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Chapter 13

Geometrical Optics - Grade 11

13.1 Introduction

In Grade 10, we studied how light is reflected and refracted. This chapter builds on what you
have learnt in Grade 10. You will learn about lenses, how the human eye works as well as how
telescopes and microscopes work.

13.2 Lenses

In this section we will discuss properties of thin lenses. In Grade 10, you learnt about two kinds
of mirrors: concave mirrors which were also known as converging mirrors and convex mirrors
which were also known as diverging mirrors. Similarly, there are two types of lenses: converging
and diverging lenses.

We have learnt how light travels in different materials, and we are now ready to learn how we
can control the direction of light rays. We use lenses to control the direction of light. When
light enters a lens, the light rays bend or change direction as shown in Figure 13.1.

Definition: Lens

A lens is any transparent material (e.g. glass) of an appropriate shape that can take parallel
rays of incident light and either converge the rays to a point or diverge the rays from a
point.

Some lenses will focus light rays to a single point. These lenses are called converging or concave
lenses. Other lenses spread out the light rays so that it looks like they all come from the same
point. These lenses are called diverging or convex lenses. Lenses change the direction of light
rays by refraction. They are designed so that the image appears in a certain place or as a certain
size. Lenses are used in eyeglasses, cameras, microscopes, and telescopes. You also have lenses
in your eyes!

Definition: Converging Lenses
Converging lenses converge parallel rays of light and are thicker in the middle than at the
edges.

Definition: Diverging Lenses
Diverging lenses diverge parallel rays of light and are thicker at the edges than in the middle.
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_ parallel rays of ( — rays are focused
light enter the lens ( —_ at the same point

(a) A converging lens will focus the rays that enter the lens

e
e ’,’
parallel rays of =~ rays are spread out
light enter the lens <T as if they are coming
& S~~~ from the same point
~

(b) A diverging lens will spread out the rays that enter the lens

Figure 13.1: The behaviour of parallel light rays entering either a converging or diverging lens.

Examples of converging and diverging lenses are shown in Figure 13.2.

converging lenses diverging lenses

Figure 13.2: Types of lenses

Before we study lenses in detail, there are a few important terms that must be defined. Figure 13.3
shows important lens properties:

e The principal axis is the line which runs horizontally straight through the optical centre
of the lens. It is also sometimes called the optic axis.

e The optical centre (O) of a convex lens is usually the centre point of the lens. The
direction of all light rays which pass through the optical centre, remains unchanged.

e The focus or focal point of the lens is the position on the principal axis where all light
rays which run parallel to the principal axis through the lens converge (come together) at
a point. Since light can pass through the lens either from right to left or left to right,
there is a focal point on each side of the lens (F} and F3), at the same distance from the
optical centre in each direction. (Note: the plural form of the word focus is foci.)

e The focal length (f) is the distance between the optical centre and the focal point.
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Principal axis

F Fy
Optical centre

|

(a) converging lens

F1 F2
Optical centre
f

(b) diverging lens

Principal axis

Figure 13.3: Properties of lenses.

13.2.1 Converging Lenses

We will only discuss double convex converging lenses as shown in Figure 13.4. Converging lenses
are thinner on the outside and thicker on the inside.

Figure 13.4: A double convex lens is a converging lens.

Figure 13.5 shows a convex lens. Light rays traveling through a convex lens are bent towards
the principal axis. For this reason, convex lenses are called converging lenses.

A

Principal axis /N
TS
V

Figure 13.5: Light rays bend towards each other or converge when they travel through a convex
lens. I} and F5 are the foci of the lens.

The type of images created by a convex lens is dependent on the position of the object. We will
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examine the following cases:

1. the object is placed at a distance greater than 2f from the lens
2. the object is placed at a distance equal to 2f from the lens
3. the object is placed at a distance between 2f and f from the lens

4. the object is placed at a distance less than f from the lens

We examine the properties of the image in each of these cases by drawing ray diagrams. We can
find the image by tracing the path of three light rays through the lens. Any two of these rays
will show us the location of the image. You can use the third ray to check the location.

Activity :: Experiment : Lenses A
Aim:
To determine the focal length of a convex lens.
Method:

1. Using a distant object from outside, adjust the position of the convex lens so
that it gives the smallest possible focus on a sheet of paper that is held parallel
to the lens.

2. Measure the distance between the lens and the sheet of paper as accurately as

possible.
Results:
The focal length of the lens is cm

Activity :: Experiment : Lenses B
Aim:
To investigate the position, size and nature of the image formed by a convex lens.
Method:

1. Set up the candle, the lens from Experiment Lenses A in its holder and the
screen in a straight line on the metre rule. Make sure the lens holder is on the
50 cm mark.

From your knowledge of the focal length of your lens, note where f and 2f are
on both sides of the lens.

2. Using the position indicated on the table below, start with the candle at a
position that is greater than 2f and adjust the position of the screen until a
sharp focused image is obtained. Note that there are two positions for which
a sharp focused image will not be obtained on the screen. When this is so,
remove the screen and look at the candle through the lens.

3. Fill in the relevant information on the table below

Results:
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13.2

lens and
lens holder

Candle on same
level as lens

f

screen that can

be moved

50 cm mark

1 metre stick

Figure 13.6: Experimental setup for investigation.

Relative position
of object

Relative position
of image

Image upright or
inverted

Relative size of
image

Nature
image

of

Beyond 2 f
cm

At 2f
cm

Between 2f and f

cm

At f

cm

Between f and the
lens
cm
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QUESTIONS:

1. When a convex lens is being used:

1.1 Areal inverted image is formed when an object is placed

1.2 No image is formed when an object is placed

1.3 An upright, enlarged, virtual image is formed when an object is placed

2. Write a conclusion for this investigation.

Activity :: Experiment : Lenses C
Aim:

To determine the mathematical relationship between dy, d;

Method:

and f for a lens.

1. Using the same arrangement as in Experiment Lenses B, place the object

(candle) at the distance indicated from the lens.

2. Move the screen until a clear sharp image is obtained
the table below.
Results:
f = focal length of lens
dp = object distance

. Record the results on

d; = image distance
Object distance | Image distance d—lo dli dio + dii
do (cm) d; (cm) (cm™1) (cm™1) (cm~1
25,0
20,0
18,0
15,0
Average

1

(a)

Reciprocal of average = <

- 7)

1
& T

Focal length of lens

(b)

QUESTIONS:

1. Compare the values for (a) and (b) above and explain
differences

any similarities or

2. What is the name of the mathematical relationship between dy, d; and f7

3. Write a conclusion for this part of the investigation.

Drawing Ray Diagrams for Converging Lenses

The three rays are labelled Ry, Rs and R3. The ray diagrams that follow will use this naming

convention.

1. The first ray (R;) travels from the object to the lens parallel to the principal axis. This

ray is bent by the lens and travels through the focal point.

2. Any ray travelling parallel to the principal axis is bent through the focal point.
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3. If a light ray passes through a focal point before it enters the lens, then it will leave the
lens parallel to the principal axis. The second ray (R2) is therefore drawn to pass through
the focal point before it enters the lens.

4. A ray that travels through the centre of the lens does not change direction. The third ray
(Rs3) is drawn through the centre of the lens.

5. The point where all three of the rays (R1, Rz and R3) intersect is the image of the point
where they all started. The image will form at this point.

‘ Important: In ray diagrams, lenses are drawn like this:
[ J
Convex lens: Concave lens:
CASE 1:

Object placed at a distance greater than 2f from the lens

Figure 13.7: An object is placed at a distance greater than 2f away from the converging lens.
Three rays are drawn to locate the image, which is real, smaller than the object and inverted.

We can locate the position of the image by drawing our three rays. R; travels from the object
to the lens parallel to the principal axis and is bent by the lens and then travels through the focal
point. Ro passes through the focal point before it enters the lens and therefore must leave the
lens parallel to the principal axis. R3 travels through the center of the lens and does not change
direction. The point where Ry, Ry and Rj3 intersect is the image of the point where they all
started.

The image of an object placed at a distance greater than 2f from the lens is upside down or
inverted. This is because the rays which began at the top of the object, above the principal
axis, after passing through the lens end up below the principal axis. The image is called a real
image because it is on the opposite side of the lens to the object and you can trace all the light
rays directly from the image back to the object.

The image is also smaller than the object and is located closer to the lens than the object.

‘ Important: In reality, light rays come from all points along the length of the object. In ray
diagrams we only draw three rays (all starting at the top of the object) to keep the diagram

[ .
clear and simple.
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CASE 2:
Object placed at a distance equal to 2f from the lens

N
S
~ e, R
f ~ o 3 Fy |mage
Ao b BT

Figure 13.8: An object is placed at a distance equal to 2f away from the converging lens. Three
rays are drawn to locate the image, which is real, the same size as the object and inverted.

We can locate the position of the image by drawing our three rays. R; travels from the object
to the lens parallel to the principal axis and is bent by the lens and then travels through the focal
point. Ro passes through the focal point before it enters the lens and therefore must leave the
lens parallel to the principal axis. R3 travels through the center of the lens and does not change
direction. The point where R;, Ro and Rj intersect is the image of the point where they all
started.

The image of an object placed at a distance equal to 2f from the lens is upside down or inverted.
This is because the rays which began at the top of the object, above the principal axis, after
passing through the lens end up below the principal axis. The image is called a real image
because it is on the opposite side of the lens to the object and you can trace all the light rays
directly from the image back to the object.

The image is the same size as the object and is located at a distance 2f away from the lens.

CASE 3:
Object placed at a distance between 2f and f from the lens

f AN LRza( Fy Image
o -9

.
Object 1N
N\

Figure 13.9: An object is placed at a distance between 2f and f away from the converging lens.
Three rays are drawn to locate the image, which is real, larger than the object and inverted.

We can locate the position of the image by drawing our three rays. R; travels from the object
to the lens parallel to the principal axis and is bent by the lens and then travels through the focal
point. Ry passes through the focal point before it enters the lens and therefore must leave the
lens parallel to the principal axis. R3 travels through the center of the lens and does not change
direction. The point where R;, Ro and Rj intersect is the image of the point where they all
started.
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The image of an object placed at a distance between 2f and f from the lens is upside down
or inverted. This is because the rays which began at the top of the object, above the principal
axis, after passing through the lens end up below the principal axis. The image is called a real
image because it is on the opposite side of the lens to the object and you can trace all the light
rays directly from the image back to the object.

The image is larger than the object and is located at a distance greater than 2f away from the
lens.

CASE 4:
Object placed at a distance less than f from the lens

Image F} Object |O

Figure 13.10: An object is placed at a distance less than f away from the converging lens. Three
rays are drawn to locate the image, which is virtual, larger than the object and upright.

We can locate the position of the image by drawing our three rays. R; travels from the object
to the lens parallel to the principal axis and is bent by the lens and then travels through the focal
point. Ro passes through the focal point before it enters the lens and therefore must leave the
lens parallel to the principal axis. R3 travels through the center of the lens and does not change
direction. The point where Ry, Ry and Rj3 intersect is the image of the point where they all
started.

The image of an object placed at a distance less than f from the lens is upright. The image is
called a virtual image because it is on the same side of the lens as the object and you cannot
trace all the light rays directly from the image back to the object.

The image is larger than the object and is located further away from the lens than the object.

Extension: The thin lens equation and magnification

The Thin Lens Equation
We can find the position of the image of a lens mathematically as there is
mathematical relation between the object distance, image distance, and focal length.

The equation is:
1 1 1

f do * dz
where f is the focal length, d, is the object distance and d; is the image distance.
The object distance d, is the distance from the object to the lens. d, is positive
if the object is on the same side of the lens as the light rays enter the lens. This
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should make sense: we expect the light rays to travel from the object to the lens.
The image distance d; is the distance from the lens to the image. Unlike mirrors,
which reflect light back, lenses refract light through them. We expect to find the
image on the same side of the lens as the light leaves the lens. If this is the case,
then d; is positive and the image is real (see Figure 13.9). Sometimes the image will
be on the same side of the lens as the light rays enter the lens. Then d; is negative
and the image is virtual (Figure 13.10). If we know any two of the three quantities
above, then we can use the Thin Lens Equation to solve for the third quantity.

Magpnification
It is possible to calculate the magnification of an image. The magnification is
how much bigger or smaller the image is than the object.

where m is the magnification, d, is the object distance and d; is the image distance.

If d; and d, are both positive, the magnification is negative. This means the
image is inverted, or upside down. If d; is negative and d, is positive, then the
image is not inverted, or right side up. If the absolute value of the magnification is
greater than one, the image is larger than the object. For example, a magnification
of -2 means the image is inverted and twice as big as the object.

Worked Example 97: Using the lens equation

Question: An object is placed 6 cm from a converging lens with a focal point of
4 cm.

1. Calculate the position of the image
2. Calculate the magnification of the lens
3. ldentify three properties of the image

Answer
Step 1 : Identify what is given and what is being asked

f = 4cm
d, = 6cm
d = 7
m = ?

Properties of the image are required.
Step 2 : Calculate the image distance (d;)

111
;T4
11 1
i 6'g

11 1

46 4

3-2 1

12 4
di = 12cm

Step 3 : Calculate the magnification
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Step 4 : Write down the properties of the image

The image is real, d; is positive, inverted (because the magnification is negative)
and enlarged (magnification is > 1)

Worked Example 98: Locating the image position of a convex lens: |

Question: An object is placed 5 cm to the left of a converging lens which has a
focal length of 2,5 cm.

1. What is the position of the image?
2. Is the image real or virtual?

Answer
Step 1 : Set up the ray diagram
Draw the lens, the object and mark the focal points.

Step 2 : Draw the three rays
e Ry goes from the top of the object parallel to the principal axis, through the
lens and through the focal point F5 on the other side of the lens.

e Ry goes from the top of the object through the focal point F}, through the
lens and out parallel to the principal axis.

e R3 goes from the top of the object through the optical centre with its direction
unchanged.

Step 3 : Find the image
The image is at the place where all the rays intersect. Draw the image.
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Step 4 : Measure the distance between the lens and the image

The image is 5 cm away from the lens, on the opposite side of the lens to the object.
Step 5 : Is the image virtual or real?

Since the image is on the opposite side of the lens to the object, the image is real.

Worked Example 99: Locating the image position of a convex lens: |l

Question: An object, 1 cm high, is placed 2 cm to the left of a converging lens
which has a focal length of 3,0 cm. The image is found also on the left side of the
lens.

1. Is the image real or virtual?
2. What is the position and height of the image?

Answer
Step 1 : Draw the picture to set up the problem
Draw the lens, principal axis, focal points and the object.

Step 2 : Draw the three rays to locate image

e Ry goes from the top of the object parallel to the principal axis, through the
lens and through the focal point F> on the other side of the lens.

e Ry is the light ray which should go through the focal point F} but the object
is placed after the focal point! This is not a problem, just trace the line from
the focal point F1i, through the top of the object, to the lens. This ray then
leaves the lens parallel to the principal axis.

e R3 goes from the top of the object through the optical centre with its direction
unchanged.
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13.2

e Do not write Ry, Rz and R3 on your diagram, otherwise it becomes too clut-
tered.

e Since the rays do not intersect on the right side of the lens, we need to trace
them backwards to find the place where they do come together (these are the
light gray lines). Again, this is the position of the image.

R
Ry 3

Step 3 : Draw the image

Image F; Object (0]

Step 4 : Measure distance to image

The image is 6 cm away from the lens, on the same side as the object.

Step 5 : Measure the height of the image

The image is 3 cm high.

Step 6 : Is image real or virtual?

Since the image is on the same side of the lens as the object, the image is virtual.

Exercise: Converging Lenses

1. Which type of lens can be used as a magnifying glass? Draw a diagram to
show how it works. An image of the sun is formed at the principal focus of a
magnifying glass.
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2. In each case state whether a real or virtual image is formed:

2.1 Much further than 2f
2.2 Just further than 2f
2.3 At 2f

2.4 Between 2f and f
25 At f

2.6 Between f and 0

Is a virtual image always inverted?

3. An object stands 50 mm from a lens (focal length 40 mm). Draw an accurate
sketch to determine the position of the image. Is it enlarged or shrunk; upright
or inverted?

4. Draw a scale diagram (scale: 1 cm = 50 mm) to find the position of the image
formed by a convex lens with a focal length of 200 mm. The distance of the
object is 100 mm and the size of the object is 50 mm. Determine whether the
image is enlarged or shrunk. What is the height of the image? What is the
magnification?

5. An object, 20 mm high, is 80 mm from a convex lens with focal length 50 mm.
Draw an accurate scale diagram and find the position and size of the image,
and hence the ratio between the image size and object size.

6. An object, 50 mm high, is placed 100 mm from a convex lens with a focal
length of 150 mm. Construct an accurate ray diagram to determine the nature
of the image, the size of the image and the magnification. Check your answer
for the magnification by using a calculation.

7. What would happen if you placed the object right at the focus of a converging
lens? Hint: Draw the picture.

13.2.2 Diverging Lenses

We will only discuss double concave diverging lenses as shown in Figure 13.11. Concave lenses
are thicker on the outside and thinner on the inside.

Figure 13.11: A double concave lens is a diverging lens.

Figure 13.12 shows a concave lens with light rays travelling through it. You can see that concave
lenses have the opposite curvature to convex lenses. This causes light rays passing through a
concave lens to diverge or be spread out away from the principal axis. For this reason, concave
lenses are called diverging lenses. Images formed by concave lenses are always virtual.

Unlike converging lenses, the type of images created by a concave lens is not dependent on the
position of the object. The image is always upright, smaller than the object, and located closer
to the lens than the object.

We examine the properties of the image by drawing ray diagrams. We can find the image by
tracing the path of three light rays through the lens. Any two of these rays will show us the
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\

Figure 13.12: Light rays bend away from each other or diverge when they travel through a
concave lens. F; and Fy are the foci of the lens.

location of the image. You can use the third ray to check the location, but it is not necessary
to show it on your diagram.
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Drawing Ray Diagrams for Diverging Lenses
Draw the three rays starting at the top of the object.

1. Ray R; travels parallel to the principal axis. The ray bends and lines up with a focal
point. However, the concave lens is a diverging lens, so the ray must line up with the focal
point on the same side of the lens where light rays enter it. This means that we must
project an imaginary line backwards through that focal point (F}) (shown by the dashed
line extending from R;).

2. Ray R3 points towards the focal point F» on the opposite side of the lens. When it hits
the lens, it is bent parallel to the principal axis.

3. Ray Rj3 passes through the optical center of the lens. Like for the convex lens, this ray
passes through with its direction unchanged.

4. We find the image by locating the point where the rays meet. Since the rays diverge,
they will only meet if projected backward to a point on the same side of the lens as the
object. This is why concave lenses always have virtual images. (Since the light rays do
not actually meet at the image, the image cannot be real.)

Figure 13.13 shows an object placed at an arbitrary distance from the diverging lens.
We can locate the position of the image by drawing our three rays for a diverging lens.

Figure 13.13 shows that the image of an object is upright. The image is called a virtual image
because it is on the same side of the lens as the object.

The image is smaller than the object and is closer to the lens than the object.

— R

> Ry
Object f;z
f f f f

Figure 13.13: Three rays are drawn to locate the image, which is virtual, smaller than the object
and upright.

Worked Example 100: Locating the image position for a diverging lens: |
Question: An object is placed 4 cm to the left of a diverging lens which has a focal
length of 6 cm.

1. What is the position of the image?

2. Is the image real or virtual?

Answer

Step 1 : Set up the problem

Draw the lens, object, principal axis and focal points.
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P Object ) Fy

Step 2 : Draw the three light rays to locate the image

e Ry goes from the top of the object parallel to the principal axis. To determine
the angle it has when it leaves the lens on the other side, we draw the dashed
line from the focus Fj through the point where R; hits the lens. (Remember:
for a diverging lens, the light ray on the opposite side of the lens to the object
has to bend away from the principal axis.)

e Ry goes from the top of the object in the direction of the other focal point F5.
After it passes through the lens, it travels parallel to the principal axis.

e Rj3 goes from the top of the lens, straight through the optical centre with its
direction unchanged.

e Just like for converging lenses, the image is found at the position where all the
light rays intersect.

S3=—_ o —— R
I R
I3 Object 5
Step 3 : Draw the image
Draw the image at the point where all three rays intersect.
=% —~— R,
1_ - __ - > = RQ
I N
Fy Object Image O F

Step 4 : Measure the distance to the object

The distance to the object is 2,4 cm.

Step 5 : Determine type of object

The image is on the same side of the lens as the object, and is upright. Therefore it
is virtual. (Remember: The image from a diverging lens is always virtual.)

13.2.3 Summary of Image Properties

The properties of the images formed by converging and diverging lenses depend on the position
of the object. The properties are summarised in the Table 13.1.

343



133

CHAPTER 13. GEOMETRICAL OPTICS - GRADE 11

Table 13.1: Summary of image properties for converging and diverging lenses

Image Properties

Lens type | Object Position | Position | Orientation Size Type
Converging >2f <2f inverted smaller real
Converging 2f 2f inverted same size real
Converging > f,<2f >2f inverted larger real
Converging f no image formed

Converging <f > f upright larger virtual
Diverging any position <f upright smaller | virtual

13.3

Exercise: Diverging Lenses

1. An object 3 cm high is at right angles to the principal axis of a concave lens of
focal length 15 cm. If the distance from the object to the lens is 30 cm, find
the distance of the image from the lens, and its height. Is it real or virtual?

2. The image formed by a concave lens of focal length 10 cm is 7,5 cm from the
lens and is 1,5 cm high. Find the distance of the object from the lens, and its
height.

3. An object 6 cm high is 10 cm from a concave lens. The image formed is 3 cm
high. Find the focal length of the lens and the distance of the image from the
lens.

The Human Eye

Activity :: Investigation : Model of the Human Eye
This demonstration shows that:

1. The eyeball has a spherical shape.

2. The pupil is a small hole in the front and middle of the eye that lets light into
the eye.

3. The retina is at the back of the eyeball.
4. The images that we see are formed on the retina.

5. The images on the retina are upside down. The brain inverts the images so
that what we see is the right way up.

You will need:

1. a round, clear glass bowl

2. water

3. a sheet of cardboard covered with black paper

4. a sheet of cardboard covered with white paper

5. a small desk lamp with an incandescent light-bulb or a candle and a match
You will have to:

1. Fill the glass bowl with water.

2. Make a small hole in the middle of the black cardboard.

3. Place the black cardboard against one side of the bowl and the white cardboard
on the other side of the bowl so that it is opposite the black cardboard.

4. Turn on the lamp (or light the candle).
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5. Place the lamp so it is shining through the hole in the black cardboard.
6. Make the room as dark as possible.

7. Move the white cardboard until an image of the light bulb or candle appears
on it.

You now have a working model of the human eye.

1. The hole in the black cardboard represents the pupil. The pupil is a small hole
in the front of the eyeball that lets light into the eye.

2. The round bowl of water represents the eyeball.

3. The white cardboard represents the retina. Images are projected onto the retina
and are then sent to the brain via the optic nerve.

Tasks

1. Is the image on the retina right-side up or upside down? Explain why.

2. Draw a simple labelled diagram of the model of the eye showing which part of
the eye each part of the model represents.

13.3.1 Structure of the Eye

Eyesight begins with lenses. As light rays enter your eye, they pass first through the cornea and
then through the crystalline lens. These form a double lens system and focus light rays onto
the back wall of the eye, called the retina. Rods and cones are nerve cells on the retina that
transform light into electrical signals. These signals are sent to the brain via the optic nerve.
A cross-section of the eye is shown in Figure 13.14.

Cornea

/ Crystalline Lens

/

Optic Nerve

Figure 13.14: A cross-section of the human eye.

For clear vision, the image must be formed right on the retina, not in front of or behind it. To
accomplish this, you may need a long or short focal length, depending on the object distance.
How do we get the exact right focal length we need? Remember that the lens system has two
parts. The cornea is fixed in place but the crystalline lens is flexible — it can change shape.
When the shape of the lens changes, its focal length also changes. You have muscles in your eye
called ciliary muscles that control the shape of the crystalline lens. When you focus your gaze
on something, you are squeezing (or relaxing) these muscles. This process of accommodation
changes the focal length of the lens and allows you to see an image clearly.

The lens in the eye creates a real image that is smaller than the object and is inverted
(Figure 13.15).
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Figure 13.15: Normal eye

Figure 13.16: Normal eye

13.3.2 Defects of Vision

In a normal eye the image is focused on the retina.

If the muscles in the eye are unable to accommodate adequately, the image will not be in focus.
This leads to problems with vision. There are three basic conditions that arise:

1. short-sightedness
2. long-sightedness

3. astigmatism

Short-sightedness

Short-sightedness or myopia is a defect of vision which means that the image is focused in front
of the retina. Close objects are seen clearly but distant objects appear blurry. This condition
can be corrected by placing a diverging lens in front of the eye. The diverging lens spreads out
light rays before they enter the eye. The situation for short-sightedness and how to correct it is
shown in Figure 13.17.

———

(a)  Short-sightedness : Light rays are (b) Short-sightedness corrected by a
focused in front of the retina. diverging lens.

Figure 13.17: Short-sightedness
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Long-sightedness

Long-sightedness or hyperopia is a defect of vision which means that the image is focused in
behind the retina. People with this condition can see distant objects clearly, but not close ones.
A converging lens in front of the eye corrects long-sightedness by converging the light rays slightly
before they enter the eye. Reading glasses are an example of a converging lens used to correct
long-sightedness.

<
(a)  Long-sightedness : Light rays are (b) Long-sightedness corrected by a
focused in behind the retina. converging lens.

Figure 13.18: Long-sightedness

Astigmatism

Astigmatism is characterised by a cornea or lens that is not spherical, but is more curved in one
plane compared to another. This means that horizontal lines may be focused at a different point
to vertical lines. Astigmatism is corrected by a special lens, which has different focal lengths in
the vertical and horizontal planes.

13.4 Gravitational Lenses

Einstein's Theory of General Relativity predicts that light that passes close to very heavy objects
like galaxies, black holes and massive stars will be bent. These massive objects therefore act as
a kind of lens that is known as a gravitational lens. Gravitational lenses distort and change the
apparent position of the image of stars.

If a heavy object is acting as a gravitational lens, then an observer from Earth will see many
images of a distant star (Figure 13.19).

13.5 Telescopes

We have seen how a simple lens can be used to correct eyesight. Lenses and mirrors are also
combined to magnify (or make bigger) objects that are far away.

Telescopes use combinations of lenses to gather and focus light. However, telescopes collect light
from objects that are large but far away, like planets and galaxies. For this reason, telescopes
are the tools of astronomers. Astronomy is the study of objects outside the Earth, like stars,
planets, galaxies, comets, and asteroids.

Usually the object viewed with a telescope is very far away. There are two types of objects: those
with a detectable diameter, such as the moon, and objects that appear as points of light, like
stars.

There are many kinds of telescopes, but we will look at two basic types: reflecting and refracting.

13.5.1 Refracting Telescopes

A refracting telescope like the one pictured in Figure 13.20 uses two convex lenses to enlarge
an image. The refracting telescope has a large primary lens with a long focal length to gather a
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apparent image 1

S

distant star

Heavy object
acting as a
gravitational
lens

Earth

apparent image 2

Figure 13.19: Effect of a gravitational lens.

lot of light. The lenses of a refracting telescope share a focal point. This ensures that parallel
rays entering the telescope are again parallel when they reach your eye.

N\

Primary Lens Eyepiece

Figure 13.20: Layout of lenses in a refracting telescope

13.5.2 Reflecting Telescopes

Some telescopes use mirrors as well as lenses and are called reflecting telescopes. Specifically,
a reflecting telescope uses a convex lens and two mirrors to make an object appear larger.
(Figure 13.21.)

Light is collected by the primary mirror, which is large and concave. Parallel rays traveling toward
this mirror are reflected and focused to a point. The secondary plane mirror is placed within the
focal length of the primary mirror. This changes the direction of the light. A final eyepiece lens
diverges the rays so that they are parallel when they reach your eye.

13.5.3 Southern African Large Telescope

The Southern African Large Telescope (SALT) is the largest single optical telescope in the
southern hemisphere, with a hexagonal mirror array 11 metres across. SALT is located in
Sutherland in the Northern Cape. SALT is able to record distant stars, galaxies and quasars a
billion times too faint to be seen with the unaided eye. This is equivalent to a person being
able to see a candle flame at on the moon.
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Figure 13.21: Lenses and mirrors in a reflecting telescope.

SALT was completed in 2005 and is a truly international initiative, because the money to build
it came from South Africa, the United States, Germany, Poland, the United Kingdom and New
Zealand.

Activity :: SALT : Investigate what the South African Astronomical
Observatory (SAAO) does. SALT is part of SAAO. Write your investigation
as a short 5-page report.

13.6 Microscopes

We have seen how lenses and mirrors are combined to magnify objects that are far away in a
telescope. Lenses can also be used to make very small objects bigger.

Figure 13.10 shows that when an object is placed at a distance less than f from the lens, the
image formed is virtual, upright and is larger than the object. This set-up is a simple magnifier.

If you want to look at something very small, two lenses may work better than one. Microscopes
and telescopes often use two lenses to make an image large enough to see.

A compound microscope uses two lenses to achieve high magnification (Figure 13.22). Both
lenses are convex, or converging. Light from the object first passes through the objective lens.
The lens that you look through is called the eyepiece. The focus of the system can be
adjusted by changing the length of the tube between the lenses.
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Figure 13.22: Compound microscope

Drawing a Ray Diagram for a Two-Lens System
You already have all the tools to analyze a two-lens system. Just consider one lens at a time.

1. Use ray tracing or the lens equation to find the image for the first lens.
2. Use the image of the first lens as the object of the second lens.

3. To find the magnification, multiply: myotqr = m1 X mo X m3 X ...

Worked Example 101: The Compound Microscope

Question: A compound microscope consists of two convex lenses. The eyepiece
has a focal length of 10 cm. The objective lens has a focal length of 6 cm. The two
lenses are 30 cm apart. A 2 cm-tall object is placed 8 cm from the objective lens.

1. Where is the final image?
2. Is the final image real or virtual?

Answer

We can use ray tracing to follow light rays through the microscope, one lens at a
time.

Step 1 : Set up the system

To prepare to trace the light rays, make a diagram. In the diagram here, we place
the image on the left side of the microscope. Since the light will pass through the
objective lens first, we'll call this Lens 1. The eyepiece will be called Lens 2. Be
sure to include the focal points of both lenses in your diagram.

I 30 cm |

. 6cm 6cm 10 cm /\ 10 cm
ObJect‘ }

o ® ® [ ]
Lens 1 (Objective) Lens 2 (Eyepiece)

Step 2 : Find the image for the objective lens.
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30 cm ——

fi Image
Object fa f2

Step 3 : Find the image for the eyepiece.
The image we just found becomes the object for the second lens.

Object
A Image Object

[ L [ J 1 { L ]

N1 f1 : 2 f2
1
1
1 // e
1 7 e
1 // -7
1 ////
\ O

13.7 Summary

1.

10.
11.

12.

A lens is any transparent material that is shaped in such a way that it will converge
parallel incident rays to a point or diverge incident rays from a point.

. Converging lenses are thicker in the middle than on the edge and will bend incoming light

rays towards the principal axis.

Diverging lenses are thinner in the middle than on the edge and will bend incoming light
rays away from the principal axis.

The principal axis of a lens is the horizontal line through the centre of the lens.
The centre of the lens is called the optical centre.

The focus or focal point is a point on the principal axis where parallel rays converge
through or diverge from.

The focal length is the distance between the focus and the optical centre.

Ray diagrams are used to determine the position and height of an image formed by a
lens. The properties of images formed by converging and diverging lenses are summarised
in Table 13.1.

The human eye consists of a lens system that focuses images on the retina where the
optic nerve transfers the messages to the brain.

Defects of vision are short-sightedness, long-sightedness and astigmatism.

Massive bodies act as gravitational lenses that change the apparent positions of the
images of stars.

Microscopes and telescopes use systems of lenses to create visible images of different
objects.
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13.8 Exercises

1. Select the correct answer from the options given:

11 AL (convex/concave) lens is thicker in the center than on the edges.

1.2 When used individually, a (diverging/converging) lens usually forms real images.

1.3 When formed by a singlelens, a............ (real/virtual) image is always inverted.

1.4 When formed by a singlelens, a ............ (real/virtual) image is always upright.

1.5 Virtual images formed by converging lenses are ............ (bigger/the same
size/smaller) compared to the object.

16 AL (real/virtual) image can be projected onto a screen.

1.7 Aol (real/virtual) image is said to be "trapped” in the lens.

1.8 When light passes through a lens, its frequency ............ (decreases/remains the
same/increases).

1.9 A ray that starts from the top of an object and runs parallel to the axis of the lens,
would then pass through the ............ (principal focus of the lens/center of the
lens/secondary focus of the lens).

1.10 A ray that starts from the top of an object and passes through the ............
(principal focus of the lens/center of the lens/secondary focus of the lens) would
leave the lens running parallel to its axis.

1.11 For a converging lens, its ............ (principal focus/center/secondary focus) is
located on the same side of the lens as the object.

1.12 After passing through a lens, rays of light traveling parallel to a lens’ axis are
refracted to the lens’ ............ (principal focus/center/secondary focus).

1.13 Real images are formed by ............ (converging/parallel /diverging) rays of light
that have passed through a lens.

1.14 Virtual images are formed by ............ (converging/parallel /diverging) rays of
light that have passed through a lens.

1.15 Images which are closer to the lens than the object are ............ (bigger/the
same size/smaller) than the object.

116 ... (Real/Virtual) images are located on the same side of the lens as the
object - that is, by looking in one direction, the observer can see both the image
and the object.

117 ool (Real/Virtual) images are located on the opposite side of the lens as
the object.

1.18 When an object is located greater than two focal lengths in front of a converging
lens, the image it produces will be ............ (real and enlarged/virtual and
enlarged/real and reduced/virtual and reduced).

2. An object 1 cm high is placed 1,8 cm in front of a converging lens with a focal length of
0,5 cm. Draw a ray diagram to show where the image is formed. Is the final image real
or virtual?

3. An object 1 cm high is placed 2,10 cm in front of a diverging lens with a focal length of
1,5 cm. Draw a ray diagram to show where the image is formed. Is the final image real
or virtual?

4. An object 1 cm high is placed 0,5 cm in front of a converging lens with a focal length of
0,5 cm. Draw a ray diagram to show where the image is formed. Is the final image real
or virtual?

5. An object is at right angles to the principal axis of a convex lens. The object is 2 cm high
and is 5 cm from the centre of the lens, which has a focal length of 10 cm. Find the
distance of the image from the centre of the lens, and its height. Is it real or virtual?

6. A convex lens of focal length 15 cm produces a real image of height 4 cm at 45 cm from
the centre of the lens. Find the distance of the object from the lens and its height.
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10.

11.

12.

13.

14.

An object is 20 cm from a concave lens. The virtual image formed is three times smaller
than the object. Find the focal length of the lens.

. A convex lens produces a virtual image which is four times larger than the object. The

image is 15 cm from the lens. What is the focal length of the lens?

A convex lens is used to project an image of a light source onto a screen. The screen is
30 cm from the light source, and the image is twice the size of the object. What focal
length is required, and how far from the source must it be placed?

An object 6 cm high is place 20 cm from a converging lens of focal length 8 cm. Find by
scale drawing the position, size and nature of the image produced. (Advanced: check
your answer by calculation).

An object is placed in front of a converging lens of focal length 12 cm. By scale diagram,
find the nature, position and magnification of the image when the object distance is

11.1 16 cm
11.2 8 cm

A concave lens produces an image three times smaller than the object. If the object is
18 cm away from the lens, determine the focal length of the lens by means of a scale
diagram. (Advanced: check your answer by calculation).

You have seen how the human eye works, how telescopes work and how microscopes
work. Using what you have learnt, describe how you think a camera works.

Describe 3 common defects of vision and discuss the various methods that are used to
correct them.
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Appendix A

GNU Free Documentation License

Version 1.2, November 2002

Copyright (©) 2000,2001,2002 Free Software Foundation, Inc.

59 Temple Place, Suite 330, Boston, MA 02111-1307 USA

Everyone is permitted to copy and distribute verbatim copies of this license document, but
changing it is not allowed.

PREAMBLE

The purpose of this License is to make a manual, textbook, or other functional and useful
document “free” in the sense of freedom: to assure everyone the effective freedom to copy and
redistribute it, with or without modifying it, either commercially or non-commercially.
Secondarily, this License preserves for the author and publisher a way to get credit for their
work, while not being considered responsible for modifications made by others.

This License is a kind of “copyleft”, which means that derivative works of the document must
themselves be free in the same sense. It complements the GNU General Public License, which
is a copyleft license designed for free software.

We have designed this License in order to use it for manuals for free software, because free
software needs free documentation: a free program should come with manuals providing the
same freedoms that the software does. But this License is not limited to software manuals; it
can be used for any textual work, regardless of subject matter or whether it is published as a
printed book. We recommend this License principally for works whose purpose is instruction or
reference.

APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that contains a notice placed
by the copyright holder saying it can be distributed under the terms of this License. Such a
notice grants a world-wide, royalty-free license, unlimited in duration, to use that work under
the conditions stated herein. The “Document”, below, refers to any such manual or work. Any
member of the public is a licensee, and is addressed as “you”. You accept the license if you
copy, modify or distribute the work in a way requiring permission under copyright law.

A “Modified Version” of the Document means any work containing the Document or a portion
of it, either copied verbatim, or with modifications and/or translated into another language.

A “Secondary Section” is a named appendix or a front-matter section of the Document that
deals exclusively with the relationship of the publishers or authors of the Document to the
Document's overall subject (or to related matters) and contains nothing that could fall directly
within that overall subject. (Thus, if the Document is in part a textbook of mathematics, a
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Secondary Section may not explain any mathematics.) The relationship could be a matter of
historical connection with the subject or with related matters, or of legal, commercial,
philosophical, ethical or political position regarding them.

The “Invariant Sections” are certain Secondary Sections whose titles are designated, as being
those of Invariant Sections, in the notice that says that the Document is released under this
License. If a section does not fit the above definition of Secondary then it is not allowed to be
designated as Invariant. The Document may contain zero Invariant Sections. If the Document
does not identify any Invariant Sections then there are none.

The “Cover Texts" are certain short passages of text that are listed, as Front-Cover Texts or
Back-Cover Texts, in the notice that says that the Document is released under this License. A
Front-Cover Text may be at most 5 words, and a Back-Cover Text may be at most 25 words.

A “Transparent” copy of the Document means a machine-readable copy, represented in a
format whose specification is available to the general public, that is suitable for revising the
document straightforwardly with generic text editors or (for images composed of pixels) generic
paint programs or (for drawings) some widely available drawing editor, and that is suitable for
input to text formatters or for automatic translation to a variety of formats suitable for input to
text formatters. A copy made in an otherwise Transparent file format whose markup, or
absence of markup, has been arranged to thwart or discourage subsequent modification by
readers is not Transparent. An image format is not Transparent if used for any substantial
amount of text. A copy that is not “Transparent” is called “Opaque”.

Examples of suitable formats for Transparent copies include plain ASCII without markup,
Texinfo input format, IATEX input format, SGML or XML using a publicly available DTD and
standard-conforming simple HTML, PostScript or PDF designed for human modification.
Examples of transparent image formats include PNG, XCF and JPG. Opaque formats include
proprietary formats that can be read and edited only by proprietary word processors, SGML or
XML for which the DTD and/or processing tools are not generally available, and the
machine-generated HTML, PostScript or PDF produced by some word processors for output
purposes only.

The “Title Page” means, for a printed book, the title page itself, plus such following pages as
are needed to hold, legibly, the material this License requires to appear in the title page. For
works in formats which do not have any title page as such, “Title Page” means the text near
the most prominent appearance of the work’s title, preceding the beginning of the body of the
text.

A section “Entitled XYZ" means a named subunit of the Document whose title either is
precisely XYZ or contains XYZ in parentheses following text that translates XYZ in another
language. (Here XYZ stands for a specific section name mentioned below, such as
“Acknowledgements”, “Dedications”, "Endorsements”, or "History”.) To “Preserve the Title"
of such a section when you modify the Document means that it remains a section “Entitled
XYZ" according to this definition.

The Document may include Warranty Disclaimers next to the notice which states that this

License applies to the Document. These Warranty Disclaimers are considered to be included by
reference in this License, but only as regards disclaiming warranties: any other implication that
these Warranty Disclaimers may have is void and has no effect on the meaning of this License.

VERBATIM COPYING

You may copy and distribute the Document in any medium, either commercially or
non-commercially, provided that this License, the copyright notices, and the license notice
saying this License applies to the Document are reproduced in all copies, and that you add no
other conditions whatsoever to those of this License. You may not use technical measures to
obstruct or control the reading or further copying of the copies you make or distribute.
However, you may accept compensation in exchange for copies. If you distribute a large enough
number of copies you must also follow the conditions in section A.
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You may also lend copies, under the same conditions stated above, and you may publicly
display copies.

COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have printed covers) of the
Document, numbering more than 100, and the Document'’s license notice requires Cover Texts,
you must enclose the copies in covers that carry, clearly and legibly, all these Cover Texts:
Front-Cover Texts on the front cover, and Back-Cover Texts on the back cover. Both covers
must also clearly and legibly identify you as the publisher of these copies. The front cover must
present the full title with all words of the title equally prominent and visible. You may add
other material on the covers in addition. Copying with changes limited to the covers, as long as
they preserve the title of the Document and satisfy these conditions, can be treated as
verbatim copying in other respects.

If the required texts for either cover are too voluminous to fit legibly, you should put the first
ones listed (as many as fit reasonably) on the actual cover, and continue the rest onto adjacent

pages.

If you publish or distribute Opaque copies of the Document numbering more than 100, you
must either include a machine-readable Transparent copy along with each Opaque copy, or
state in or with each Opaque copy a computer-network location from which the general
network-using public has access to download using public-standard network protocols a
complete Transparent copy of the Document, free of added material. If you use the latter
option, you must take reasonably prudent steps, when you begin distribution of Opaque copies
in quantity, to ensure that this Transparent copy will remain thus accessible at the stated
location until at least one year after the last time you distribute an Opaque copy (directly or
through your agents or retailers) of that edition to the public.

It is requested, but not required, that you contact the authors of the Document well before
redistributing any large number of copies, to give them a chance to provide you with an
updated version of the Document.

MODIFICATIONS

You may copy and distribute a Modified Version of the Document under the conditions of
sections A and A above, provided that you release the Modified Version under precisely this
License, with the Modified Version filling the role of the Document, thus licensing distribution
and modification of the Modified Version to whoever possesses a copy of it. In addition, you
must do these things in the Modified Version:

1. Use in the Title Page (and on the covers, if any) a title distinct from that of the
Document, and from those of previous versions (which should, if there were any, be listed
in the History section of the Document). You may use the same title as a previous
version if the original publisher of that version gives permission.

2. List on the Title Page, as authors, one or more persons or entities responsible for
authorship of the modifications in the Modified Version, together with at least five of the
principal authors of the Document (all of its principal authors, if it has fewer than five),
unless they release you from this requirement.

3. State on the Title page the name of the publisher of the Modified Version, as the
publisher.

4. Preserve all the copyright notices of the Document.

5. Add an appropriate copyright notice for your modifications adjacent to the other
copyright notices.
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6. Include, immediately after the copyright notices, a license notice giving the public
permission to use the Modified Version under the terms of this License, in the form
shown in the Addendum below.

7. Preserve in that license notice the full lists of Invariant Sections and required Cover Texts
given in the Document's license notice.

8. Include an unaltered copy of this License.

9. Preserve the section Entitled “History”, Preserve its Title, and add to it an item stating
at least the title, year, new authors, and publisher of the Modified Version as given on
the Title Page. If there is no section Entitled “History” in the Document, create one
stating the title, year, authors, and publisher of the Document as given on its Title Page,
then add an item describing the Modified Version as stated in the previous sentence.

10. Preserve the network location, if any, given in the Document for public access to a
Transparent copy of the Document, and likewise the network locations given in the
Document for previous versions it was based on. These may be placed in the “History”
section. You may omit a network location for a work that was published at least four
years before the Document itself, or if the original publisher of the version it refers to
gives permission.

11. For any section Entitled “Acknowledgements” or "Dedications”, Preserve the Title of the
section, and preserve in the section all the substance and tone of each of the contributor
acknowledgements and/or dedications given therein.

12. Preserve all the Invariant Sections of the Document, unaltered in their text and in their
titles. Section numbers or the equivalent are not considered part of the section titles.

13. Delete any section Entitled "Endorsements”. Such a section may not be included in the
Modified Version.

14. Do not re-title any existing section to be Entitled “Endorsements” or to conflict in title
with any Invariant Section.

15. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify as
Secondary Sections and contain no material copied from the Document, you may at your
option designate some or all of these sections as invariant. To do this, add their titles to the
list of Invariant Sections in the Modified Version's license notice. These titles must be distinct
from any other section titles.

You may add a section Entitled “Endorsements”, provided it contains nothing but endorsements
of your Modified Version by various parties—for example, statements of peer review or that the
text has been approved by an organisation as the authoritative definition of a standard.

You may add a passage of up to five words as a Front-Cover Text, and a passage of up to 25
words as a Back-Cover Text, to the end of the list of Cover Texts in the Modified Version.
Only one passage of Front-Cover Text and one of Back-Cover Text may be added by (or
through arrangements made by) any one entity. If the Document already includes a cover text
for the same cover, previously added by you or by arrangement made by the same entity you
are acting on behalf of, you may not add another; but you may replace the old one, on explicit
permission from the previous publisher that added the old one.

The author(s) and publisher(s) of the Document do not by this License give permission to use
their names for publicity for or to assert or imply endorsement of any Modified Version.

COMBINING DOCUMENTS

You may combine the Document with other documents released under this License, under the
terms defined in section A above for modified versions, provided that you include in the
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combination all of the Invariant Sections of all of the original documents, unmodified, and list
them all as Invariant Sections of your combined work in its license notice, and that you
preserve all their Warranty Disclaimers.

The combined work need only contain one copy of this License, and multiple identical Invariant
Sections may be replaced with a single copy. If there are multiple Invariant Sections with the
same name but different contents, make the title of each such section unique by adding at the
end of it, in parentheses, the name of the original author or publisher of that section if known,
or else a unique number. Make the same adjustment to the section titles in the list of Invariant
Sections in the license notice of the combined work.

In the combination, you must combine any sections Entitled “History” in the various original
documents, forming one section Entitled “History”; likewise combine any sections Entitled
“Acknowledgements”, and any sections Entitled “Dedications”. You must delete all sections
Entitled “Endorsements”.

COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents released under
this License, and replace the individual copies of this License in the various documents with a
single copy that is included in the collection, provided that you follow the rules of this License
for verbatim copying of each of the documents in all other respects.

You may extract a single document from such a collection, and distribute it individually under
this License, provided you insert a copy of this License into the extracted document, and follow
this License in all other respects regarding verbatim copying of that document.

AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate and independent
documents or works, in or on a volume of a storage or distribution medium, is called an
“aggregate” if the copyright resulting from the compilation is not used to limit the legal rights
of the compilation’s users beyond what the individual works permit. When the Document is
included an aggregate, this License does not apply to the other works in the aggregate which
are not themselves derivative works of the Document.

If the Cover Text requirement of section A is applicable to these copies of the Document, then
if the Document is less than one half of the entire aggregate, the Document's Cover Texts may
be placed on covers that bracket the Document within the aggregate, or the electronic
equivalent of covers if the Document is in electronic form. Otherwise they must appear on
printed covers that bracket the whole aggregate.

TRANSLATION

Translation is considered a kind of modification, so you may distribute translations of the
Document under the terms of section A. Replacing Invariant Sections with translations requires
special permission from their copyright holders, but you may include translations of some or all
Invariant Sections in addition to the original versions of these Invariant Sections. You may
include a translation of this License, and all the license notices in the Document, and any
Warranty Disclaimers, provided that you also include the original English version of this License
and the original versions of those notices and disclaimers. In case of a disagreement between
the translation and the original version of this License or a notice or disclaimer, the original
version will prevail.

If a section in the Document is Entitled “Acknowledgements”, “Dedications”, or “History”, the
requirement (section A) to Preserve its Title (section A) will typically require changing the
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actual title.

TERMINATION

You may not copy, modify, sub-license, or distribute the Document except as expressly provided
for under this License. Any other attempt to copy, modify, sub-license or distribute the
Document is void, and will automatically terminate your rights under this License. However,
parties who have received copies, or rights, from you under this License will not have their
licenses terminated so long as such parties remain in full compliance.

FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions of the GNU Free
Documentation License from time to time. Such new versions will be similar in spirit to the
present version, but may differ in detail to address new problems or concerns. See
http://www.gnu.org/copyleft/.

Each version of the License is given a distinguishing version number. If the Document specifies
that a particular numbered version of this License “or any later version” applies to it, you have
the option of following the terms and conditions either of that specified version or of any later
version that has been published (not as a draft) by the Free Software Foundation. If the
Document does not specify a version number of this License, you may choose any version ever
published (not as a draft) by the Free Software Foundation.

ADDENDUM: How to use this License for your documents

To use this License in a document you have written, include a copy of the License in the
document and put the following copyright and license notices just after the title page:

Copyright © YEAR YOUR NAME. Permission is granted to copy, distribute and/or
modify this document under the terms of the GNU Free Documentation License,
Version 1.2 or any later version published by the Free Software Foundation; with no
Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts. A copy of the
license is included in the section entitled “GNU Free Documentation License”.

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts, replace the
“with...Texts.” line with this:

with the Invariant Sections being LIST THEIR TITLES, with the Front-Cover Texts being
LIST, and with the Back-Cover Texts being LIST.

If you have Invariant Sections without Cover Texts, or some other combination of the three,
merge those two alternatives to suit the situation.

If your document contains nontrivial examples of program code, we recommend releasing these
examples in parallel under your choice of free software license, such as the GNU General Public
License, to permit their use in free software.
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