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Chapter 42

Geometry - Grade 12

42.1 Introduction

Activity :: Discussion : Discuss these Research Topics

Research one of the following geometrical ideas and describe it to your group:

1. taxicab geometry,

2. sperical geometry,

3. fractals,

4. the Koch snowflake.

42.2 Circle Geometry

42.2.1 Terminology

The following is a recap of terms that are regularly used when referring to circles.

arc An arc is a part of the circumference of a circle.

chord A chord is defined as a straight line joining the ends of an arc.

radius The radius, r, is the distance from the centre of the circle to any point on the circum-
ference.

diameter The diameter, �, is a special chord that passes through the centre of the circle. The
diameter is the straight line from a point on the circumference to another point on the
circumference, that passes through the centre of the circle.

segment A segment is the part of the circle that is cut off by a chord. A chord divides a circle
into two segments.

tangent A tangent is a line that makes contact with a circle at one point on the circumference.
(AB is a tangent to the circle at point P .
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b

bA B

O

P

ar
c

chord

tangent

diameter

ra
di
us

segment

Figure 42.1: Parts of a Circle

42.2.2 Axioms

An axiom is an established or accepted principle. For this section, the following are accepted as
axioms.

1. The Theorem of Pythagoras, which states that the square on the hypotenuse of a right-
angled triangle is equal to the sum of the squares on the other two sides. In △ABC, this
means that AB2 + BC2 = AC2

CB

A

Figure 42.2: A right-angled triangle

2. A tangent is perpendicular to the radius, drawn at the point of contact with the circle.

42.2.3 Theorems of the Geometry of Circles

A theorem is a general proposition that is not self-evident but is proved by reasoning (these
proofs need not be learned for examination purposes).

Theorem 6. The line drawn from the centre of a circle, perpendicular to a chord, bisects the
chord.

Proof:

b

A B

O

P
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Consider a circle, with centre O. Draw a chord AB and draw a perpendicular line from the
centre of the circle to intersect the chord at point P .

The aim is to prove that AP = BP

1. △OAP and △OBP are right-angled triangles.

2. OA = OB as both of these are radii and OP is common to both triangles.

Apply the Theorem of Pythagoras to each triangle, to get:

OA2 = OP 2 + AP 2

OB2 = OP 2 + BP 2

However, OA = OB. So,

OP 2 + AP 2 = OP 2 + BP 2

∴ AP 2 = BP 2

and AP = BP

This means that OP bisects AB.

Theorem 7. The line drawn from the centre of a circle, that bisects a chord, is perpendicular
to the chord.

Proof:

b

A B

O

P

Consider a circle, with centre O. Draw a chord AB and draw a line from the centre of the circle
to bisect the chord at point P .

The aim is to prove that OP ⊥ AB

In △OAP and △OBP ,

1. AP = PB (given)

2. OA = OB (radii)

3. OP is common to both triangles.

∴ △OAP ≡ △OBP (SSS).

ˆOAP = ˆOBP

ˆOAP + ˆOBP = 180◦ (APB is a str. line)

∴ ˆOAP = ˆOBP = 90◦

∴ OP ⊥ AB

551



42.2 CHAPTER 42. GEOMETRY - GRADE 12

Theorem 8. The perpendicular bisector of a chord passes through the centre of the circle.

Proof:

b

A B

Q

P

Consider a circle. Draw a chord AB. Draw a line PQ perpendicular to AB such that PQ bisects
AB at point P . Draw lines AQ and BQ.

The aim is to prove that Q is the centre of the circle, by showing that AQ = BQ.

In △OAP and △OBP ,

1. AP = PB (given)

2. ∠QPA = ∠QPB (QP ⊥ AB)

3. QP is common to both triangles.

∴ △QAP ≡ △QBP (SAS).

From this, QA = QB. Since the centre of a circle is the only point inside a circle that has points
on the circumference at an equal distance from it, Q must be the centre of the circle.

Exercise: Circles I

1. Find the value of x:
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a)

O

x
5

P

Q

R

PR=8

b)

O

4

P Q R

PR=6

x

c)

O

x

10

P Q

R

PR=8

d)

O
x

6

P

Q R

62

S

e)

O

x

8
P R

U
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5 T
QS

f)

O
x

P R

S

5

T

Q

R

25

24

Theorem 9. The angle subtended by an arc at the centre of a circle is double the size of the
angle subtended by the same arc at the circumference of the circle.

Proof:

b

A B

O

P

R

Consider a circle, with centre O and with A and B on the circumference. Draw a chord AB.
Draw radii OA and OB. Select any point P on the circumference of the circle. Draw lines PA
and PB. Draw PO and extend to R.

The aim is to prove that ˆAOB = 2 · ˆAPB.

ˆAOR = ˆPAO + ˆAPO (exterior angle = sum of interior opp. angles)

But, ˆPAO = ˆAPO (△AOP is an isosceles △)
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∴ ˆAOR = 2 ˆAPO

Similarly, ˆBOR = 2 ˆBPO.

So,

ˆAOB = ˆAOR + ˆBOR

= 2 ˆAPO + 2 ˆBPO

= 2( ˆAPO + ˆBPO)

= 2( ˆAPB)

Exercise: Circles II

1. Find the angles (a to f) indicated in each diagram:

b b

b b

b

b

J

H K

J

J

J
J

J

H

H

H

H

H

K

K

K

K

K

O

O

O

O

O

O

a

b c

d

e f

45◦

20◦

100◦

30◦

120◦

1. 2. 3.

4. 5. 6.

Theorem 10. The angles subtended by a chord at the circumference of a circle on the same
side of the chord are equal.

Proof:

b

O

A

B

P

Q

Consider a circle, with centre O. Draw a chord AB. Select any points P and Q on the
circumference of the circle, such that both P and Q are on the same side of the chord. Draw
lines PA, PB, QA and QB.
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The aim is to prove that ˆAQB = ˆAPB.

ˆAOB = 2 ˆAQB ∠ at centre = twice ∠ at circumference

and ˆAOB = 2 ˆAPB ∠ at centre = twice ∠ at circumference

∴ 2 ˆAQB = 2 ˆAPB

∴ ˆAQB = ˆAPB

Theorem 11. (Converse of Theorem 10) If a line segment subtends equal angles at two other
points on the same side of the line, then these four points lie on a circle.

Proof:

A

B

R
Q

P

Consider a line segment AB, that subtends equal angles at points P and Q on the same side of
AB.

The aim is to prove that points A, B, P and Q lie on the circumference of a circle.

By contradiction. Assume that point P does not lie on a circle drawn through points A, B and
Q. Let the circle cut AP (or AP extended) at point R.

ˆAQB = ˆARB ∠s on same side of chord

but ˆAQB = ˆAPB (given)

∴ ˆARB = ˆAPB

but this cannot be true since ˆARB = ˆAPB + ˆRBP (ext. ∠ of △)

∴ the assumption that the circle does not pass through P , must be false, and A, B, P and Q
lie on the circumference of a circle.

Exercise: Circles III

1. Find the values of the unknown letters.
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1. 2.

3. 4.

5. 6.

b

A

B

C

D

E

F

G

H

I

J

K

L

M

N

O

P

Q

R

S
T

U
V

W

X

Y Z

O

21◦

a

15◦

b

24◦

c

d

17◦

45◦

35◦

12◦

e

f

35◦

Cyclic Quadrilaterals

Cyclic quadrilaterals are quadrilaterals with all four vertices lying on the circumference of a circle.
The vertices of a cyclic quadrilateral are said to be concyclic.

Theorem 12. The opposite angles of a cyclic quadrilateral are supplementary.

Proof:
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b

O

A

B

P

Q

1

2

Consider a circle, with centre O. Draw a cyclic quadrilateral ABPQ. Draw AO and PO.

The aim is to prove that ˆABP + ˆAQP = 180◦ and ˆQAB + ˆQPB = 180◦.

Ô1 = 2 ˆABP ∠s at centre

Ô2 = 2 ˆAQP ∠s at centre

But, Ô1 + Ô2 = 360◦

∴ 2 ˆABP + 2 ˆAQP = 360◦

∴ ˆABP + ˆAQP = 180◦

Similarly, ˆQAB + ˆQPB = 180◦

Theorem 13. (Converse of Theorem 12) If the opposite angles of a quadrilateral are supple-
mentary, then the quadrilateral is cyclic.

Proof:

A

B

R
Q

P

Consider a quadrilateral ABPQ, such that ˆABP + ˆAQP = 180◦ and ˆQAB + ˆQPB = 180◦.

The aim is to prove that points A, B, P and Q lie on the circumference of a circle.

By contradiction. Assume that point P does not lie on a circle drawn through points A, B and
Q. Let the circle cut AP (or AP extended) at point R. Draw BR.

ˆQAB + ˆQRB = 180◦ opp. ∠s of cyclic quad.

but ˆQAB + ˆQPB = 180◦ (given)

∴ ˆQRB = ˆQPB

but this cannot be true since ˆQRB = ˆQPB + ˆRBP (ext. ∠ of △)

∴ the assumption that the circle does not pass through P , must be false, and A, B, P and Q
lie on the circumference of a circle and ABPQ is a cyclic quadrilateral.
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Exercise: Circles IV

1. Find the values of the unknown letters.

X Y

Z

W
a

b

106◦ 87◦

b
O

P Q

RS

U

V

W

X
H

I

J

K
L

1. 2.

3. 4.

a

b

c

34◦

114◦

a

57◦

a

86◦

Theorem 14. Two tangents drawn to a circle from the same point outside the circle are equal
in length.

Proof:

b

A

B

O

P

Consider a circle, with centre O. Choose a point P outside the circle. Draw two tangents to the
circle from point P , that meet the circle at A and B. Draw lines OA, OB and OP .

The aim is to prove that AP = BP .

In △OAP and △OBP ,
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1. OA = OB (radii)

2. ∠OAP = ∠OPB = 90◦ (OA ⊥ AP and OB ⊥ BP )

3. OP is common to both triangles.

△OAP ≡ △OBP (right angle, hypotenuse, side)

∴ AP = BP

Exercise: Circles V

1. Find the value of the unknown lengths.

1. 2.

3. 4.

b

b

R

Q

S

3cm

b

b

A

B

C

D

E

F

G

H
I

J

K

L
M N

O
P

AE=5cm
AC=8cm
CE=9cma

b

c

b

b

b

d

5cm

8cm

2cm

6c
m

e

f

LN=7.5cm

Theorem 15. The angle between a tangent and a chord, drawn at the point of contact of the
chord, is equal to the angle which the chord subtends in the alternate segment.

Proof:

b
O

A

B

P

Q

T

S R
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Consider a circle, with centre O. Draw a chord AB and a tangent SR to the circle at point B.
Chord AB subtends angles at points P and Q on the minor and major arcs, respectively.

Draw a diameter BT and join A to T .

The aim is to prove that ˆAPB = ˆABR and ˆAQB = ˆABS.

First prove that ˆAQB = ˆABS as this result is needed to prove that ˆAPB = ˆABR.

ˆABS + ˆABT = 90◦ (TB ⊥ SR)
ˆBAT = 90◦ (∠s at centre)

∴ ˆABT + ˆATB = 90◦ (sum of angles in △BAT )

∴ ˆABS = ˆABT

However, ˆAQB = ˆATB( angles subtended by same chord AB)

∴ ˆAQB = ˆABS (42.1)

ˆSBQ + ˆQBR = 180◦ (SBT is a str. line)
ˆAPB + ˆAQB = 180◦ (ABPQ is a cyclic quad.)

∴ ˆSBQ + ˆQBR = ˆAPB + ˆAQB

From (42.1), ˆAQB = ˆABS

∴ ˆAPB = ˆABR
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Exercise: Circles VI

1. Find the values of the unknown letters.

O

P

Q

R

S

d

c

O

P

Q

R

S

g

P

R

33◦

b

a

O

P

Q

R

S
e

h+50◦

3h

34◦

m

O
Q

S

8◦

f

O
Q

S

17◦

52◦

k

O

Q

S

19◦

l

O

Q

S

121◦

p

O

Q

S

1 2

3
4

5 6

7 8

R

S

P

4h-70◦

2h-20◦

R

R

j

i

R

R

T

n

o

T

b

O

q

r

Theorem 16. (Converse of 15) If the angle formed between a line, that is drawn through the
end point of a chord, and the chord, is equal to the angle subtended by the chord in the alternate
segment, then the line is a tangent to the circle.

Proof:

b
O

A

B

Q

S R

Y

X
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Consider a circle, with centre O and chord AB. Let line SR pass through point B. Chord AB
subtends an angle at point Q such that ˆABS = ˆAQB.

The aim is to prove that SBR is a tangent to the circle.

By contradiction. Assume that SBR is not a tangent to the circle and draw XBY such that
XBY is a tangent to the circle.

ˆABX = ˆAQB (tan-chord theorem)

However, ˆABS = ˆAQB (given)

∴ ˆABX = ˆABS (42.2)

But since, ˆABX = ˆABS + ˆXBS

(42.2) can only be true if, ˆXBS = 0

If ˆXBS is zero, then both XBY and SBR coincide and SBR is a tangent to the circle.

Exercise: Applying Theorem 9

1. Show that Theorem 9 also applies to the following two cases:

b

A

B

O

P

R

b

A

B

O

PR
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Worked Example 190: Circle Geometry I

Question:

A D

B

C

O E

F

BD is a tangent to the circle
with centre O.
BO ⊥ AD.

Prove that:

1. CFOE is a cyclic quadrilateral

2. FB = BC

3. △COE///△CBF

4. CD2 = ED.AD

5. OE
BC

= CD
CO

Answer

1. Step 1 : To show a quadrilateral is cyclic, we need a pair of opposite

angles to be supplementary, so lets look for that.

ˆFOE = 90◦ (BO ⊥ OD)
ˆFCE = 90◦ (∠ subtended by diameter AE)

∴ CFOE is a cyclic quadrilateral (opposite ∠’s supplementary)

2. Step 1 : Since these two sides are part of a triangle, we are proving that

triangle to be isosceles. The easiest way is to show the angles opposite

to those sides to be equal.

Let ˆOEC = x.

∴ ˆFCB = x (∠ between tangent BD and chord CE)

∴ ˆBFC = x (exterior ∠ to cyclic quadrilateral CFOE)

∴ BF = BC (sides opposite equal ∠’s in isosceles △BFC)

3. Step 1 : To show these two triangles similar, we will need 3 equal angles.

We already have 3 of the 6 needed angles from the previous question.

We need only find the missing 3 angles.

ˆCBF = 180◦ − 2x (sum of ∠’s in △BFC)

OC = OE (radii of circle O)

∴ ˆECO = x (isosceles △COE)

∴ ˆCOE = 180◦ − 2x (sum of ∠’s in △COE)

• ˆCOE = ˆCBF

• ˆECO = ˆFCB

• ˆOEC = ˆCFB

∴ △COE///△CBF (3 ∠’s equal)
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4. Step 1 : This relation reminds us of a proportionality relation between

similar triangles. So investigate which triangles contain these sides and

prove them similar. In this case 3 equal angles works well. Start with

one triangle.

In △EDC

ˆCED = 180◦ − x (∠’s on a straight line AD)

ˆECD = 90◦ − x (complementary ∠’s)

Step 2 : Now look at the angles in the other triangle.

In △ADC

ˆACE = 180◦ − x (sum of ∠’s ˆACE and ˆECO)
ˆCAD = 90◦ − x (sum of ∠’s in △CAE)

Step 3 : The third equal angle is an angle both triangles have in common.

Lastly, ˆADC = ˆEDC since they are the same ∠.

Step 4 : Now we know that the triangles are similar and can use the

proportionality relation accordingly.

∴ △ADC///△CDE (3 ∠’s equal)

∴
ED

CD
=

CD

AD

∴ CD2 = ED.AD

5. Step 1 : This looks like another proportionality relation with a little

twist, since not all sides are contained in 2 triangles. There is a quick

observation we can make about the odd side out, OE.

OE = CD (△OEC is isosceles)

Step 2 : With this observation we can limit ourselves to proving triangles

BOC and ODC similar. Start in one of the triangles.

In △BCO

ˆOCB = 90◦ (radius OC on tangent BD)

ˆCBO = 180◦ − 2x (sum of ∠’s in △BFC)

Step 3 : Then we move on to the other one.

In △OCD

ˆOCD = 90◦ (radius OC on tangent BD)
ˆCOD = 180◦ − 2x (sum of ∠’s in △OCE)

Step 4 : Again we have a common element.

Lastly, OC is a common side to both △’s.

Step 5 : Then, once we’ve shown similarity, we use the proportionality

relation , as well as our first observation, appropriately.
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∴ △BOC///△ODC (common side and 2 equal ∠’s)

∴
CO

BC
=

CD

CO

∴
OE

BC
=

CD

CO
(OE = CD isosceles △OEC)

Worked Example 191: Circle Geometry II

Question: A

B

C

D

E

F

G H

FD is drawn parallel to the
tangent CB

Prove that:

1. FADE is cyclic

2. △AFE///△CBD

3. FC.AG
GH

= DC.FE
BD

Answer

1. Step 1 : In this case, the best way to show FADE is a cyclic quadrilateral

is to look for equal angles, subtended by the same chord.

Let ∠BCD = x

∴ ∠CAH = x (∠ between tangent BC and chord CE)

∴ ∠FDC = x (alternate ∠, FD ‖ CB)

∴ FADE is a cyclic quadrilateral (chord FE subtends equal ∠’s)

2. Step 1 : To show these 2 triangles similar we will need 3 equal angles.

We can use the result from the previous question.

Let ∠FEA = y

∴ ∠FDA = y (∠’s subtended by same chord AF in cyclic quadrilateral FADE)

∴ ∠CBD = y (corresponding ∠’s, FD ‖ CB)

∴ ∠FEA = ∠CBD

Step 2 : We have already proved 1 pair of angles equal in the previous

question.

∠BCD = ∠FAE (above)
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Step 3 : Proving the last set of angles equal is simply a matter of adding

up the angles in the triangles. Then we have proved similarity.

∠AFE = 180◦ − x − y (∠’s in △AFE)

∠CBD = 180◦ − x − y (∠’s in △CBD)

∴ △AFE///△CBD (3 ∠’s equal)

3. Step 1 : This equation looks like it has to do with proportionality relation

of similar triangles. We already showed triangles AFE and CBD similar

in the previous question. So lets start there.

DC

BD
=

FA

FE

∴
DC.FE

BD
= FA

Step 2 : Now we need to look for a hint about side FA. Looking at

triangle CAH we see that there is a line FG intersecting it parallel to

base CH. This gives us another proportionality relation.

AG

GH
=

FA

FC
(FG ‖ CH splits up lines AH and AC proportionally)

∴ FA =
FC.AG

GH

Step 3 : We have 2 expressions for the side FA.

∴
FC.AG

GH
=

DC.FE

BD

42.3 Co-ordinate Geometry

42.3.1 Equation of a Circle

We know that every point on the circumference of a circle is the same distance away from the
centre of the circle. Consider a point (x1,y1) on the circumference of a circle of radius r with
centre at (x0,y0).

b

b

(x0,y0)

P (x1,y1)

O Q

Figure 42.3: Circle h with centre (x0,y0) has a tangent, g passing through point P at (x1,y1).
Line f passes through the centre and point P .
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In Figure 42.3, △OPQ is a right-angled triangle. Therefore, from the Theorem of Pythagoras,
we know that:

OP 2 = PQ2 + OQ2

But,

PQ = y1 − y0

OQ = x1 − x0

OP = r

∴ r2 = (y1 − y0)
2 + (x1 − x0)

2

But, this same relation holds for any point P on the circumference. In fact, the relation holds
for all points P on the circumference. Therefore, we can write:

(x − x0)
2 + (y − y0)

2 = r2 (42.3)

for a circle with centre at (x0,y0) and radius r.

For example, the equation of a circle with centre (0,0) and radius 4 is:

(y − y0)
2 + (x − x0)

2 = r2

(y − 0)2 + (x − 0)2 = 42

y2 + x2 = 16

Worked Example 192: Equation of a Circle I

Question: Find the equation of a circle (centre O) with a diameter between two
points, P at (−5,5) and Q at (5, − 5).

Answer

Step 1 : Draw a picture

Draw a picture of the situation to help you figure out what needs to be done.

b

b

P

Q

5−5

5

−5

O

Step 2 : Find the centre of the circle

We know that the centre of a circle lies on the midpoint of a diameter. Therefore
the co-ordinates of the centre of the circle is found by finding the midpoint of the
line between P and Q. Let the co-ordinates of the centre of the circle be (x0,y0),
let the co-ordinates of P be (x1,y1) and let the co-ordinates of Q be (x2,y2). Then,
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the co-ordinates of the midpoint are:

x0 =
x1 + x2

2

=
−5 + 5

2
= 0

y0 =
y1 + y2

2

=
5 + (−5)

2
= 0

The centre point of line PQ and therefore the centre of the circle is at (0,0).
Step 3 : Find the radius of the circle

If P and Q are two points on a diameter, then the radius is half the distance between
them.
The distance between the two points is:

r =
1

2
PQ =

1

2

√

(x2 − x1)2 + (y2 − y1)2

=
1

2

√

(5 − (−5))2 + (−5 − 5)2

=
1

2

√

(10)2 + (−10)2

=
1

2

√
100 + 100

=

√

200

4

=
√

50

Step 4 : Write the equation of the circle

x2 + y2 = 50

Worked Example 193: Equation of a Circle II

Question: Find the center and radius of the circle
x2 − 14x + y2 + 4y = −28.
Answer

Step 1 : Change to standard form

We need to rewrite the equation in the form (x − x0) + (y − y0) = r2

To do this we need to complete the square
i.e. add and subtract (1

2 cooefficient of x)2 and (1
2 cooefficient of y)2

Step 2 : Adding cooefficients
x2 − 14x + y2 + 4y = −28

∴ x2 − 14x + (7)2 − (7)2 + y2 + 4y + (2)2 − (2)2 = −28
Step 3 : Complete the squares

∴ (x − 7)2 − (7)2 + (y + 2)2 − (2)2 = −28
Step 4 : Take the constants to the other side
∴ (x − 7)2 − 49 + (y + 2)2 − 4 = −28
∴ (x − 7)2 + (y + 2)2 = −28 + 49 + 4
∴ (x − 7)2 + (y + 2)2 = 25

Step 5 : Read the values from the equation

∴ center is (7;−2) and the radius is 5 units
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42.3.2 Equation of a Tangent to a Circle at a Point on the Circle

We are given that a tangent to a circle is drawn through a point P with co-ordinates (x1,y1).
In this section, we find out how to determine the equation of that tangent.

b

b(x0,y0)

P (x1,y1)

f

g

h

Figure 42.4: Circle h with centre (x0,y0) has a tangent, g passing through point P at (x1,y1).
Line f passes through the centre and point P .

We start by making a list of what we know:

1. We know that the equation of the circle with centre (x0,y0) is (x−x0)
2 +(y− y0)

2 = r2.

2. We know that a tangent is perpendicular to the radius, drawn at the point of contact with
the circle.

As we have seen in earlier grades, there are two steps to determining the equation of a straight
line:

Step 1: Calculate the gradient of the line, m.

Step 2: Calculate the y-intercept of the line, c.

The same method is used to determine the equation of the tangent. First we need to find the
gradient of the tangent. We do this by finding the gradient of the line that passes through the
centre of the circle and point P (line f in Figure 42.4), because this line is a radius line and the
tangent is perpendicular to it.

mf =
y1 − y0

x1 − x0
(42.4)

The tangent (line g) is perpendicular to this line. Therefore,

mf × mg = −1

So,

mg = − 1

mf
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Now, we know that the tangent passes through (x1,y1) so the equation is given by:

y − y1 = m(x − x1)

y − y1 = − 1

mf

(x − x1)

y − y1 = − 1
y1−y0

x1−x0

(x − x1)

y − y1 = −x1 − x0

y1 − y0
(x − x1)

For example, find the equation of the tangent to the circle at point (1,1). The centre of the
circle is at (0,0). The equation of the circle is x2 + y2 = 2.

Use

y − y1 = −x1 − x0

y1 − y0
(x − x1)

with (x0,y0) = (0,0) and (x1,y1) = (1,1).

y − y1 = −x1 − x0

y1 − y0
(x − x1)

y − 1 = −1 − 0

1 − 0
(x − 1)

y − 1 = −1

1
(x − 1)

y = −(x − 1) + 1

y = −x + 1 + 1

y = −x + 2

Exercise: Co-ordinate Geometry

1. Find the equation of the cicle:

A with center (0; 5) and radius 5

B with center (2; 0) and radius 4

C with center (5; 7) and radius 18

D with center (−2; 0) and radius 6

E with center (−5;−3) and radius
√

3

2. A Find the equation of the circle with center (2; 1) which passes through
(4; 1).

B Where does it cut the line y = x + 1?

C Draw a sketch to illustrate your answers.

3. A Find the equation of the circle with center (−3;−2) which passes through
(1;−4).

B Find the equation of the circle with center (3; 1) which passes through
(2; 5).

C Find the point where these two circles cut each other.

4. Find the center and radius of the following circles:

A (x − 9)2 + (y − 6)2 = 36

B (x − 2)2 + (y − 9)2 = 1

C (x + 5)2 + (y + 7)2 = 12

D (x + 4)2 + (y + 4)2 = 23

E 3(x − 2)2 + 3(y + 3)2 = 12

570



CHAPTER 42. GEOMETRY - GRADE 12 42.4

F x2 − 3x + 9 = y2 + 5y + 25 = 17

5. Find the x− and y− intercepts of the following graphs and draw a scetch to
illustrate your answer:

A (x + 7)2 + (y − 2)2 = 8

B x2 + (y − 6)2 = 100

C (x + 4)2 + y2 = 16

D (x − 5)2 + (y + 1)2 = 25

6. Find the center and radius of the following circles:

A x2 + 6x + y2 − 12y = −20

B x2 + 4x + y2 − 8y = 0

C x2 + y2 + 8y = 7

D x2 − 6x + y2 = 16

E x2 − 5x + y2 + 3y = − 3
4

F x2 − 6nx + y2 + 10ny = 9n2

7. Find the equations to the tangent to the circle:

A x2 + y2 = 17 at the point (1; 4)

B x2 + y2 = 25 at the point (3; 4)

C (x + 1)2 + (y − 2)2 = 25 at the point (3; 5)

D (x − 2)2 + (y − 1)2 = 13 at the point (5; 3)

42.4 Transformations

42.4.1 Rotation of a Point about an angle θ

First we will find a formula for the co-ordinates of P after a rotation of θ.

We need to know something about polar co-ordinates and compound angles before we start.

Polar co-ordinates

b

r
y

x

α

P

Notice that : sin α = y
r

∴ y = r sinα
and cosα = x

r
∴ x = r cosα

so P can be expressed in two ways:

P (x; y) rectangular co-ordinates

or P (r cosα; r sin α) polar co-ordinates.

Compound angles

(See derivation of formulae in Ch. 12)

sin (α + β) = sin α cosβ + sin β cosα

cos (α + β) = cosα cosβ − sin α sin β
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Now consider P ′ after a rotation of θ

P (x; y) = P (r cosα; r sin α)

P ′(r cos (α + θ); r sin (α + θ))

Expand the co-ordinates of P ′

x − co-ordinate of P ′ = r cos (α + θ)

= r [cosα cos θ − sinα sin θ]

= r cosα cos θ − r sin α sin θ

= x cos θ − y sin θ

y − co-ordinate of P ′ = r sin (α + θ)

= r [sin α cos θ + sin θ cosα]

= r sinα cos θ + r cosα sin θ

= y cos θ + x sin θ

b

α

P = (r cosα; r sinα)
b

P ′

θ

which gives the formula P ′ = [(x cos θ − y sin θ; y cos θ + x sin θ)].

So to find the co-ordinates of P (1;
√

3) after a rotation of 45◦, we arrive at:

P ′ = [(x cos θ − y sin θ); (y cos θ + x sin θ]

=
[

(1 cos 45◦ −
√

3 sin 45◦); (
√

3 cos 45◦ + 1 sin 45◦
]

=

[(

1√
2
−

√
3√
2

)

;

(√
3√
2

+
1√
2

)]

=

(

1 −
√

3√
2

;

√
3 + 1√

2

)
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Exercise: Rotations

Any line OP is drawn (not necessarily in the first
quadrant), making an angle of θ degrees with
the x-axis. Using the co-ordinates of P and the
angle α, calculate the co-ordinates of P ′, if the
line OP is rotated about the origin through α
degrees.

P α
1. (2, 6) 60◦

2. (4, 2) 30◦

3. (5, -1) 45◦

4. (-3, 2) 120◦

5. (-4, -1) 225◦

6. (2, 5) -150◦

b

P

O

θ

42.4.2 Characteristics of Transformations

Rigid transformations like translations, reflections, rotations and glide reflections preserve shape
and size, and that enlargement preserves shape but not size.

42.4.3 Characteristics of Transformations

Rigid transformations like translations, reflections, rotations and glide reflections preserve shape
and size, and that enlargement preserves shape but not size.

Activity :: : Geometric Transformations

Draw a large 15×15 grid and plot
△ABC with A(2; 6), B(5; 6) and
C(5; 1). Fill in the lines y = x and
y = −x.

Complete the table below , by draw-
ing the images of △ABC under the
given transformations. The first one
has been done for you.

5 10 15−5−10−15

5

10

15

−5

−10

−15

b b

b

A(2; 6) B(5; 6)

C(3; 4)

y = x y = −x

b b

b

A′ B′

C′
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Description
Transformation (translation, reflection, Co-ordinates Lengths Angles

rotation, enlargement)

A′(2;−6) A′B′ = 3 B̂′ = 90◦

(x; y) → (x;−y) reflection about the x-axis B′(5;−6) B′C′ = 4 tan Â = 4/3

C′(5;−2) A′C′ = 5 ∴ Â = 53◦, Ĉ = 37◦

(x; y) → (x + 1; y − 2)

(x; y) → (−x; y)

(x; y) → (−y; x)

(x; y) → (−x;−y)

(x; y) → (2x; 2y)

(x; y) → (y; x)

(x; y) → (y; x + 1)

A transformation that leaves lengths and angles unchanged is called a rigid trans-
formation. Which of the above transformations are rigid?

42.5 Exercises

1. ∆ABC undergoes several transformations forming ∆A′B′C′. Describe the relationship
between the angles and sides of ∆KLM and ∆A′B′C′ (e.g., they are twice as large, the
same, etc.)

Transformation Sides Angles Area
Reflect

Reduce by a scale factor of 3
Rotate by 90◦

Translate 4 units right
Enlarge by a scale factor of 2

2. ∆DEF has Ê = 30◦, DE = 4 cm, EF = 5 cm. ∆DEF is enlarged by a scale factor of
6 to form ∆D′E′F ′.

A Solve ∆DEF

B Hence, solve ∆D′E′F ′

3. ∆XY Z has an area of 6 cm2. Find the area of ∆X ′Y ′Z ′ if the points have been trans-
formed as follows:

A (x, y) → (x + 2; y + 3)

B (x, y) → (y; x)
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C (x, y) → (4x; y)

D (x, y) → (3x; y + 2)

E (x, y) → (−x;−y)

F (x, y) → (x;−y + 3)

G (x, y) → (4x; 4y)

H (x, y) → (−3x; 4y)
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Appendix A

GNU Free Documentation License

Version 1.2, November 2002
Copyright c© 2000,2001,2002 Free Software Foundation, Inc.
59 Temple Place, Suite 330, Boston, MA 02111-1307 USA
Everyone is permitted to copy and distribute verbatim copies of this license document, but
changing it is not allowed.

PREAMBLE

The purpose of this License is to make a manual, textbook, or other functional and useful doc-
ument “free” in the sense of freedom: to assure everyone the effective freedom to copy and
redistribute it, with or without modifying it, either commercially or non-commercially. Secondar-
ily, this License preserves for the author and publisher a way to get credit for their work, while
not being considered responsible for modifications made by others.

This License is a kind of “copyleft”, which means that derivative works of the document must
themselves be free in the same sense. It complements the GNU General Public License, which
is a copyleft license designed for free software.

We have designed this License in order to use it for manuals for free software, because free
software needs free documentation: a free program should come with manuals providing the
same freedoms that the software does. But this License is not limited to software manuals; it
can be used for any textual work, regardless of subject matter or whether it is published as a
printed book. We recommend this License principally for works whose purpose is instruction or
reference.

APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that contains a notice placed
by the copyright holder saying it can be distributed under the terms of this License. Such a
notice grants a world-wide, royalty-free license, unlimited in duration, to use that work under
the conditions stated herein. The “Document”, below, refers to any such manual or work. Any
member of the public is a licensee, and is addressed as “you”. You accept the license if you
copy, modify or distribute the work in a way requiring permission under copyright law.

A “Modified Version” of the Document means any work containing the Document or a portion
of it, either copied verbatim, or with modifications and/or translated into another language.

A “Secondary Section” is a named appendix or a front-matter section of the Document that deals
exclusively with the relationship of the publishers or authors of the Document to the Document’s
overall subject (or to related matters) and contains nothing that could fall directly within that
overall subject. (Thus, if the Document is in part a textbook of mathematics, a Secondary
Section may not explain any mathematics.) The relationship could be a matter of historical
connection with the subject or with related matters, or of legal, commercial, philosophical,
ethical or political position regarding them.
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The “Invariant Sections” are certain Secondary Sections whose titles are designated, as being
those of Invariant Sections, in the notice that says that the Document is released under this
License. If a section does not fit the above definition of Secondary then it is not allowed to be
designated as Invariant. The Document may contain zero Invariant Sections. If the Document
does not identify any Invariant Sections then there are none.

The “Cover Texts” are certain short passages of text that are listed, as Front-Cover Texts or
Back-Cover Texts, in the notice that says that the Document is released under this License. A
Front-Cover Text may be at most 5 words, and a Back-Cover Text may be at most 25 words.

A “Transparent” copy of the Document means a machine-readable copy, represented in a format
whose specification is available to the general public, that is suitable for revising the document
straightforwardly with generic text editors or (for images composed of pixels) generic paint
programs or (for drawings) some widely available drawing editor, and that is suitable for input
to text formatters or for automatic translation to a variety of formats suitable for input to text
formatters. A copy made in an otherwise Transparent file format whose markup, or absence of
markup, has been arranged to thwart or discourage subsequent modification by readers is not
Transparent. An image format is not Transparent if used for any substantial amount of text. A
copy that is not “Transparent” is called “Opaque”.

Examples of suitable formats for Transparent copies include plain ASCII without markup, Texinfo
input format, LATEX input format, SGML or XML using a publicly available DTD and standard-
conforming simple HTML, PostScript or PDF designed for human modification. Examples of
transparent image formats include PNG, XCF and JPG. Opaque formats include proprietary
formats that can be read and edited only by proprietary word processors, SGML or XML for
which the DTD and/or processing tools are not generally available, and the machine-generated
HTML, PostScript or PDF produced by some word processors for output purposes only.

The “Title Page” means, for a printed book, the title page itself, plus such following pages as
are needed to hold, legibly, the material this License requires to appear in the title page. For
works in formats which do not have any title page as such, “Title Page” means the text near the
most prominent appearance of the work’s title, preceding the beginning of the body of the text.

A section “Entitled XYZ” means a named subunit of the Document whose title either is precisely
XYZ or contains XYZ in parentheses following text that translates XYZ in another language.
(Here XYZ stands for a specific section name mentioned below, such as “Acknowledgements”,
“Dedications”, “Endorsements”, or “History”.) To “Preserve the Title” of such a section when
you modify the Document means that it remains a section “Entitled XYZ” according to this
definition.

The Document may include Warranty Disclaimers next to the notice which states that this
License applies to the Document. These Warranty Disclaimers are considered to be included by
reference in this License, but only as regards disclaiming warranties: any other implication that
these Warranty Disclaimers may have is void and has no effect on the meaning of this License.

VERBATIM COPYING

You may copy and distribute the Document in any medium, either commercially or non-commercially,
provided that this License, the copyright notices, and the license notice saying this License applies
to the Document are reproduced in all copies, and that you add no other conditions whatsoever
to those of this License. You may not use technical measures to obstruct or control the reading
or further copying of the copies you make or distribute. However, you may accept compensation
in exchange for copies. If you distribute a large enough number of copies you must also follow
the conditions in section A.

You may also lend copies, under the same conditions stated above, and you may publicly display
copies.

COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have printed covers) of the
Document, numbering more than 100, and the Document’s license notice requires Cover Texts,
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you must enclose the copies in covers that carry, clearly and legibly, all these Cover Texts: Front-
Cover Texts on the front cover, and Back-Cover Texts on the back cover. Both covers must also
clearly and legibly identify you as the publisher of these copies. The front cover must present the
full title with all words of the title equally prominent and visible. You may add other material on
the covers in addition. Copying with changes limited to the covers, as long as they preserve the
title of the Document and satisfy these conditions, can be treated as verbatim copying in other
respects.

If the required texts for either cover are too voluminous to fit legibly, you should put the first
ones listed (as many as fit reasonably) on the actual cover, and continue the rest onto adjacent
pages.

If you publish or distribute Opaque copies of the Document numbering more than 100, you must
either include a machine-readable Transparent copy along with each Opaque copy, or state in or
with each Opaque copy a computer-network location from which the general network-using public
has access to download using public-standard network protocols a complete Transparent copy of
the Document, free of added material. If you use the latter option, you must take reasonably
prudent steps, when you begin distribution of Opaque copies in quantity, to ensure that this
Transparent copy will remain thus accessible at the stated location until at least one year after
the last time you distribute an Opaque copy (directly or through your agents or retailers) of that
edition to the public.

It is requested, but not required, that you contact the authors of the Document well before
redistributing any large number of copies, to give them a chance to provide you with an updated
version of the Document.

MODIFICATIONS

You may copy and distribute a Modified Version of the Document under the conditions of
sections A and A above, provided that you release the Modified Version under precisely this
License, with the Modified Version filling the role of the Document, thus licensing distribution
and modification of the Modified Version to whoever possesses a copy of it. In addition, you
must do these things in the Modified Version:

1. Use in the Title Page (and on the covers, if any) a title distinct from that of the Document,
and from those of previous versions (which should, if there were any, be listed in the History
section of the Document). You may use the same title as a previous version if the original
publisher of that version gives permission.

2. List on the Title Page, as authors, one or more persons or entities responsible for authorship
of the modifications in the Modified Version, together with at least five of the principal
authors of the Document (all of its principal authors, if it has fewer than five), unless they
release you from this requirement.

3. State on the Title page the name of the publisher of the Modified Version, as the publisher.

4. Preserve all the copyright notices of the Document.

5. Add an appropriate copyright notice for your modifications adjacent to the other copyright
notices.

6. Include, immediately after the copyright notices, a license notice giving the public permis-
sion to use the Modified Version under the terms of this License, in the form shown in the
Addendum below.

7. Preserve in that license notice the full lists of Invariant Sections and required Cover Texts
given in the Document’s license notice.

8. Include an unaltered copy of this License.

9. Preserve the section Entitled “History”, Preserve its Title, and add to it an item stating
at least the title, year, new authors, and publisher of the Modified Version as given on the
Title Page. If there is no section Entitled “History” in the Document, create one stating
the title, year, authors, and publisher of the Document as given on its Title Page, then
add an item describing the Modified Version as stated in the previous sentence.
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10. Preserve the network location, if any, given in the Document for public access to a Trans-
parent copy of the Document, and likewise the network locations given in the Document
for previous versions it was based on. These may be placed in the “History” section. You
may omit a network location for a work that was published at least four years before the
Document itself, or if the original publisher of the version it refers to gives permission.

11. For any section Entitled “Acknowledgements” or “Dedications”, Preserve the Title of the
section, and preserve in the section all the substance and tone of each of the contributor
acknowledgements and/or dedications given therein.

12. Preserve all the Invariant Sections of the Document, unaltered in their text and in their
titles. Section numbers or the equivalent are not considered part of the section titles.

13. Delete any section Entitled “Endorsements”. Such a section may not be included in the
Modified Version.

14. Do not re-title any existing section to be Entitled “Endorsements” or to conflict in title
with any Invariant Section.

15. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify as Secondary
Sections and contain no material copied from the Document, you may at your option designate
some or all of these sections as invariant. To do this, add their titles to the list of Invariant
Sections in the Modified Version’s license notice. These titles must be distinct from any other
section titles.

You may add a section Entitled “Endorsements”, provided it contains nothing but endorsements
of your Modified Version by various parties–for example, statements of peer review or that the
text has been approved by an organisation as the authoritative definition of a standard.

You may add a passage of up to five words as a Front-Cover Text, and a passage of up to 25
words as a Back-Cover Text, to the end of the list of Cover Texts in the Modified Version. Only
one passage of Front-Cover Text and one of Back-Cover Text may be added by (or through
arrangements made by) any one entity. If the Document already includes a cover text for the
same cover, previously added by you or by arrangement made by the same entity you are acting
on behalf of, you may not add another; but you may replace the old one, on explicit permission
from the previous publisher that added the old one.

The author(s) and publisher(s) of the Document do not by this License give permission to use
their names for publicity for or to assert or imply endorsement of any Modified Version.

COMBINING DOCUMENTS

You may combine the Document with other documents released under this License, under the
terms defined in section A above for modified versions, provided that you include in the combi-
nation all of the Invariant Sections of all of the original documents, unmodified, and list them
all as Invariant Sections of your combined work in its license notice, and that you preserve all
their Warranty Disclaimers.

The combined work need only contain one copy of this License, and multiple identical Invariant
Sections may be replaced with a single copy. If there are multiple Invariant Sections with the
same name but different contents, make the title of each such section unique by adding at the
end of it, in parentheses, the name of the original author or publisher of that section if known,
or else a unique number. Make the same adjustment to the section titles in the list of Invariant
Sections in the license notice of the combined work.

In the combination, you must combine any sections Entitled “History” in the various original
documents, forming one section Entitled “History”; likewise combine any sections Entitled “Ac-
knowledgements”, and any sections Entitled “Dedications”. You must delete all sections Entitled
“Endorsements”.
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COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents released under
this License, and replace the individual copies of this License in the various documents with a
single copy that is included in the collection, provided that you follow the rules of this License
for verbatim copying of each of the documents in all other respects.

You may extract a single document from such a collection, and distribute it individually under
this License, provided you insert a copy of this License into the extracted document, and follow
this License in all other respects regarding verbatim copying of that document.

AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate and independent documents
or works, in or on a volume of a storage or distribution medium, is called an “aggregate” if the
copyright resulting from the compilation is not used to limit the legal rights of the compilation’s
users beyond what the individual works permit. When the Document is included an aggregate,
this License does not apply to the other works in the aggregate which are not themselves derivative
works of the Document.

If the Cover Text requirement of section A is applicable to these copies of the Document, then if
the Document is less than one half of the entire aggregate, the Document’s Cover Texts may be
placed on covers that bracket the Document within the aggregate, or the electronic equivalent
of covers if the Document is in electronic form. Otherwise they must appear on printed covers
that bracket the whole aggregate.

TRANSLATION

Translation is considered a kind of modification, so you may distribute translations of the Doc-
ument under the terms of section A. Replacing Invariant Sections with translations requires
special permission from their copyright holders, but you may include translations of some or
all Invariant Sections in addition to the original versions of these Invariant Sections. You may
include a translation of this License, and all the license notices in the Document, and any War-
ranty Disclaimers, provided that you also include the original English version of this License and
the original versions of those notices and disclaimers. In case of a disagreement between the
translation and the original version of this License or a notice or disclaimer, the original version
will prevail.

If a section in the Document is Entitled “Acknowledgements”, “Dedications”, or “History”, the
requirement (section A) to Preserve its Title (section A) will typically require changing the actual
title.

TERMINATION

You may not copy, modify, sub-license, or distribute the Document except as expressly provided
for under this License. Any other attempt to copy, modify, sub-license or distribute the Document
is void, and will automatically terminate your rights under this License. However, parties who
have received copies, or rights, from you under this License will not have their licenses terminated
so long as such parties remain in full compliance.

FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions of the GNU Free Documentation
License from time to time. Such new versions will be similar in spirit to the present version, but
may differ in detail to address new problems or concerns. See http://www.gnu.org/copyleft/.
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Each version of the License is given a distinguishing version number. If the Document specifies
that a particular numbered version of this License “or any later version” applies to it, you have the
option of following the terms and conditions either of that specified version or of any later version
that has been published (not as a draft) by the Free Software Foundation. If the Document does
not specify a version number of this License, you may choose any version ever published (not as
a draft) by the Free Software Foundation.

ADDENDUM: How to use this License for your documents

To use this License in a document you have written, include a copy of the License in the document
and put the following copyright and license notices just after the title page:

Copyright c© YEAR YOUR NAME. Permission is granted to copy, distribute and/or
modify this document under the terms of the GNU Free Documentation License,
Version 1.2 or any later version published by the Free Software Foundation; with no
Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts. A copy of the
license is included in the section entitled “GNU Free Documentation License”.

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts, replace the “with...Texts.”
line with this:

with the Invariant Sections being LIST THEIR TITLES, with the Front-Cover Texts being LIST,
and with the Back-Cover Texts being LIST.

If you have Invariant Sections without Cover Texts, or some other combination of the three,
merge those two alternatives to suit the situation.

If your document contains nontrivial examples of program code, we recommend releasing these
examples in parallel under your choice of free software license, such as the GNU General Public
License, to permit their use in free software.
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