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Chapter 11

Vectors

11.1 Introduction

This chapter focuses on vectors. We will learn what is a vector, how it differs from everyday
numbers, how to add, subtract and multiply them and where they appear in Physics.

Are vectors Physics? No, vectors themselves are not Physics. Physics is just a description of
the world around us. To describe something we need to use a language. The most common
language used to describe Physics is Mathematics. Vectors form a very important part of the
mathematical description of Physics, so much so that it is absolutely essential to master the use
of vectors.

11.2 Scalars and Vectors

In Mathematics, you learned that a number is something that represents a quantity. For example
if you have 5 books, 6 apples and 1 bicycle, the 5, 6, and 1 represent how many of each item
you have.

These kinds of numbers are known as scalars.

Definition: Scalar
A scalar is a quantity that has only magnitude (size).

An extension to a scalar is a vector, which is a scalar with a direction. For example, if you travel
1 km down Main Road to school, the quantity 1 km down Main Road is a vector. The 1 km
is the quantity (or scalar) and the down Main Road gives a direction.

In Physics we use the word magnitude to refer to the scalar part of the vector.

Definition: Vectors
A vector is a quantity that has both magnitude and direction.

A vector should tell you how much and which way.

For example, a man is driving his car east along a freeway at 100 km-hr~!. What we have given
here is a vector — the velocity. The car is moving at 100 km-hr~(this is the magnitude) and we
know where it is going — east (this is the direction). Thus, we know the speed and direction of
the car. These two quantities, a magnitude and a direction, form a vector we call velocity.

11.3 Notation

Vectors are different to scalars and therefore has its own notation.
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11.3.1 Mathematical Representation

There are many ways of writing the symbol for a vector. Vectors are denoted by symbols with an
arrow pointing to the right above it. For example, @, ¥ and F' represent the vectors acceleration,
velocity and force, meaning they have both a magnitude and a direction.

Sometimes just the magnitude of a vector is needed. In this case, the arrow is omitted. In other
words, F' denotes the magnitude of vector F. |F| is another way of representing the magnitude
of a vector.

11.3.2 Graphical Representation

Vectors are drawn as arrows. An arrow has both a magnitude (how long it is) and a direction
(the direction in which it points). The starting point of a vector is known as the tail and the
end point is known as the head.

._,/\

Figure 11.1: Examples of vectors

b—— magnitude ———

tail head

Figure 11.2: Parts of a vector

11.4 Directions

There are many acceptable methods of writing vectors. As long as the vector has a magnitude
and a direction, it is most likely acceptable. These different methods come from the different
methods of expressing a direction for a vector.

11.4.1 Relative Directions

The simplest method of expressing direction is relative directions: to the left, to the right,
forward, backward, up and down.
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11.4.2 Compass Directions N

Another common method of expressing direc-
tions is to use the points of a compass: North,
South, East, and West.

If a vector does not point exactly in one
of the compass directions, then we use an angle.
For example, we can have a vector pointing 40°
North of West. Start with the vector pointing
along the West direction:

Then rotate the vector towards the north
until there is a 40° angle between the vector
and the West.

The direction of this vector can also be described A
as: W 40° N (West 40° North); or N 50° W
(North 50° West)

11.4.3 Bearing

The final method of expressing direction is to use a bearing. A bearing is a direction relative to
a fixed point.

Given just an angle, the convention is to define the angle with respect to the North. So, a vector
with a direction of 110° has been rotated clockwise 110° relative to the North. A bearing is
always written as a three digit number, for example 275° or 080° (for 80°).

? Exercise: Scalars and Vectors

® 1. Classify the following quantities as scalars or vectors:

1.1 12 km

1.2 1 m south

1.3 2 m-s~1, 45°
1.4 075°, 2 cm

1.5 100 km-hr—1, 0°

2. Use two different notations to write down the direction of the vector in each of
the following diagrams:

21

2.2
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2.3

11.5 Drawing Vectors

In order to draw a vector accurately we must specify a scale and include a reference direction in
the diagram. A scale allows us to translate the length of the arrow into the vector's magnitude.
For instance if one chose a scale of 1 cm = 2 N (1 cm represents 2 N), a force of 20 N towards
the East would be represented as an arrow 10 cm long. A reference direction may be a line
representing a horizontal surface or the points of a compass.

20N

Y

Method: Drawing Vectors

1.

Ll

Decide upon a scale and write it down.
Determine the length of the arrow representing the vector, by using the scale.
Draw the vector as an arrow. Make sure that you fill in the arrow head.

Fill in the magnitude of the vector.

Worked Example 49: Drawing vectors

Question: Represent the following vector quantities:

1. 6 m-s~Inorth
2. 16 m east

Answer
Step 1 : Decide upon a scale and write it down.

1. 1cm =2 m-s—!

2.1lcm=4m

Step 2 : Determine the length of the arrow at the specific scale.

1. Iflecm =2 m-s~ !, then6 ms~ =3 cm

2. flcm =4 m, then16 m = 4 cm

Step 3 : Draw the vectors as arrows.

1. Scaleused: 1cm =2 m-s~!

Direction = North
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2. Scaleused: 1cm =4 m
Direction = East

16 m

Y

Exercise: Drawing Vectors
Draw each of the following vectors to scale. Indicate the scale that you have
used:

1. 12 km south

1,5 m N 45° W

1 m-s—1, 20° East of North
50 km-hr—1, 085°

5 mm, 225°

e

11.6 Mathematical Properties of Vectors

Vectors are mathematical objects and we need to understand the mathematical properties of
vectors, like adding and subtracting.

For all the examples in this section, we will use displacement as our vector quantity. Displacement
was discussed in Chapter 3. Displacement is defined as the distance together with direction of
the straight line joining a final point to an initial point.

Remember that displacement is just one example of a vector. We could just as well have decided
to use forces or velocities to illustrate the properties of vectors.

11.6.1 Adding Vectors

When vectors are added, we need to add both a magnitude and a direction. For example, take 2
steps in the forward direction, stop and then take another 3 steps in the forward direction. The
first 2 steps is a displacement vector and the second 3 steps is also a displacement vector. If we
did not stop after the first 2 steps, we would have taken 5 steps in the forward direction in total.
Therefore, if we add the displacement vectors for 2 steps and 3 steps, we should get a total of
5 steps in the forward direction. Graphically, this can be seen by first following the first vector
two steps forward and then following the second one three steps forward:

2 steps 3 steps
_|_ =

5 steps
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We add the second vector at the end of the first vector, since this is where we now are after
the first vector has acted. The vector from the tail of the first vector (the starting point) to the
head of the last (the end point) is then the sum of the vectors. This is the head-to-tail method
of vector addition.

As you can convince yourself, the order in which you add vectors does not matter. In the example
above, if you decided to first go 3 steps forward and then another 2 steps forward, the end result
would still be 5 steps forward.

The final answer when adding vectors is called the resultant. The resultant displacement in this
case will be 5 steps forward.

Definition: Resultant of Vectors
The resultant of a number of vectors is the single vector whose effect is the same as the
individual vectors acting together.

In other words, the individual vectors can be replaced by the resultant — the overall effect is the
same. If vectors @ and b have a resultant &, this can be represented mathematically as,

R = a+b.

Let us consider some more examples of vector addition using displacements. The arrows tell you
how far to move and in what direction. Arrows to the right correspond to steps forward, while
arrows to the left correspond to steps backward. Look at all of the examples below and check
them.

1 step 1 step 2 steps 2 steps
+

This example says 1 step forward and then another step forward is the same as an arrow twice
as long — two steps forward.

1 step n 1step 2 steps B 2 steps

This examples says 1 step backward and then another step backward is the same as an arrow
twice as long — two steps backward.

It is sometimes possible that you end up back where you started. In this case the net result of
what you have done is that you have gone nowhere (your start and end points are at the same
place). In this case, your resultant displacement is a vector with length zero units. We use the
symbol 0 to denote such a vector:

1 step L 1 step 1 step

1 step

Il
=1}

1 step 1 step 1 step R
+ = = 0

1 step

Check the following examples in the same way. Arrows up the page can be seen as steps left
and arrows down the page as steps right.

Try a couple to convince yourself!
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It is important to realise that the directions are not special—- ‘forward and backwards’ or ‘left and
right' are treated in the same way. The same is true of any set of parallel directions:

AN Ay

SS A LSS

In the above examples the separate displacements were parallel to one another. However the
same head-to-tail technique of vector addition can be applied to vectors in any direction.

—b /S = TN e

Now you have discovered one use for vectors; describing resultant displacement — how far and
in what direction you have travelled after a series of movements.

Although vector addition here has been demonstrated with displacements, all vectors behave in
exactly the same way. Thus, if given a number of forces acting on a body you can use the same
method to determine the resultant force acting on the body. We will return to vector addition
in more detail later.

11.6.2 Subtracting Vectors

What does it mean to subtract a vector? Well this is really simple; if we have 5 apples and we
subtract 3 apples, we have only 2 apples left. Now lets work in steps; if we take 5 steps forward
and then subtract 3 steps forward we are left with only two steps forward:

5 steps 3 steps 2 steps

What have we done? You originally took 5 steps forward but then you took 3 steps back. That
backward displacement would be represented by an arrow pointing to the left (backwards) with
length 3. The net result of adding these two vectors is 2 steps forward:

5 steps 3 steps 2 steps
_|_ =

Thus, subtracting a vector from another is the same as adding a vector in the opposite direction
(i.e. subtracting 3 steps forwards is the same as adding 3 steps backwards).

‘ Important: Subtracting a vector from another is the same as adding a vector in the opposite

direction.
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This suggests that in this problem to the right was chosen as the positive direction. Arrows to
the right are positive and arrows to the left are negative. More generally, vectors in opposite
directions differ in sign (i.e. if we define up as positive, then vectors acting down are negative).
Thus, changing the sign of a vector simply reverses its direction:

1
-—
Il
R

S S

In mathematical form, subtracting @ from b gives a new vector ¢:

QL

+

E =

SRS
—~

_d’)

This clearly shows that subtracting vector @ from b is the same as adding (—a) to b. Look at
the following examples of vector subtraction.

11.6.3 Scalar Multiplication

What happens when you multiply a vector by a scalar (an ordinary number)?

Going back to normal multiplication we know that 2 x 2 is just 2 groups of 2 added together to
give 4. We can adopt a similar approach to understand how vector multiplication works.

11.7 Techniques of Vector Addition

Now that you have learned about the mathematical properties of vectors, we return to vector
addition in more detail. There are a number of techniques of vector addition. These techniques
fall into two main categories - graphical and algebraic techniques.

11.7.1 Graphical Techniques

Graphical techniques involve drawing accurate scale diagrams to denote individual vectors and
their resultants. We next discuss the two primary graphical techniques, the head-to-tail technique
and the parallelogram method.
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The Head-to-Tail Method

In describing the mathematical properties of vectors we used displacements and the head-to-tail
graphical method of vector addition as an illustration. The head-to-tail method of graphically

adding vectors is a standard method that must be understood.

Method: Head-to-Tail Method of Vector Addition

1.
2.

Choose a scale and include a reference direction.

Choose any of the vectors and draw it as an arrow in the correct direction and of the

correct length — remember to put an arrowhead on the end to denote its direction.

Take the next vector and draw it as an arrow starting from the arrowhead of the first vector

in the correct direction and of the correct length.

Continue until you have drawn each vector — each time starting from the head of the
previous vector. In this way, the vectors to be added are drawn one after the other head-

to-tail.

The resultant is then the vector drawn from the tail of the first vector to the head of the
last. Its magnitude can be determined from the length of its arrow using the scale. Its

direction too can be determined from the scale diagram.

Worked Example 50: Head-to-Tail Addition I

Question: A ship leaves harbour H and sails 6 km north to port A. From here
the ship travels 12 km east to port B, before sailing 5,5 km south-west to port
C. Determine the ship’s resultant displacement using the head-to-tail technique of
vector addition.

Answer

Step 1 : Draw a rough sketch of the situation

Its easy to understand the problem if we first draw a quick sketch. The rough sketch
should include all of the information given in the problem. All of the magnitudes
of the displacements are shown and a compass has been included as a reference
direction. In a rough sketch one is interested in the approximate shape of the vector
diagram.

A 12 km B
A 45°
5,5 km
6 km
N
w E
H S

Step 2 : Choose a scale and include a reference direction.

The choice of scale depends on the actual question — you should choose a scale such
that your vector diagram fits the page.

It is clear from the rough sketch that choosing a scale where 1 cm represents 2 km
(scale: 1 cm = 2 km) would be a good choice in this problem. The diagram will then
take up a good fraction of an A4 page. We now start the accurate construction.
Step 3 : Choose any of the vectors to be summed and draw it as an arrow
in the correct direction and of the correct length — remember to put an
arrowhead on the end to denote its direction.

Starting at the harbour H we draw the first vector 3 cm long in the direction north.
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6 km

H

Step 4 : Take the next vector and draw it as an arrow starting from the head
of the first vector in the correct direction and of the correct length.

Since the ship is now at port A we draw the second vector 6 cm long starting from
point A in the direction east.

12 km \B
A)\ >
N
6 km
w E
S
H

Step 5 : Take the next vector and draw it as an arrow starting from the head
of the second vector in the correct direction and of the correct length.

Since the ship is now at port B we draw the third vector 2,25 cm long starting from
this point in the direction south-west. A protractor is required to measure the angle

of 45°.
A 12 km \B
A 45°

5,5 km N

6 km
w E

S

H

Step 6 : The resultant is then the vector drawn from the tail of the first
vector to the head of the last. Its magnitude can be determined from the
length of its arrow using the scale. Its direction too can be determined from
the scale diagram.

As a final step we draw the resultant displacement from the starting point (the
harbour H) to the end point (port C). We use a ruler to measure the length of this
arrow and a protractor to determine its direction.

6 cm = 12 km \B
A)\ >

2,25 cm = 5,5 km
3cm =6 km

H

Step 7 : Apply the scale conversion

We now use the scale to convert the length of the resultant in the scale diagram to
the actual displacement in the problem. Since we have chosen a scale of 1 cm =
2 km in this problem the resultant has a magnitude of 9,2 km. The direction can
be specified in terms of the angle measured either as 072,3° east of north or on a
bearing of 072,3°.
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Step 8 : Quote the final answer
The resultant displacement of the ship is 9,2 km on a bearing of 072,3°.

Worked Example 51: Head-to-Tail Graphical Addition Il

Question: A man walks 40 m East, then 30 m North.
1. What was the total distance he walked?
2. What is his resultant displacement?

Answer
Step 1 : Draw a rough sketch

X
X
(e? 30 m N
w E
> S
40 m

Step 2 : Determine the distance that the man traveled

In the first part of his journey he traveled 40 m and in the second part he traveled
30 m. This gives us a total distance traveled of 40 m 4+ 30 m = 70 m.

Step 3 : Determine his resultant displacement

The man’s resultant displacement is the vector from where he started to where he
ended. It is the vector sum of his two separate displacements. We will use the
head-to-tail method of accurate construction to find this vector.

Step 4 : Choose a suitable scale

A scale of 1 cm represents 10 m (1 cm = 10 m) is a good choice here. Now we can
begin the process of construction.

Step 5 : Draw the first vector to scale

We draw the first displacement as an arrow 4 cm long in an eastwards direction.

Y

4cm=40m
Step 6 : Draw the second vector to scale

Starting from the head of the first vector we draw the second vector as an arrow
3 cm long in a northerly direction.

3cm =30m

Y

4cm=40m

Step 7 : Determine the resultant vector
Now we connect the starting point to the end point and measure the length and
direction of this arrow (the resultant).
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3cm =30m

4cm=40m

Step 8 : Find the direction

To find the direction you measure the angle between the resultant and the 40 m
vector. You should get about 37°.

Step 9 : Apply the scale conversion

Finally we use the scale to convert the length of the resultant in the scale diagram to
the actual magnitude of the resultant displacement. According to the chosen scale
1 cm = 10 m. Therefore 5 cm represents 50 m. The resultant displacement is then
50 m 37° north of east.

The Parallelogram Method

The

parallelogram method is another graphical technique of finding the resultant of two vectors.

Method: The Parallelogram Method

1
2

4
5

. Choose a scale and a reference direction.

. Choose either of the vectors to be added and draw it as an arrow of the correct length in
the correct direction.

. Draw the second vector as an arrow of the correct length in the correct direction from the
tail of the first vector.

. Complete the parallelogram formed by these two vectors.

. The resultant is then the diagonal of the parallelogram. The magnitude can be determined
from the length of its arrow using the scale. The direction too can be determined from
the scale diagram.

Worked Example 52: Parallelogram Method of Vector Addition |

Question: A force of I} = 5N is applied to a block in a horizontal direction.
A second force Fo = 4N is applied to the object at an angle of 30° above the
horizontal.

Determine the resultant force acting on the block using the parallelogram method
of accurate construction.

Answer

Step 1 : Firstly make a rough sketch of the vector diagram
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Step 2 : Choose a suitable scale

In this problem a scale of 1 cm = 1 N would be appropriate, since then the vector
diagram would take up a reasonable fraction of the page. We can now begin the
accurate scale diagram.

Step 3 : Draw the first scaled vector

Let us draw F7 first. According to the scale it has length 5 cm.

5cm

Step 4 : Draw the second scaled vector
Next we draw F5. According to the scale it has length 4 cm. We make use of a
protractor to draw this vector at 30° to the horizontal.

A
z

<

30°

5cm =5N

Step 5 : Determine the resultant vector
Next we complete the parallelogram and draw the diagonal.

The resultant has a measured length of 8,7 cm.

Step 6 : Find the direction

We use a protractor to measure the angle between the horizontal and the resultant.
We get 13,3°.

Step 7 : Apply the scale conversion

Finally we use the scale to convert the measured length into the actual magnitude.
Since 1 cm = 1 N, 8,7 cm represents 8,7 N. Therefore the resultant force is 8,7 N
at 13,3° above the horizontal.

The parallelogram method is restricted to the addition of just two vectors. However, it is arguably
the most intuitive way of adding two forces acting at a point.

11.7.2 Algebraic Addition and Subtraction of Vectors
Vectors in a Straight Line

Whenever you are faced with adding vectors acting in a straight line (i.e. some directed left and
some right, or some acting up and others down) you can use a very simple algebraic technique:

Method: Addition/Subtraction of Vectors in a Straight Line

1. Choose a positive direction. As an example, for situations involving displacements in the
directions west and east, you might choose west as your positive direction. In that case,
displacements east are negative.

2. Next simply add (or subtract) the vectors using the appropriate signs.

3. As a final step the direction of the resultant should be included in words (positive answers
are in the positive direction, while negative resultants are in the negative direction).
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Let us consider a few examples.

x Worked Example 53: Adding vectors algebraically |

Question: A tennis ball is rolled towards a wall which is 10 m away from the wall.
If after striking the wall the ball rolls a further 2,5 m along the ground away from
the wall, calculate algebraically the ball’s resultant displacement.

Answer

Step 1 : Draw a rough sketch of the situation

10 m

|
|
|
|
|
|

Start

Step 2 : Decide which method to use to calculate the resultant
We know that the resultant displacement of the ball (Zr) is equal to the sum of the
ball's separate displacements (%1 and Z2):

Tp = T+ 2>

Since the motion of the ball is in a straight line (i.e. the ball moves towards and
away from the wall), we can use the method of algebraic addition just explained.
Step 3 : Choose a positive direction

Let's make towards the wall the positive direction. This means that away from the
wall becomes the negative direction.

Step 4 : Now define our vectors algebraically

With right positive:

#1i = +10,0m

fQ = —2,5m

Step 5 : Add the vectors
Next we simply add the two displacements to give the resultant:

Zr = (+10m)+ (—2,5m)
= (+7,5)m
Step 6 : Quote the resultant

Finally, in this case towards the wall means positive so: g = 7,5 m towards the
wall.

x Worked Example 54: Subtracting vectors algebraically |

Question: Suppose that a tennis ball is thrown horizontally towards a wall at an
initial velocity of 3 m-s~!'to the right. After striking the wall, the ball returns to the
thrower at 2 m-s~!. Determine the change in velocity of the ball.

Answer

Step 1 : Draw a sketch

A quick sketch will help us understand the problem.
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|

|

I .

: 1 Wall
|

|

Start

Step 2 : Decide which method to use to calculate the resultant
Remember that velocity is a vector. The change in the velocity of the ball is equal
to the difference between the ball’s initial and final velocities:

AV = Tp — T
Since the ball moves along a straight line (i.e. left and right), we can use the
algebraic technique of vector subtraction just discussed.
Step 3 : Choose a positive direction
Choose towards the wall as the positive direction. This means that away from the
wall becomes the negative direction.
Step 4 : Now define our vectors algebraically

—

¥ = 4+3m-s?

U = —2m-s!

Step 5 : Subtract the vectors
Thus, the change in velocity of the ball is:

AT = (—2m-s') = (+3m-s7!)
= (-5)m-s!
Step 6 : Quote the resultant

Remember that in this case towards the wall means positive so: AV =5m s~
the away from the wall.

Ito

, Exercise: Resultant Vectors

(] 1. Harold walks to school by walking 600 m Northeast and then 500 m N 40° W.
Determine his resultant displacement by using accurate scale drawings.

2. A dove flies from her nest, looking for food for her chick. She flies at a velocity
of 2 m-s~'on a bearing of 135° and then at a velocity of 1,2 m-s~'on a bearing
of 230°. Calculate her resultant velocity by using accurate scale drawings.

3. A squash ball is dropped to the floor with an initial velocity of 2,5 m-s~1. |
rebounds (comes back up) with a velocity of 0,5 m-s~1.

3.1 What is the change in velocity of the squash ball?
3.2 What is the resultant velocity of the squash ball?

Remember that the technique of addition and subtraction just discussed can only be applied to
vectors acting along a straight line. When vectors are not in a straight line, i.e. at an angle to
each other, the following method can be used:
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A More General Algebraic technique

Simple geometric and trigonometric techniques can be used to find resultant vectors.

x Worked Example 55: An Algebraic Solution |

Question: A man walks 40 m East, then 30 m North. Calculate the man'’s resultant
displacement.

Answer
Step 1 : Draw a rough sketch
As before, the rough sketch looks as follows:

X
N
(e? 30 m N
W E
a S
-~
40 m S

Step 2 : Determine the length of the resultant

Note that the triangle formed by his separate displacement vectors and his resultant
displacement vector is a right-angle triangle. We can thus use the Theorem of
Pythagoras to determine the length of the resultant. Let x represent the length of
the resultant vector. Then:

% = (40m)? + (30m)?
% = 2500m?
rzr = 50m

Step 3 : Determine the direction of the resultant

Now we have the length of the resultant displacement vector but not yet its di-
rection. To determine its direction we calculate the angle o between the resultant
displacement vector and East, by using simple trigonometry:

oppositeside

tanae = ——m——

adjacentside
ta 30
na = —
40

a = tan"'(0,75)
36,9°

Step 4 : Quote the resultant
The resultant displacement is then 50 m at 36,9° North of East.
This is exactly the same answer we arrived at after drawing a scale diagram!

In the previous example we were able to use simple trigonometry to calculate the resultant
displacement. This was possible since the directions of motion were perpendicular (north and
east). Algebraic techniques, however, are not limited to cases where the vectors to be combined
are along the same straight line or at right angles to one another. The following example
illustrates this.
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Worked Example 56: An Algebraic Solution Il

Question: A man walks from point A to point B which is 12 km away on a bearing
of 45°. From point B the man walks a further 8 km east to point C. Calculate the
resultant displacement.

Answer
Step 1 : Draw a rough sketch of the situation

B/ilF = 45° since the man walks initially on a bearing of 45°. Then, ABG =
BAF = 45° (parallel lines, alternate angles). Both of these angles are included in
the rough sketch.

Step 2 : Calculate the length of the resultant
The resultant is the vector AC. Since we know both the lengths of AB and BC and
the included angle ABC, we can use the cosine rule:

AC? = AB?+ BC?—-2-AB-BCcos(ABC)
= (12)% +(8)* — 2 (12)(8) cos(135°)
= 3438

AC = 18,5km

Step 3 : Determine the direction of the resultant
Next we use the sine rule to determine the angle 6:

sin 0 _ sin 135°
8 185
. 8 x sin 135°
Sln9 = —_———
18,5
= sin"1(0,3058)
= 17.8°

To find FAC, we add 45°. Thus, FAC = 62,8°.

Step 4 : Quote the resultant
The resultant displacement is therefore 18,5 km on a bearing of 062,8°.

Exercise: More Resultant Vectors

1. Hector, a long distance athlete, runs at a velocity of 3 m-s~!in a northerly

direction. He turns and runs at a velocity of 5 m-s~tin a westerly direction.
Find his resultant velocity by using appropriate calculations. Include a rough
sketch of the situation in your answer.
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2. Sandra walks to the shop by walking 500 m Northwest and then 400 m N 30°
E. Determine her resultant displacement by doing appropriate calculations.

11.8 Components of Vectors

In the discussion of vector addition we saw that a number of vectors acting together can be
combined to give a single vector (the resultant). In much the same way a single vector can be
broken down into a number of vectors which when added give that original vector. These vectors
which sum to the original are called components of the original vector. The process of breaking
a vector into its components is called resolving into components.

While summing a given set of vectors gives just one answer (the resultant), a single vector can be
resolved into infinitely many sets of components. In the diagrams below the same black vector
is resolved into different pairs of components. These components are shown as dashed lines.
When added together the dashed vectors give the original black vector (i.e. the original vector
is the resultant of its components).

_____ s

In practice it is most useful to resolve a vector into components which are at right angles to one
another, usually horizontal and vertical.

Any vector can be resolved |nto a horlzontal and a vertical component. If Ais a vector, then
the horizontal component of Ais A, and the vertical component is A

x Worked Example 57: Resolving a vector into components

Question: A motorist undergoes a displacement of 250 km in a direction 30° north
of east. Resolve this displacement into components in the directions north (Zy) and
east (Zg).

Answer
Step 1 : Draw a rough sketch of the original vector

228



CHAPTER 11. VECTORS 11.8

Step 2 : Determine the vector component

Next we resolve the displacement into its components north and east. Since these
directions are perpendicular to one another, the components form a right-angled
triangle with the original displacement as its hypotenuse.

Notice how the two components acting together give the original vector as their
resultant.

Step 3 : Determine the lengths of the component vectors

Now we can use trigonometry to calculate the magnitudes of the components of the
original displacement:

xy = (250)(sin30°)
= 125 km
and
g = (250)(cos30°)
216,5 km

Remember z and xg are the magnitudes of the components — they are in the
directions north and east respectively.

Extension: Block on an incline
As a further example of components let us consider a block of mass m placed on
a frictionless surface inclined at some angle 8 to the horizontal. The block will
obviously slide down the incline, but what causes this motion?

The forces acting on the block are its weight mg and the normal force N exerted
by the surface on the object. These two forces are shown in the diagram below.
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Now the object's weight can be resolved into components parallel and perpen-
dicular to the inclined surface. These components are shown as dashed arrows in
the diagram above and are at right angles to each other. The components have
been drawn acting from the same point. Applying the parallelogram method, the
two components of the block’s weight sum to the weight vector.

To find the components in terms of the weight we can use trigonometry:

Fy = mgsind

Fy1 = mgcosf

The component of the weight perpendicular to the slope Fj;| exactly balances the
normal force N exerted by the surface. The parallel component, however, qul is
unbalanced and causes the block to slide down the slope.

Extension: Worked example

Worked Example 58: Block on an incline plane

Question: Determine the force needed to keep a 10 kg block from slid-
ing down a frictionless slope. The slope makes an angle of 30° with the
horizontal.

Answer
Step 1 : Draw a diagram of the situation

p

The force that will keep the block from sliding is equal to the parallel
component of the weight, but its direction is up the slope.

Step 2 : Calculate I
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F,

gl = mgsinf

= (10)(9,8)(sin 30°)
49N

Step 3 : Write final answer
The force is 49 N up the slope.

11.8.1 Vector addition using components

Components can also be used to find the resultant of vectors. This technique can be applied
to both graphical and algebraic methods of finding the resultant. The method is simple: make
a rough sketch of the problem, find the horizontal and vertical components of each vector, find
the sum of all horizontal components and the sum of all the vertical components and then use
them to find the resultant.

Consider the two vectors, A and é in Figure 11.3, together with their resultant, R.

Figure 11.3: An example of two vectors being added to give a resultant

Each vector in Figure 11.3 can be broken down into a component in the z-direction and one
in the y-direction. These components are two vectors which when added give you the original
vector as the resultant. This is shown in Figure 11.4 where we can see that:

A = A, +4 . L
; ; H;‘” But, B, = A,+5,
- Y and éy _'y—|—§y
R = R,+R,

In summary, addition of the x components of the two original vectors gives the x component of
the resultant. The same applies to the y components. So if we just added all the components
together we would get the same answer! This is another important property of vectors.

Worked Example 59: Adding Vectors Using Components

Question: If in Figure 11.4, A= 5,385 m at an angle o£21.8° to the horizontal and
B = 5m at an angle of 53,13° to the horizontal, find R.

Answer
Step 1 : Decide how to tackle the problem
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Figure 11.4: Adding vectors using components.

The first thing we must realise is that the order that we add the vectors does not
matter. Therefore, we can work through the vectors to be added in any order.

Step 2 : Resolve A into components

We find the components of A by using known trigonometric ratios. First we find the
magnitude of the vertical component, A,:

A
sinff = ¢
S1n A
A
in21,8° = Y
Smeh 5.385
A, = (5,385)(sin21,8°)
= 2m

Secondly we find the magnitude of the horizontal component, A,:

Ay
0 = =
cos 1
o Aw
cos21.8° = 5355
A, = (5,385)(cos21,8°)
= bm

The components give the sides of the right angle triangle, for which the original
vector is the hypotenuse.

Step 3 : Resolve B into components

We find the components of B by using known trigonometric ratios. First we find
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the magnitude of the vertical component, B,:

B
sinf) = Yy
sin 5
. o B,
sin 53,13° = =
B, = (5)(sinb3,13°)

= 4m

Secondly we find the magnitude of the horizontal component, B, :

B
g = =
cos 3
B
521,8° = -
cos 21,8 5,385
B, = (5,385)(cos53,13°)
= Hm

Step 4 : Determine the components of the resultant vector

Now we have all the components. If we add all the horizontal components then we
will have the z-component of the resultant vector, R,. Similarly, we add all the
vertical components then we will have the y-component of the resultant vector, R,,.

R, = A,+ B,
5m+ 3m

= 8m
Therefore, ﬁm is 8 m to the right.
R, = A,+ By

= 2m+4m

6m

Therefore, éy is 6 m up.
Step 5 : Determine the magnitude and direction of the resultant vector

Now that we have the components of the resultant, we can use the Theorem of
Pythagoras to determine the magnitude of the resultant, R.

R* = (R.)*+(R))”
R* = (6)>+(8)°
R?> = 100

R = 10m
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The magnitude of the resultant, R is 10 m. So all we have to do is calculate its
direction. We can specify the direction as the angle the vectors makes with a known
direction. To do this you only need to visualise the vector as starting at the origin
of a coordinate system. We have drawn this explicitly below and the angle we will
calculate is labeled a.

Using our known trigonometric ratios we can calculate the value of «;

tana = 6_rn
8m
a = tan~! 6_m
8m
a = 36,8°

Step 6 : Quote the final answer
R is 10 m at an angle of 36,8° to the positive z-axis.

, Exercise: Adding and Subtracting Components of Vectors

(] 1. Harold walks to school by walking 600 m Northeast and then 500 m N 40° W.
Determine his resultant displacement by means of addition of components of
vectors.

2. A dove flies from her nest, looking for food for her chick. She flies at a velocity
of 2 m-s~ton a bearing of 135° and then at a velocity of 1,2 m-s~on a bearing
of 230°. Calculate her resultant velocity by adding the horizontal and vertical
components of vectors.

Extension: Vector Multiplication
Vectors are special, they are more than just numbers. This means that multiplying
vectors is not necessarily the same as just multiplying their magnitudes. There are
two different types of multiplication defined for vectors. You can find the dot product
of two vectors or the cross product.
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The dot product is most similar to regular multiplication between scalars. To
take the dot product of two vectors, you just multiply their magnitudes to get out a
scalar answer. The maths definition of the dot product is:

Geb=|d-|bcost

: e

You can draw in the component of b that is parallel to a:

Take two vectors @ and b:

b

|
|
2 7 ) |

bcosf

_In this way we can arrive at the definition of the dot product. You find how much
of b is lined up with @ by finding the component of b parallel to @. Then multiply
the magnitude of that component, |b| cos 6, with the magnitude of @ to get a scalar.

The second type of multiplication is more subtle and uses the directions of the
vectors in a more complicated way to get another vector as the answer. The maths
definition of the cross product is:

@xb=|a|b|sing
This gives the magnitude of the answer, but we still need to find the direction of
the resultant vector. We do this by applying the right hand rule.
Method: Right Hand Rule
1. Using your right hand: R
2. Point your index finger in the direction of a. a o
b

3. Point the middle finger in the direction of b.

4. Your thumb will show the direction of @ x b.

11.8.2 Summary

1.

A scalar is a physical quantity with magnitude only.
A vector is a physical quantity with magnitude and direction.

Vectors are drawn as arrows where the length of the arrow indicates the magnitude and
the arrowhead indicates the direction of the vector.

The direction of a vector can be indicated by referring to another vector or a fixed point
(eg. 30° from the river bank); using a compass (eg. N 30° W); or bearing (eg. 053°).

. Vectors can be added using the head-to-tail method, the parallelogram method or the

component method.

The resultant of a vector is the single vector whose effect is the same as the individual
vectors acting together.
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11.8.3 End of chapter exercises: Vectors

1. An object is suspended by means of a light string. The sketch

shows a horizontal force F' which pulls the object from the ver- \
tical position until it reaches an equilibrium position as shown. E
Which one of the following vector diagrams best represents all —

the forces acting on the object?

B C D

2. A load of weight W is suspended from two strings. F; and F5
are the forces exerted by the strings on the load in the directions

show in the figure above. Which one of the following equations
is valid for this situation?

A

A W =F}+F;

Fy sin50° = F sin 30°

B
C  Ficosb0° = F5cos 30°
D W=F+F

3. Two spring balances P and () are connected by
means of a piece of string to a wall as shown.
A horizontal force of 100 N is exerted on spring -  Jo—0L:
balance Q. What will be the readings on spring
balances P and Q7

100N

P Q
A | 100 N ON
B| 25N | 75N
C| 50N | 50N
D | 100 N | 100 N

4. A point is acted on by two forces in equilibrium. The forces

A have equal magnitudes and directions.
have equal magnitudes but opposite directions.

act perpendicular to each other.

O n w

act in the same direction.

5. A point in equilibrium is acted on by three forces. Force F}
has components 15 N due south and 13 N due west. What
are the components of force F5?

N
I
|
1
1
1

13 N due north and 20 due west
13 N due north and 13 N due west

15 N due north and 7 N due west

O o W >

15 N due north and 13 N due east
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6. Which of the following contains two vectors and a scalar?
A distance, acceleration, speed
B displacement, velocity, acceleration
C distance, mass, speed
D

displacement, speed, velocity

7. Two vectors act on the same point. What should the angle between them be so that a maximum
resultant is obtained?

A 0° B 90° C 180° D cannot tell

8. Two forces, 4 N and 11 N, act on a point. Which one of the following cannot be a resultant?

A 4N B 7N C 11N D 15N

11.8.4 End of chapter exercises: Vectors - Long questions

1. A helicopter flies due east with an air speed of 150 km.h~!. It flies through an air current
which moves at 200 km.h~! north. Given this information, answer the following questions:
1.1 In which direction does the helicopter fly?
1.2 What is the ground speed of the helicopter?
1.3 Calculate the ground distance covered in 40 minutes by the helicopter.

2. A plane must fly 70 km due north. A cross wind is blowing to the west at 30 km.h—!. In
which direction must the pilot steer if the plane goes at 200 km.h~! in windless conditions?

3. A stream that is 280 m wide flows along its banks with a velocity of 1.80m.s~!. A raft
can travel at a speed of 2.50 m.s~! across the stream. Answer the following questions:
3.1 What is the shortest time in which the raft can cross the stream?
3.2 How far does the raft drift downstream in that time?

3.3 In what direction must the raft be steered against the current so that it crosses the
stream perpendicular to its banks?

3.4 How long does it take to cross the stream in question 37

4. A helicopter is flying from place X to place Y. Y is 1000 km away in a direction 50° east of
north and the pilot wishes to reach it in two hours. There is a wind of speed 150 km.h~!
blowing from the northwest. Find, by accurate construction and measurement (with a
scale of 1 cm = 50 km.hfl), the

4.1 the direction in which the helicopter must fly, and
4.2 the magnitude of the velocity required for it to reach its destination on time.

5. An aeroplane is flying towards a destination 300 km due south from its present position.
There is a wind blowing from the north east at 120 km.h~!. The aeroplane needs to reach
its destination in 30 minutes. Find, by accurate construction and measurement (with a
scale of 1 cm = 30 km.s_l), or otherwise, the

5.1 the direction in which the aeroplane must fly and

5.2 the speed which the aeroplane must maintain in order to reach the destination on
time.

5.3 Confirm your answers in the previous 2 subquestions with calculations.

6. An object of weight W is supported by two ca- 457
bles attached to the ceiling and wall as shown.
The tensions in the two cables are 717 and 15 T

respectively. Tension 77 = 1200 N. Determine the 70°
tension T» and weight W of the object by accu-
rate construction and measurement or by calculation.

T
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7.

In a map-work exercise, hikers are required to walk from a tree marked A on the map to
another tree marked B which lies 2,0 km due East of A. The hikers then walk in a straight
line to a waterfall in position C which has components measured from B of 1,0 km E and
4,0 km N.

7.1 Distinguish between quantities that are described as being vector and scalar.

7.2 Draw a labelled displacement-vector diagram (not necessarily to scale) of the hikers’
complete journey.

7.3 What is the total distance walked by the hikers from their starting point at A to the
waterfall C?

7.4 What are the magnitude and bearing, to the nearest degree, of the displacement of
the hikers from their starting point to the waterfall?

An object X is supported by two strings, A and B,
attached to the ceiling as shown in the sketch. Each of

these strings can withstand a maximum force of 700 N. 30° 45
The weight of X is increased gradually. A B
8.1 Draw a rough sketch of the triangle of forces, and
use it to explain which string will break first.
X

8.2 Determine the maximum weight of X which can
be supported.

. A rope is tied at two points which are 70 cm apart from each other, on the same horizontal

line. The total length of rope is 1 m, and the maximum tension it can withstand in any
part is 1000 N. Find the largest mass (m), in kg, that can be carried at the midpoint of
the rope, without breaking the rope. Include a vector diagram in your answer.
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GNU Free Documentation License

Version 1.2, November 2002

Copyright (©) 2000,2001,2002 Free Software Foundation, Inc.

59 Temple Place, Suite 330, Boston, MA 02111-1307 USA

Everyone is permitted to copy and distribute verbatim copies of this license document, but
changing it is not allowed.

PREAMBLE

The purpose of this License is to make a manual, textbook, or other functional and useful
document “free” in the sense of freedom: to assure everyone the effective freedom to copy and
redistribute it, with or without modifying it, either commercially or non-commercially.
Secondarily, this License preserves for the author and publisher a way to get credit for their
work, while not being considered responsible for modifications made by others.

This License is a kind of “copyleft”, which means that derivative works of the document must
themselves be free in the same sense. It complements the GNU General Public License, which
is a copyleft license designed for free software.

We have designed this License in order to use it for manuals for free software, because free
software needs free documentation: a free program should come with manuals providing the
same freedoms that the software does. But this License is not limited to software manuals; it
can be used for any textual work, regardless of subject matter or whether it is published as a
printed book. We recommend this License principally for works whose purpose is instruction or
reference.

APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that contains a notice placed
by the copyright holder saying it can be distributed under the terms of this License. Such a
notice grants a world-wide, royalty-free license, unlimited in duration, to use that work under
the conditions stated herein. The “Document”, below, refers to any such manual or work. Any
member of the public is a licensee, and is addressed as “you”. You accept the license if you
copy, modify or distribute the work in a way requiring permission under copyright law.

A “Modified Version” of the Document means any work containing the Document or a portion
of it, either copied verbatim, or with modifications and/or translated into another language.

A “Secondary Section” is a named appendix or a front-matter section of the Document that
deals exclusively with the relationship of the publishers or authors of the Document to the
Document's overall subject (or to related matters) and contains nothing that could fall directly
within that overall subject. (Thus, if the Document is in part a textbook of mathematics, a
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Secondary Section may not explain any mathematics.) The relationship could be a matter of
historical connection with the subject or with related matters, or of legal, commercial,
philosophical, ethical or political position regarding them.

The “Invariant Sections” are certain Secondary Sections whose titles are designated, as being
those of Invariant Sections, in the notice that says that the Document is released under this
License. If a section does not fit the above definition of Secondary then it is not allowed to be
designated as Invariant. The Document may contain zero Invariant Sections. If the Document
does not identify any Invariant Sections then there are none.

The “Cover Texts" are certain short passages of text that are listed, as Front-Cover Texts or
Back-Cover Texts, in the notice that says that the Document is released under this License. A
Front-Cover Text may be at most 5 words, and a Back-Cover Text may be at most 25 words.

A “Transparent” copy of the Document means a machine-readable copy, represented in a
format whose specification is available to the general public, that is suitable for revising the
document straightforwardly with generic text editors or (for images composed of pixels) generic
paint programs or (for drawings) some widely available drawing editor, and that is suitable for
input to text formatters or for automatic translation to a variety of formats suitable for input to
text formatters. A copy made in an otherwise Transparent file format whose markup, or
absence of markup, has been arranged to thwart or discourage subsequent modification by
readers is not Transparent. An image format is not Transparent if used for any substantial
amount of text. A copy that is not “Transparent” is called “Opaque”.

Examples of suitable formats for Transparent copies include plain ASCII without markup,
Texinfo input format, IATEX input format, SGML or XML using a publicly available DTD and
standard-conforming simple HTML, PostScript or PDF designed for human modification.
Examples of transparent image formats include PNG, XCF and JPG. Opaque formats include
proprietary formats that can be read and edited only by proprietary word processors, SGML or
XML for which the DTD and/or processing tools are not generally available, and the
machine-generated HTML, PostScript or PDF produced by some word processors for output
purposes only.

The “Title Page” means, for a printed book, the title page itself, plus such following pages as
are needed to hold, legibly, the material this License requires to appear in the title page. For
works in formats which do not have any title page as such, “Title Page” means the text near
the most prominent appearance of the work’s title, preceding the beginning of the body of the
text.

A section “Entitled XYZ" means a named subunit of the Document whose title either is
precisely XYZ or contains XYZ in parentheses following text that translates XYZ in another
language. (Here XYZ stands for a specific section name mentioned below, such as
“Acknowledgements”, “Dedications”, "Endorsements”, or "History”.) To “Preserve the Title"
of such a section when you modify the Document means that it remains a section “Entitled
XYZ" according to this definition.

The Document may include Warranty Disclaimers next to the notice which states that this

License applies to the Document. These Warranty Disclaimers are considered to be included by
reference in this License, but only as regards disclaiming warranties: any other implication that
these Warranty Disclaimers may have is void and has no effect on the meaning of this License.

VERBATIM COPYING

You may copy and distribute the Document in any medium, either commercially or
non-commercially, provided that this License, the copyright notices, and the license notice
saying this License applies to the Document are reproduced in all copies, and that you add no
other conditions whatsoever to those of this License. You may not use technical measures to
obstruct or control the reading or further copying of the copies you make or distribute.
However, you may accept compensation in exchange for copies. If you distribute a large enough
number of copies you must also follow the conditions in section A.
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You may also lend copies, under the same conditions stated above, and you may publicly
display copies.

COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have printed covers) of the
Document, numbering more than 100, and the Document'’s license notice requires Cover Texts,
you must enclose the copies in covers that carry, clearly and legibly, all these Cover Texts:
Front-Cover Texts on the front cover, and Back-Cover Texts on the back cover. Both covers
must also clearly and legibly identify you as the publisher of these copies. The front cover must
present the full title with all words of the title equally prominent and visible. You may add
other material on the covers in addition. Copying with changes limited to the covers, as long as
they preserve the title of the Document and satisfy these conditions, can be treated as
verbatim copying in other respects.

If the required texts for either cover are too voluminous to fit legibly, you should put the first
ones listed (as many as fit reasonably) on the actual cover, and continue the rest onto adjacent

pages.

If you publish or distribute Opaque copies of the Document numbering more than 100, you
must either include a machine-readable Transparent copy along with each Opaque copy, or
state in or with each Opaque copy a computer-network location from which the general
network-using public has access to download using public-standard network protocols a
complete Transparent copy of the Document, free of added material. If you use the latter
option, you must take reasonably prudent steps, when you begin distribution of Opaque copies
in quantity, to ensure that this Transparent copy will remain thus accessible at the stated
location until at least one year after the last time you distribute an Opaque copy (directly or
through your agents or retailers) of that edition to the public.

It is requested, but not required, that you contact the authors of the Document well before
redistributing any large number of copies, to give them a chance to provide you with an
updated version of the Document.

MODIFICATIONS

You may copy and distribute a Modified Version of the Document under the conditions of
sections A and A above, provided that you release the Modified Version under precisely this
License, with the Modified Version filling the role of the Document, thus licensing distribution
and modification of the Modified Version to whoever possesses a copy of it. In addition, you
must do these things in the Modified Version:

1. Use in the Title Page (and on the covers, if any) a title distinct from that of the
Document, and from those of previous versions (which should, if there were any, be listed
in the History section of the Document). You may use the same title as a previous
version if the original publisher of that version gives permission.

2. List on the Title Page, as authors, one or more persons or entities responsible for
authorship of the modifications in the Modified Version, together with at least five of the
principal authors of the Document (all of its principal authors, if it has fewer than five),
unless they release you from this requirement.

3. State on the Title page the name of the publisher of the Modified Version, as the
publisher.

4. Preserve all the copyright notices of the Document.

5. Add an appropriate copyright notice for your modifications adjacent to the other
copyright notices.
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6. Include, immediately after the copyright notices, a license notice giving the public
permission to use the Modified Version under the terms of this License, in the form
shown in the Addendum below.

7. Preserve in that license notice the full lists of Invariant Sections and required Cover Texts
given in the Document's license notice.

8. Include an unaltered copy of this License.

9. Preserve the section Entitled “History”, Preserve its Title, and add to it an item stating
at least the title, year, new authors, and publisher of the Modified Version as given on
the Title Page. If there is no section Entitled “History” in the Document, create one
stating the title, year, authors, and publisher of the Document as given on its Title Page,
then add an item describing the Modified Version as stated in the previous sentence.

10. Preserve the network location, if any, given in the Document for public access to a
Transparent copy of the Document, and likewise the network locations given in the
Document for previous versions it was based on. These may be placed in the “History”
section. You may omit a network location for a work that was published at least four
years before the Document itself, or if the original publisher of the version it refers to
gives permission.

11. For any section Entitled “Acknowledgements” or "Dedications”, Preserve the Title of the
section, and preserve in the section all the substance and tone of each of the contributor
acknowledgements and/or dedications given therein.

12. Preserve all the Invariant Sections of the Document, unaltered in their text and in their
titles. Section numbers or the equivalent are not considered part of the section titles.

13. Delete any section Entitled "Endorsements”. Such a section may not be included in the
Modified Version.

14. Do not re-title any existing section to be Entitled “Endorsements” or to conflict in title
with any Invariant Section.

15. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify as
Secondary Sections and contain no material copied from the Document, you may at your
option designate some or all of these sections as invariant. To do this, add their titles to the
list of Invariant Sections in the Modified Version's license notice. These titles must be distinct
from any other section titles.

You may add a section Entitled “Endorsements”, provided it contains nothing but endorsements
of your Modified Version by various parties—for example, statements of peer review or that the
text has been approved by an organisation as the authoritative definition of a standard.

You may add a passage of up to five words as a Front-Cover Text, and a passage of up to 25
words as a Back-Cover Text, to the end of the list of Cover Texts in the Modified Version.
Only one passage of Front-Cover Text and one of Back-Cover Text may be added by (or
through arrangements made by) any one entity. If the Document already includes a cover text
for the same cover, previously added by you or by arrangement made by the same entity you
are acting on behalf of, you may not add another; but you may replace the old one, on explicit
permission from the previous publisher that added the old one.

The author(s) and publisher(s) of the Document do not by this License give permission to use
their names for publicity for or to assert or imply endorsement of any Modified Version.

COMBINING DOCUMENTS

You may combine the Document with other documents released under this License, under the
terms defined in section A above for modified versions, provided that you include in the
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combination all of the Invariant Sections of all of the original documents, unmodified, and list
them all as Invariant Sections of your combined work in its license notice, and that you
preserve all their Warranty Disclaimers.

The combined work need only contain one copy of this License, and multiple identical Invariant
Sections may be replaced with a single copy. If there are multiple Invariant Sections with the
same name but different contents, make the title of each such section unique by adding at the
end of it, in parentheses, the name of the original author or publisher of that section if known,
or else a unique number. Make the same adjustment to the section titles in the list of Invariant
Sections in the license notice of the combined work.

In the combination, you must combine any sections Entitled “History” in the various original
documents, forming one section Entitled “History”; likewise combine any sections Entitled
“Acknowledgements”, and any sections Entitled “Dedications”. You must delete all sections
Entitled “Endorsements”.

COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents released under
this License, and replace the individual copies of this License in the various documents with a
single copy that is included in the collection, provided that you follow the rules of this License
for verbatim copying of each of the documents in all other respects.

You may extract a single document from such a collection, and distribute it individually under
this License, provided you insert a copy of this License into the extracted document, and follow
this License in all other respects regarding verbatim copying of that document.

AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate and independent
documents or works, in or on a volume of a storage or distribution medium, is called an
“aggregate” if the copyright resulting from the compilation is not used to limit the legal rights
of the compilation’s users beyond what the individual works permit. When the Document is
included an aggregate, this License does not apply to the other works in the aggregate which
are not themselves derivative works of the Document.

If the Cover Text requirement of section A is applicable to these copies of the Document, then
if the Document is less than one half of the entire aggregate, the Document's Cover Texts may
be placed on covers that bracket the Document within the aggregate, or the electronic
equivalent of covers if the Document is in electronic form. Otherwise they must appear on
printed covers that bracket the whole aggregate.

TRANSLATION

Translation is considered a kind of modification, so you may distribute translations of the
Document under the terms of section A. Replacing Invariant Sections with translations requires
special permission from their copyright holders, but you may include translations of some or all
Invariant Sections in addition to the original versions of these Invariant Sections. You may
include a translation of this License, and all the license notices in the Document, and any
Warranty Disclaimers, provided that you also include the original English version of this License
and the original versions of those notices and disclaimers. In case of a disagreement between
the translation and the original version of this License or a notice or disclaimer, the original
version will prevail.

If a section in the Document is Entitled “Acknowledgements”, “Dedications”, or “History”, the
requirement (section A) to Preserve its Title (section A) will typically require changing the
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actual title.

TERMINATION

You may not copy, modify, sub-license, or distribute the Document except as expressly provided
for under this License. Any other attempt to copy, modify, sub-license or distribute the
Document is void, and will automatically terminate your rights under this License. However,
parties who have received copies, or rights, from you under this License will not have their
licenses terminated so long as such parties remain in full compliance.

FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions of the GNU Free
Documentation License from time to time. Such new versions will be similar in spirit to the
present version, but may differ in detail to address new problems or concerns. See
http://www.gnu.org/copyleft/.

Each version of the License is given a distinguishing version number. If the Document specifies
that a particular numbered version of this License “or any later version” applies to it, you have
the option of following the terms and conditions either of that specified version or of any later
version that has been published (not as a draft) by the Free Software Foundation. If the
Document does not specify a version number of this License, you may choose any version ever
published (not as a draft) by the Free Software Foundation.

ADDENDUM: How to use this License for your documents

To use this License in a document you have written, include a copy of the License in the
document and put the following copyright and license notices just after the title page:

Copyright © YEAR YOUR NAME. Permission is granted to copy, distribute and/or
modify this document under the terms of the GNU Free Documentation License,
Version 1.2 or any later version published by the Free Software Foundation; with no
Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts. A copy of the
license is included in the section entitled “GNU Free Documentation License”.

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts, replace the
“with...Texts.” line with this:

with the Invariant Sections being LIST THEIR TITLES, with the Front-Cover Texts being
LIST, and with the Back-Cover Texts being LIST.

If you have Invariant Sections without Cover Texts, or some other combination of the three,
merge those two alternatives to suit the situation.

If your document contains nontrivial examples of program code, we recommend releasing these
examples in parallel under your choice of free software license, such as the GNU General Public
License, to permit their use in free software.
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