has fewer than five), unless they
release you from this requirement.

3. State on the Title page the name of the publisher of the Modified Version, as the publisher.
4. Preserve all the copyright notices of the Document.

5. Add an appropriate copyright notice for your modifications adjacent to the other copyright
notices.

6. Include, immediately after the copyright notices, a license notice giving the public permis-
sion to use the Modified Version under the terms of this License, in the form shown in the
Addendum below.

7. Preserve in that license notice the full lists of Invariant Sections and required Cover Texts
given in the Document's license notice.

8. Include an unaltered copy of this License.

9. Preserve the section Entitled “History”, Preserve its Title, and add to it an item stating
at least the title, year, new authors, and publisher of the Modified Version as given on the
Title Page. If there is no section Entitled “History” in the Document, create one stating
the title, year, authors, and publisher of the Document as given on its Title Page, then
add an item describing the Modified Version as stated in the previous sentence.
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10. Preserve the network location, if any, given in the Document for public access to a Trans-
parent copy of the Document, and likewise the network locations given in the Document
for previous versions it was based on. These may be placed in the "History” section. You
may omit a network location for a work that was published at least four years before the
Document itself, or if the original publisher of the version it refers to gives permission.

11. For any section Entitled “Acknowledgements” or “Dedications”, Preserve the Title of the
section, and preserve in the section all the substance and tone of each of the contributor
acknowledgements and/or dedications given therein.

12. Preserve all the Invariant Sections of the Document, unaltered in their text and in their
titles. Section numbers or the equivalent are not considered part of the section titles.

13. Delete any section Entitled “Endorsements”. Such a section may not be included in the
Modified Version.

14. Do not re-title any existing section to be Entitled “Endorsements” or to conflict in title
with any Invariant Section.

15. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify as Secondary
Sections and contain no material copied from the Document, you may at your option designate
some or all of these sections as invariant. To do this, add their titles to the list of Invariant
Sections in the Modified Version's license notice. These titles must be distinct from any other
section titles.

You may add a section Entitled “Endorsements”, provided it contains nothing but endorsements
of your Modified Version by various parties—for example, statements of peer review or that the
text has been approved by an organisation as the authoritative definition of a standard.

You may add a passage of up to five words as a Front-Cover Text, and a passage of up to 25
words as a Back-Cover Text, to the end of the list of Cover Texts in the Modified Version. Only
one passage of Front-Cover Text and one of Back-Cover Text may be added by (or through
arrangements made by) any one entity. If the Document already includes a cover text for the
same cover, previously added by you or by arrangement made by the same entity you are acting
on behalf of, you may not add another; but you may replace the old one, on explicit permission
from the previous publisher that added the old one.

The author(s) and publisher(s) of the Document do not by this License give permission to use
their names for publicity for or to assert or imply endorsement of any Modified Version.

COMBINING DOCUMENTS

You may combine the Document with other documents released under this License, under the
terms defined in section A above for modified versions, provided that you include in the combi-
nation all of the Invariant Sections of all of the original documents, unmodified, and list them
all as Invariant Sections of your combined work in its license notice, and that you preserve all
their Warranty Disclaimers.

The combined work need only contain one copy of this License, and multiple identical Invariant
Sections may be replaced with a single copy. If there are multiple Invariant Sections with the
same name but different contents, make the title of each such section unique by adding at the
end of it, in parentheses, the name of the original author or publisher of that section if known,
or else a unique number. Make the same adjustment to the section titles in the list of Invariant
Sections in the license notice of the combined work.

In the combination, you must combine any sections Entitled “History” in the various original
documents, forming one section Entitled “History”; likewise combine any sections Entitled “Ac-
knowledgements”, and any sections Entitled “Dedications”. You must delete all sections Entitled
“Endorsements” .
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COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents released under
this License, and replace the individual copies of this License in the various documents with a
single copy that is included in the collection, provided that you follow the rules of this License
for verbatim copying of each of the documents in all other respects.

You may extract a single document from such a collection, and distribute it individually under
this License, provided you insert a copy of this License into the extracted document, and follow
this License in all other respects regarding verbatim copying of that document.

AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate and independent documents
or works, in or on a volume of a storage or distribution medium, is called an “aggregate” if the
copyright resulting from the compilation is not used to limit the legal rights of the compilation’s
users beyond what the individual works permit. When the Document is included an aggregate,
this License does not apply to the other works in the aggregate which are not themselves derivative
works of the Document.

If the Cover Text requirement of section A is applicable to these copies of the Document, then if
the Document is less than one half of the entire aggregate, the Document’s Cover Texts may be
placed on covers that bracket the Document within the aggregate, or the electronic equivalent
of covers if the Document is in electronic form. Otherwise they must appear on printed covers
that bracket the whole aggregate.

TRANSLATION

Translation is considered a kind of modification, so you may distribute translations of the Doc-
ument under the terms of section A. Replacing Invariant Sections with translations requires
special permission from their copyright holders, but you may include translations of some or
all Invariant Sections in addition to the original versions of these Invariant Sections. You may
include a translation of this License, and all the license notices in the Document, and any War-
ranty Disclaimers, provided that you also include the original English version of this License and
the original versions of those notices and disclaimers. In case of a disagreement between the
translation and the original version of this License or a notice or disclaimer, the original version
will prevail.

If a section in the Document is Entitled “Acknowledgements”, “Dedications”, or “History”, the
requirement (section A) to Preserve its Title (section A) will typically require changing the actual
title.

TERMINATION

You may not copy, modify, sub-license, or distribute the Document except as expressly provided
for under this License. Any other attempt to copy, modify, sub-license or distribute the Document
is void, and will automatically terminate your rights under this License. However, parties who
have received copies, or rights, from you under this License will not have their licenses terminated
so long as such parties remain in full compliance.

FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions of the GNU Free Documentation
License from time to time. Such new versions will be similar in spirit to the present version, but
may differ in detail to address new problems or concerns. See http://www.gnu.org/copyleft/.
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Each version of the License is given a distinguishing version number. If the Document specifies
that a particular numbered version of this License “or any later version” applies to it, you have the
option of following the terms and conditions either of that specified version or of any later version
that has been published (not as a draft) by the Free Software Foundation. If the Document does
not specify a version number of this License, you may choose any version ever published (not as
a draft) by the Free Software Foundation.

ADDENDUM: How to use this License for your documents

To use this License in a document you have written, include a copy of the License in the document
and put the following copyright and license notices just after the title page:

Copyright © YEAR YOUR NAME. Permission is granted to copy, distribute and/or
modify this document under the terms of the GNU Free Documentation License,
Version 1.2 or any later version published by the Free Software Foundation; with no
Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts. A copy of the
license is included in the section entitled “GNU Free Documentation License”.

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts, replace the “with... Texts.”
line with this:

with the Invariant Sections being LIST THEIR TITLES, with the Front-Cover Texts being LIST,
and with the Back-Cover Texts being LIST.

If you have Invariant Sections without Cover Texts, or some other combination of the three,
merge those two alternatives to suit the situation.

If your document contains nontrivial examples of program code, we recommend releasing these
examples in parallel under your choice of free software license, such as the GNU General Public
License, to permit their use in free software.
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