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Chapter 16

The Physics of Music - Grade 11

16.1 Introduction

What is your favorite musical instrument? How do you play it? Do you pluck a string, like a
guitar? Do you blow through it, like a flute? Do you hit it, like a drum? All of these work by
making standing waves. Each instrument has a unique sound because of the special waves
made in it. These waves could be in the strings of a guitar or violin. They could also be in the
skin of a drum or a tube of air in a trumpet. These waves are picked up by the air and later
reach your ear as sound.

In Grade 10, you learned about standing waves and boundary conditions. We saw a rope that
was:

• fixed at both ends

• fixed at one end and free at the other

We also saw a pipe:

• closed at both ends

• open at both ends

• open at one end, closed at the other

String and wind instruments are good examples of standing waves on strings and pipes.

One way to describe standing waves is to count nodes. Recall that a node is a point on a string
that does not move as the wave changes. The anti-nodes are the highest and lowest points on
the wave. There is a node at each end of a fixed string. There is also a node at the closed end
of a pipe. But an open end of a pipe has an anti-node.

What causes a standing wave? There are incident and reflected waves traveling back and forth
on our string or pipe. For some frequencies, these waves combine in just the right way so that
the whole wave appears to be standing still. These special cases are called harmonic
frequencies, or harmonics. They depend on the length and material of the medium.

Definition: Harmonic

A harmonic frequency is a frequency at which standing waves can be made.

16.2 Standing Waves in String Instruments

Let us look at a basic ”instrument”: a string pulled tight and fixed at both ends. When you
pluck the string, you hear a certain pitch. This pitch is made by a certain frequency. What
causes the string to emit sounds at this pitch?
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You have learned that the frequency of a standing wave depends on the length of the wave.
The wavelength depends on the nodes and anti-nodes. The longest wave that can ”fit” on the
string is shown in Figure 16.1. This is called the fundamental or natural frequency of the
string. The string has nodes at both ends. The wavelength of the fundamental is twice the
length of the string.

Now put your finger on the center of the string. Hold it down gently and pluck it. The
standing wave now has a node in the middle of the string. There are three nodes. We can fit a
whole wave between the ends of the string. This means the wavelength is equal to the length
of the string. This wave is called the first harmonic. As we add more nodes, we find the second
harmonic, third harmonic, and so on. We must keep the nodes equally spaced or we will lose
our standing wave.

fundamental frequency

first harmonic

second harmonic

Figure 16.1: Harmonics on a string fixed at both ends.

Activity :: Investigation : Waves on a String Fixed at Both Ends

This chart shows various waves on a string. The string length L is the dashed
line.

1. Fill in the:

• number of nodes

• number of anti-nodes

• wavelength in terms of L

The first and last waves are done for you.

Wave Nodes Antinodes Wavelength

2 1 2L

5 4 L
2

2. Use the chart to find a formula for the wavelength in terms of the number of
nodes.
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You should have found this formula:

λ =
2L

n − 1

Here, n is the number of nodes. L is the length of the string. The frequency f is:

f =
v

λ

Here, v is the velocity of the wave. This may seem confusing. The wave is a standing wave, so
how can it have a velocity? But one standing wave is made up of many waves that travel back
and forth on the string. Each of these waves has the same velocity. This speed depends on the
mass and tension of the string.

Worked Example 105: Harmonics on a String

Question: We have a standing wave on a string that is 65 cm long. The wave has
a velocity of 143 m.s−1 Find the frequencies of the fundamental, first, second, and
third harmonics.
Answer

Step 1 : Identify what is given and what is asked:

L = 65 cm = 0.65 m

v = 143 m.s−1

f = ?

To find the frequency we will use f = v
λ

Step 2 : Find the wavelength for each harmonic:

To find f we need the wavelength of each harmonic (λ = 2L
n−1 ). The wavelength is

then substituted into f = v
λ

to find the harmonics. Table ?? below shows the
calculations.

Nodes
Wavelength

λ = 2L
n−1

Frequency

f = v
λ

Fundamental frequency fo 2 2(0,65)
2−1 = 1,3 143

1,3 = 110 Hz

First harmonic f1 3 2(0,65)
3−1 = 143 = 220 Hz

Second harmonic f2 4 2(0,65)
4−1 = 143 = 330 Hz

Third harmonic f3 5 2(0,65)
5−1 = 143 = 440 Hz

110 Hz is the natural frequency of the A string on a guitar. The third harmonic, at
440 Hz, is the note that orchestras use for tuning.

Extension: Guitar

Guitars use strings with high tension. The length, tension and mass of the
strings affect the pitches you hear. High tension and short strings make high
frequencies; Low tension and long strings make low frequencies. When a string is
first plucked, it vibrates at many frequencies. All of these except the harmonics are
quickly filtered out. The harmonics make up the tone we hear.

The body of a guitar acts as a large wooden soundboard. Here is how a
soundboard works: the body picks up the vibrations of the strings. It then passes
these vibrations to the air. A sound hole allows the soundboard of the guitar to
vibrate more freely. It also helps sound waves to get out of the body.
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The neck of the guitar has thin metal bumps on it called frets. Pressing a
string against a fret shortens the length of that string. This raises the natural
frequency and the pitch of that string.

Most guitars use an ”equal tempered” tuning of 12 notes per octave. A 6
string guitar has a range of 4 1

2 octaves with pitches from 82.407 Hz (low E) to
2093 kHz (high C). Harmonics may reach over 20 kHz, in the inaudible range.

b
b b
bbb

b

headstock
peg

fret

neck

heel

rib

rosette

hollow wooden body

bridge

Extension: Piano

Let us look at another stringed instrument: the piano. The piano has strings
that you can not see. When a key is pressed, a felt-tipped hammer hits a string
inside the piano. The pitch depends on the length, tension and mass of the string.
But there are many more strings than keys on a piano. This is because the short
and thin strings are not as loud as the long and heavy strings. To make up for this,
the higher keys have groups of two to four strings each.

The soundboard in a piano is a large cast iron plate. It picks up vibrations from
the strings. This heavy plate can withstand over 200 tons of pressure from string
tension! Its mass also allows the piano to sustain notes for long periods of time.

The piano has a wide frequency range, from 27,5 Hz (low A) to 4186,0 Hz
(upper C). But these are just the fundamental frequencies. A piano plays complex,
rich tones with over 20 harmonics per note. Some of these are out of the range of
human hearing. Very low piano notes can be heard mostly because of their higher
harmonics.

b

b

b

b b

b b

b b b

b

b

b

b

wooden body

keyboard

music stand

soundboard

damper pedal
sostuneto pedal
sustain pedal
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16.3 Standing Waves in Wind Instruments

A wind instrument is an instrument that is usually made with a a pipe or thin tube. Examples
of wind instruments are recorders, clarinets, flutes, organs etc.

When one plays a wind instrument, the air that is pushed through the pipe vibrates and
standing waves are formed. Just like with strings, the wavelengths of the standing waves will
depend on the length of the pipe and whether it is open or closed at each end. Let’s consider
each of the following situations:

• A pipe with both ends open, like a flute or organ pipe.

• A pipe with one end open and one closed, like a clarinet.

If you blow across a small hole in a pipe or reed, it makes a sound. If both ends are open,
standing waves will form according to figure 16.2. You will notice that there is an anti-node at
each end. In the next activity you will find how this affects the wavelengths.

fundamental frequency

first harmonic

second harmonic

Figure 16.2: Harmonics in a pipe open at both ends.

Activity :: Investigation : Waves in a Pipe Open at Both Ends

This chart shows some standing waves in a pipe open at both ends. The pipe
(shown with dashed lines) has length L.

1. Fill in the:

• number of nodes

• number of anti-nodes

• wavelength in terms of L

The first and last waves are done for you.
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Wave Nodes Antinodes Wavelength

1 2 2L

4 5 L
2

2. Use the chart to find a formula for the wavelength in terms of the number of
nodes.

The formula is different because there are more anti-nodes than nodes. The right formula is:

λn =
2L

n

Here, n is still the number of nodes.

Worked Example 106: The Organ Pipe

Question:

An open organ pipe is 0,853 m long. The speed
of sound in air is 345 m.s−1. Can this pipe play
middle C? (Middle C has a frequency of about
262 Hz)

0,853 m

Answer

The main frequency of a note is the fundamental frequency. The fundamental
frequency of the open pipe has one node.
Step 1 : To find the frequency we will use the equation:

f =
v

λ

We need to find the wavelength first.

λ =
2L

n

=
2(0,853)

1
= 1,706 m
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Step 2 : Now we can calculate the frequency:

f =
v

λ

=
345

1,706

= 202 Hz

This is lower than 262 Hz, so this pipe will not play middle C. We will need a
shorter pipe for a higher pitch.

Worked Example 107: The Flute

Question:

A flute can be modeled as a metal pipe open at
both ends. (One end looks closed but the flute
has an embouchure, or hole for the player to
blow across. This hole is large enough for air to
escape on that side as well.) If the fundamental
note of a flute is middle C, how long is the flute?
The speed of sound in air is 345 m.s−1.

Answer

We can calculate the length of the flute from λ = 2L
n

but
Step 1 : We need to calculate the wavelength first:

f =
v

λ

262 =
345

λ

λ =
345

262
= 1,32 m

Step 2 : Using the wavelength, we can now solve for L:

λ =
2L

n

=
2L

1

L =
1,32

2
= 0,66 m

Now let’s look at a pipe that is open on one end and closed on the other. This pipe has a node
at one end and an antinode at the other. An example of a musical instrument that has a node

379



16.3 CHAPTER 16. THE PHYSICS OF MUSIC - GRADE 11

at one end and an antinode at the other is a clarinet. In the activity you will find out how the
wavelengths are affected.

fundamental frequency

first harmonic

second harmonic

Figure 16.3: Harmonics in a pipe open at one end.

Activity :: Investigation : Waves in a Pipe open at One End

This chart shows some standing waves in a pipe open at one end. The pipe
(shown as dashed lines) has length L.

1. Fill in the:

• number of nodes

• number of anti-nodes

• wavelength in terms of L

The first and last waves are done for you.

Wave Nodes Antinodes Wavelength

1 1 4L

4 4 4L
7

2. Use the chart to find a formula for the wavelength in terms of the number of
nodes.

The right formula for this pipe is:

λn =
4L

2n − 1
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A long wavelength has a low frequency and low pitch. If you took your pipe from the last
example and covered one end, you should hear a much lower note! Also, the wavelengths of
the harmonics for this tube are not integer multiples of each other.

Worked Example 108: The Clarinet

Question: A clarinet can be modeled as a wooden pipe closed on one end and open
on the other. The player blows into a small slit on one end. A reed then vibrates in
the mouthpiece. This makes the standing wave in the air. What is the fundamental
frequency of a clarinet 60 cm long? The speed of sound in air is 345 m.s−1.
Answer

Step 1 : Identify what is given and what is asked:

We are given:

L = 60 cm

v = 345 m.s−1

f = ?

Step 2 : To find the frequency we will use the equation f = v
λ

but we need

to find the wavelength first:

λ =
4L

2n − 1

=
4(0,60)

2(1) − 1

= 2,4 m

Step 3 : Now, using the wavelength you have calculated, find the frequency:

f =
v

λ

=
345

2,4

= 144 Hz

This is closest to the D below middle C. This note is one of the lowest notes on a
clarinet.

Extension: Musical Scale

The 12 tone scale popular in Western music took centuries to develop. This
scale is also called the 12-note Equal Tempered scale. It has an octave divided into
12 steps. (An octave is the main interval of most scales. If you double a frequency,
you have raised the note one octave.) All steps have equal ratios of frequencies.
But this scale is not perfect. If the octaves are in tune, all the other intervals are
slightly mistuned. No interval is badly out of tune. But none is perfect.

For example, suppose the base note of a scale is a frequency of 110 Hz ( a low
A). The first harmonic is 220 Hz. This note is also an A, but is one octave higher.
The second harmonic is at 330 Hz (close to an E). The third is 440 Hz (also an A).
But not all the notes have such simple ratios. Middle C has a frequency of about
262 Hz. This is not a simple multiple of 110 Hz. So the interval between C and A
is a little out of tune.

Many other types of tuning exist. Just Tempered scales are tuned so that all
intervals are simple ratios of frequencies. There are also equal tempered scales with
more or less notes per octave. Some scales use as many as 31 or 53 notes.
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16.4 Resonance

Resonance is the tendency of a system to vibrate at a maximum amplitude at the natural
frequency of the system.

Resonance takes place when a system is made to vibrate at its natural frequency as a result of
vibrations that are received from another source of the same frequency. In the following
investigation you will measure the speed of sound using resonance.

Activity :: Experiment : Using resonance to measure the speed of sound

Aim:

To measure the speed of sound using resonance

Apparatus:

• one measuring cylinder

• a high frequency (512 Hz) tuning fork

• some water

• a ruler or tape measure

Method:

1. Make the tuning fork vibrate by hitting it on the sole of your shoe or
something else that has a rubbery texture. A hard surface is not ideal as you
can more easily damage the tuning fork.

2. Hold the vibrating tuning fork about 1 cm above the cylinder mouth and start
adding water to the cylinder at the same time. Keep doing this until the first
resonance occurs. Pour out or add a little water until you find the level at
which the loudest sound (i.e. the resonance) is made.

3. When the water is at the resonance level, use a ruler or tape measure to
measure the distance (LA) between the top of the cylinder and the water
level.

4. Repeat the steps ?? above, this time adding more water until you find the
next resonance. Remember to hold the tuning fork at the same height of
about 1 cm above the cylinder mouth and adjust the water level to get the
loudest sound.

5. Use a ruler or tape measure to find the new distance (LB) from the top of
the cylinder to the new water level.

Conclusions:

The difference between the two resonance water levels (i.e. L = LA − LB) is half
a wavelength, or the same as the distance between a compression and rarefaction.
Therefore, since you know the wavelength, and you know the frequency of the
tuning fork, it is easy to calculate the speed of sound!
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L1

L2

tuning
fork

measuring
cylinder

1 cm

Interesting fact: Soldiers march out of time on bridges to avoid stimulating the bridge to
vibrate at its natural frequency.

Worked Example 109: Resonance

Question: A 512 Hz tuning fork can produce a resonance in a cavity where the air
column is 18,2 cm long. It can also produce a second resonance when the length of
the air column is 50,1 cm. What is the speed of sound in the cavity?

Answer

Step 1 : Identify what is given and what is asked:

L1 = 18,2 cm

L2 = 50,3 cm

f = 512 Hz

v = ?

Remember that:

v = f × λ

We have values for f and so to calculate v, we need to first find λ. You know that
the difference in the length of the air column between two resonances is half a
wavelength.

Step 2 : Calculate the difference in the length of the air column between

the two resonances:

L2 − L1 = 32,1 cm

Therefore 32,1 cm = 1
2 × λ

So,

λ = 2 × 32,1 cm

= 64,2 cm

= 0,642 m

Step 3 : Now you can substitute into the equation for v to find the speed

of sound:
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v = f × λ

= 512 × 0,642

= 328,7 m.s−1

From the investigation you will notice that the column of air will make a sound at a certain
length. This is where resonance takes place.

tuning
fork

node

antinode

node

16.5 Music and Sound Quality

In the sound chapter, we referred to the quality of sound as its tone. What makes the tone of a
note played on an instrument? When you pluck a string or vibrate air in a tube, you hear
mostly the fundamental frequency. Higher harmonics are present, but are fainter. These are
called overtones. The tone of a note depends on its mixture of overtones. Different
instruments have different mixtures of overtones. This is why the same note sounds different
on a flute and a piano.

Let us see how overtones can change the shape of a wave:
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fundamental frequency

higher frequencies

higher frequencies

resultant waveform

Figure 16.4: The quality of a tone depends on its mixture of harmonics.

The resultant waveform is very different from the fundamental frequency. Even though the two
waves have the same main frequency, they do not sound the same!

16.6 Summary - The Physics of Music

1. Instruments produce sounds because they form standing waves in strings or pipes.

2. The fundamental frequency of a string or a pipe is its natural frequency. The wavelength
of the fundamental frequency is twice the length of the string or pipe.

3. The first harmonic is formed when the standing wave forms one whole wavelength in the
string or pipe. The second harmonic is formed when the standing wave forms 1 1

2
wavelengths in the string or pipe.

4. The frequency of a standing wave can be calculated with the equation f = v
λ
.

5. The wavelength of a standing wave in a string fixed at both ends can be calculated using
λn = 2L

n−1 .

6. The wavelength of a standing wave in a pipe with both ends open can be calculated
using λn = 2L

n
.

7. The wavelength of a standing wave in a pipe with one end open can be calculated using
λn = 4L

2n−1 .

8. Resonance takes place when a system is made to vibrate at its own natural frequency as
a result of vibrations received from another source of the same frequency.
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Extension: Waveforms

Below are some examples of the waveforms produced by a flute, clarinet and
saxophone for different frequencies (i.e. notes):

Flute waveform

Clarinet waveform

Saxophone waveform

C4, 256 Hz

E♭, 156 Hz

B4, 247 Hz

16.7 End of Chapter Exercises

1. A guitar string with a length of 70 cm is plucked. The speed of a wave in the string is
400 m·s−1. Calculate the frequency of the first, second, and third harmonics.

2. A pitch of Middle D (first harmonic = 294 Hz) is sounded out by a vibrating guitar
string. The length of the string is 80 cm. Calculate the speed of the standing wave in the
guitar string.

3. A frequency of the first harmonic is 587 Hz (pitch of D5) is sounded out by a vibrating
guitar string. The speed of the wave is 600 m·s−1. Find the length of the string.

4. Two notes which have a frequency ratio of 2:1 are said to be separated by an octave. A
note which is separated by an octave from middle C (256 Hz) is

A 254 Hz

B 128 Hz

C 258 Hz

D 512 Hz

5. Playing a middle C on a piano keyboard generates a sound at a frequency of 256 Hz. If
the speed of sound in air is 345 m·s−1, calculate the wavelength of the sound
corresponding to the note of middle C.

6. What is resonance? Explain how you would demonstrate what resonance is if you have a
measuring cylinder, tuning fork and water available.

7. A tuning fork with a frequency of 256 Hz produced resonance with an air column of
length 25,2 cm and at 89,5 cm. Calculate the speed of sound in the air column.
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GNU Free Documentation License

Version 1.2, November 2002
Copyright c© 2000,2001,2002 Free Software Foundation, Inc.
59 Temple Place, Suite 330, Boston, MA 02111-1307 USA
Everyone is permitted to copy and distribute verbatim copies of this license document, but
changing it is not allowed.

PREAMBLE

The purpose of this License is to make a manual, textbook, or other functional and useful
document “free” in the sense of freedom: to assure everyone the effective freedom to copy and
redistribute it, with or without modifying it, either commercially or non-commercially.
Secondarily, this License preserves for the author and publisher a way to get credit for their
work, while not being considered responsible for modifications made by others.

This License is a kind of “copyleft”, which means that derivative works of the document must
themselves be free in the same sense. It complements the GNU General Public License, which
is a copyleft license designed for free software.

We have designed this License in order to use it for manuals for free software, because free
software needs free documentation: a free program should come with manuals providing the
same freedoms that the software does. But this License is not limited to software manuals; it
can be used for any textual work, regardless of subject matter or whether it is published as a
printed book. We recommend this License principally for works whose purpose is instruction or
reference.

APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that contains a notice placed
by the copyright holder saying it can be distributed under the terms of this License. Such a
notice grants a world-wide, royalty-free license, unlimited in duration, to use that work under
the conditions stated herein. The “Document”, below, refers to any such manual or work. Any
member of the public is a licensee, and is addressed as “you”. You accept the license if you
copy, modify or distribute the work in a way requiring permission under copyright law.

A “Modified Version” of the Document means any work containing the Document or a portion
of it, either copied verbatim, or with modifications and/or translated into another language.

A “Secondary Section” is a named appendix or a front-matter section of the Document that
deals exclusively with the relationship of the publishers or authors of the Document to the
Document’s overall subject (or to related matters) and contains nothing that could fall directly
within that overall subject. (Thus, if the Document is in part a textbook of mathematics, a
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Secondary Section may not explain any mathematics.) The relationship could be a matter of
historical connection with the subject or with related matters, or of legal, commercial,
philosophical, ethical or political position regarding them.

The “Invariant Sections” are certain Secondary Sections whose titles are designated, as being
those of Invariant Sections, in the notice that says that the Document is released under this
License. If a section does not fit the above definition of Secondary then it is not allowed to be
designated as Invariant. The Document may contain zero Invariant Sections. If the Document
does not identify any Invariant Sections then there are none.

The “Cover Texts” are certain short passages of text that are listed, as Front-Cover Texts or
Back-Cover Texts, in the notice that says that the Document is released under this License. A
Front-Cover Text may be at most 5 words, and a Back-Cover Text may be at most 25 words.

A “Transparent” copy of the Document means a machine-readable copy, represented in a
format whose specification is available to the general public, that is suitable for revising the
document straightforwardly with generic text editors or (for images composed of pixels) generic
paint programs or (for drawings) some widely available drawing editor, and that is suitable for
input to text formatters or for automatic translation to a variety of formats suitable for input to
text formatters. A copy made in an otherwise Transparent file format whose markup, or
absence of markup, has been arranged to thwart or discourage subsequent modification by
readers is not Transparent. An image format is not Transparent if used for any substantial
amount of text. A copy that is not “Transparent” is called “Opaque”.

Examples of suitable formats for Transparent copies include plain ASCII without markup,
Texinfo input format, LATEX input format, SGML or XML using a publicly available DTD and
standard-conforming simple HTML, PostScript or PDF designed for human modification.
Examples of transparent image formats include PNG, XCF and JPG. Opaque formats include
proprietary formats that can be read and edited only by proprietary word processors, SGML or
XML for which the DTD and/or processing tools are not generally available, and the
machine-generated HTML, PostScript or PDF produced by some word processors for output
purposes only.

The “Title Page” means, for a printed book, the title page itself, plus such following pages as
are needed to hold, legibly, the material this License requires to appear in the title page. For
works in formats which do not have any title page as such, “Title Page” means the text near
the most prominent appearance of the work’s title, preceding the beginning of the body of the
text.

A section “Entitled XYZ” means a named subunit of the Document whose title either is
precisely XYZ or contains XYZ in parentheses following text that translates XYZ in another
language. (Here XYZ stands for a specific section name mentioned below, such as
“Acknowledgements”, “Dedications”, “Endorsements”, or “History”.) To “Preserve the Title”
of such a section when you modify the Document means that it remains a section “Entitled
XYZ” according to this definition.

The Document may include Warranty Disclaimers next to the notice which states that this
License applies to the Document. These Warranty Disclaimers are considered to be included by
reference in this License, but only as regards disclaiming warranties: any other implication that
these Warranty Disclaimers may have is void and has no effect on the meaning of this License.

VERBATIM COPYING

You may copy and distribute the Document in any medium, either commercially or
non-commercially, provided that this License, the copyright notices, and the license notice
saying this License applies to the Document are reproduced in all copies, and that you add no
other conditions whatsoever to those of this License. You may not use technical measures to
obstruct or control the reading or further copying of the copies you make or distribute.
However, you may accept compensation in exchange for copies. If you distribute a large enough
number of copies you must also follow the conditions in section A.
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You may also lend copies, under the same conditions stated above, and you may publicly
display copies.

COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have printed covers) of the
Document, numbering more than 100, and the Document’s license notice requires Cover Texts,
you must enclose the copies in covers that carry, clearly and legibly, all these Cover Texts:
Front-Cover Texts on the front cover, and Back-Cover Texts on the back cover. Both covers
must also clearly and legibly identify you as the publisher of these copies. The front cover must
present the full title with all words of the title equally prominent and visible. You may add
other material on the covers in addition. Copying with changes limited to the covers, as long as
they preserve the title of the Document and satisfy these conditions, can be treated as
verbatim copying in other respects.

If the required texts for either cover are too voluminous to fit legibly, you should put the first
ones listed (as many as fit reasonably) on the actual cover, and continue the rest onto adjacent
pages.

If you publish or distribute Opaque copies of the Document numbering more than 100, you
must either include a machine-readable Transparent copy along with each Opaque copy, or
state in or with each Opaque copy a computer-network location from which the general
network-using public has access to download using public-standard network protocols a
complete Transparent copy of the Document, free of added material. If you use the latter
option, you must take reasonably prudent steps, when you begin distribution of Opaque copies
in quantity, to ensure that this Transparent copy will remain thus accessible at the stated
location until at least one year after the last time you distribute an Opaque copy (directly or
through your agents or retailers) of that edition to the public.

It is requested, but not required, that you contact the authors of the Document well before
redistributing any large number of copies, to give them a chance to provide you with an
updated version of the Document.

MODIFICATIONS

You may copy and distribute a Modified Version of the Document under the conditions of
sections A and A above, provided that you release the Modified Version under precisely this
License, with the Modified Version filling the role of the Document, thus licensing distribution
and modification of the Modified Version to whoever possesses a copy of it. In addition, you
must do these things in the Modified Version:

1. Use in the Title Page (and on the covers, if any) a title distinct from that of the
Document, and from those of previous versions (which should, if there were any, be listed
in the History section of the Document). You may use the same title as a previous
version if the original publisher of that version gives permission.

2. List on the Title Page, as authors, one or more persons or entities responsible for
authorship of the modifications in the Modified Version, together with at least five of the
principal authors of the Document (all of its principal authors, if it has fewer than five),
unless they release you from this requirement.

3. State on the Title page the name of the publisher of the Modified Version, as the
publisher.

4. Preserve all the copyright notices of the Document.

5. Add an appropriate copyright notice for your modifications adjacent to the other
copyright notices.
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6. Include, immediately after the copyright notices, a license notice giving the public
permission to use the Modified Version under the terms of this License, in the form
shown in the Addendum below.

7. Preserve in that license notice the full lists of Invariant Sections and required Cover Texts
given in the Document’s license notice.

8. Include an unaltered copy of this License.

9. Preserve the section Entitled “History”, Preserve its Title, and add to it an item stating
at least the title, year, new authors, and publisher of the Modified Version as given on
the Title Page. If there is no section Entitled “History” in the Document, create one
stating the title, year, authors, and publisher of the Document as given on its Title Page,
then add an item describing the Modified Version as stated in the previous sentence.

10. Preserve the network location, if any, given in the Document for public access to a
Transparent copy of the Document, and likewise the network locations given in the
Document for previous versions it was based on. These may be placed in the “History”
section. You may omit a network location for a work that was published at least four
years before the Document itself, or if the original publisher of the version it refers to
gives permission.

11. For any section Entitled “Acknowledgements” or “Dedications”, Preserve the Title of the
section, and preserve in the section all the substance and tone of each of the contributor
acknowledgements and/or dedications given therein.

12. Preserve all the Invariant Sections of the Document, unaltered in their text and in their
titles. Section numbers or the equivalent are not considered part of the section titles.

13. Delete any section Entitled “Endorsements”. Such a section may not be included in the
Modified Version.

14. Do not re-title any existing section to be Entitled “Endorsements” or to conflict in title
with any Invariant Section.

15. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify as
Secondary Sections and contain no material copied from the Document, you may at your
option designate some or all of these sections as invariant. To do this, add their titles to the
list of Invariant Sections in the Modified Version’s license notice. These titles must be distinct
from any other section titles.

You may add a section Entitled “Endorsements”, provided it contains nothing but endorsements
of your Modified Version by various parties–for example, statements of peer review or that the
text has been approved by an organisation as the authoritative definition of a standard.

You may add a passage of up to five words as a Front-Cover Text, and a passage of up to 25
words as a Back-Cover Text, to the end of the list of Cover Texts in the Modified Version.
Only one passage of Front-Cover Text and one of Back-Cover Text may be added by (or
through arrangements made by) any one entity. If the Document already includes a cover text
for the same cover, previously added by you or by arrangement made by the same entity you
are acting on behalf of, you may not add another; but you may replace the old one, on explicit
permission from the previous publisher that added the old one.

The author(s) and publisher(s) of the Document do not by this License give permission to use
their names for publicity for or to assert or imply endorsement of any Modified Version.

COMBINING DOCUMENTS

You may combine the Document with other documents released under this License, under the
terms defined in section A above for modified versions, provided that you include in the
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combination all of the Invariant Sections of all of the original documents, unmodified, and list
them all as Invariant Sections of your combined work in its license notice, and that you
preserve all their Warranty Disclaimers.

The combined work need only contain one copy of this License, and multiple identical Invariant
Sections may be replaced with a single copy. If there are multiple Invariant Sections with the
same name but different contents, make the title of each such section unique by adding at the
end of it, in parentheses, the name of the original author or publisher of that section if known,
or else a unique number. Make the same adjustment to the section titles in the list of Invariant
Sections in the license notice of the combined work.

In the combination, you must combine any sections Entitled “History” in the various original
documents, forming one section Entitled “History”; likewise combine any sections Entitled
“Acknowledgements”, and any sections Entitled “Dedications”. You must delete all sections
Entitled “Endorsements”.

COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents released under
this License, and replace the individual copies of this License in the various documents with a
single copy that is included in the collection, provided that you follow the rules of this License
for verbatim copying of each of the documents in all other respects.

You may extract a single document from such a collection, and distribute it individually under
this License, provided you insert a copy of this License into the extracted document, and follow
this License in all other respects regarding verbatim copying of that document.

AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate and independent
documents or works, in or on a volume of a storage or distribution medium, is called an
“aggregate” if the copyright resulting from the compilation is not used to limit the legal rights
of the compilation’s users beyond what the individual works permit. When the Document is
included an aggregate, this License does not apply to the other works in the aggregate which
are not themselves derivative works of the Document.

If the Cover Text requirement of section A is applicable to these copies of the Document, then
if the Document is less than one half of the entire aggregate, the Document’s Cover Texts may
be placed on covers that bracket the Document within the aggregate, or the electronic
equivalent of covers if the Document is in electronic form. Otherwise they must appear on
printed covers that bracket the whole aggregate.

TRANSLATION

Translation is considered a kind of modification, so you may distribute translations of the
Document under the terms of section A. Replacing Invariant Sections with translations requires
special permission from their copyright holders, but you may include translations of some or all
Invariant Sections in addition to the original versions of these Invariant Sections. You may
include a translation of this License, and all the license notices in the Document, and any
Warranty Disclaimers, provided that you also include the original English version of this License
and the original versions of those notices and disclaimers. In case of a disagreement between
the translation and the original version of this License or a notice or disclaimer, the original
version will prevail.

If a section in the Document is Entitled “Acknowledgements”, “Dedications”, or “History”, the
requirement (section A) to Preserve its Title (section A) will typically require changing the
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actual title.

TERMINATION

You may not copy, modify, sub-license, or distribute the Document except as expressly provided
for under this License. Any other attempt to copy, modify, sub-license or distribute the
Document is void, and will automatically terminate your rights under this License. However,
parties who have received copies, or rights, from you under this License will not have their
licenses terminated so long as such parties remain in full compliance.

FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions of the GNU Free
Documentation License from time to time. Such new versions will be similar in spirit to the
present version, but may differ in detail to address new problems or concerns. See
http://www.gnu.org/copyleft/.

Each version of the License is given a distinguishing version number. If the Document specifies
that a particular numbered version of this License “or any later version” applies to it, you have
the option of following the terms and conditions either of that specified version or of any later
version that has been published (not as a draft) by the Free Software Foundation. If the
Document does not specify a version number of this License, you may choose any version ever
published (not as a draft) by the Free Software Foundation.

ADDENDUM: How to use this License for your documents

To use this License in a document you have written, include a copy of the License in the
document and put the following copyright and license notices just after the title page:

Copyright c© YEAR YOUR NAME. Permission is granted to copy, distribute and/or
modify this document under the terms of the GNU Free Documentation License,
Version 1.2 or any later version published by the Free Software Foundation; with no
Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts. A copy of the
license is included in the section entitled “GNU Free Documentation License”.

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts, replace the
“with...Texts.” line with this:

with the Invariant Sections being LIST THEIR TITLES, with the Front-Cover Texts being
LIST, and with the Back-Cover Texts being LIST.

If you have Invariant Sections without Cover Texts, or some other combination of the three,
merge those two alternatives to suit the situation.

If your document contains nontrivial examples of program code, we recommend releasing these
examples in parallel under your choice of free software license, such as the GNU General Public
License, to permit their use in free software.
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