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Chapter 17

Electrostatics - Grade 11

17.1 Introduction

In Grade 10, you learnt about the force between charges. In this chapter you will learn exactly
how to determine this force and about a basic law of electrostatics.

17.2 Forces between charges - Coulomb’s Law

Like charges repel each other while opposite charges attract each other. If the charges are at
rest then the force between them is known as the electrostatic force. The electrostatic force
between charges increases when the magnitude of the charges increases or the distance
between the charges decreases.
The electrostatic force was first studied in detail by Charles Coulomb around 1784. Through
his observations he was able to show that the electrostatic force between two point-like charges
is inversely proportional to the square of the distance between the objects. He also discovered
that the force is proportional to the product of the charges on the two objects.

F ∝
Q1Q2

r2
,

where Q1 is the charge on the one point-like object, Q2 is the charge on the second, and r is
the distance between the two. The magnitude of the electrostatic force between two point-like
charges is given by Coulomb’s Law.

Definition: Coulomb’s Law

Coulomb’s Law states that the magnitude of the electrostatic force between two point
charges is directly proportional to the magnitudes of each charge and inversely proportional
to the square of the distance between the charges.

F = k
Q1Q2

r2

and the proportionality constant k is called the electrostatic constant and has the value:

k = 8,99 × 109N · m2 · C−2.

Extension: Similarity of Coulomb’s Law to the Newton’s Universal Law of

Gravitation.

Notice how similar Coulomb’s Law is to the form of Newton’s Universal Law of
Gravitation between two point-like particles:

FG = G
m1m2

r2
,
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where m1 and m2 are the masses of the two particles, r is the distance between
them, and G is the gravitational constant.

Both laws represent the force exerted by particles (masses or charges) on each
other that interact by means of a field.

It is very interesting that Coulomb’s Law has been shown to be correct no
matter how small the distance, nor how large the charge. For example it still
applies inside the atom (over distances smaller than 10−10m).

Worked Example 110: Coulomb’s Law I

Question: Two point-like charges carrying charges of +3 × 10−9C and
−5 × 10−9C are 2 m apart. Determine the magnitude of the force between them
and state whether it is attractive or repulsive.
Answer

Step 1 : Determine what is required

We are required to find the force between two point charges given the charges and
the distance between them.
Step 2 : Determine how to approach the problem

We can use Coulomb’s Law to find the force.

F = k
Q1Q2

r2

Step 3 : Determine what is given

We are given:

• Q1 = +3 × 10−9C

• Q2 = −5 × 10−9C

• r = 2 m

We know that k = 8,99 × 109N · m2 · C−2.
We can draw a diagram of the situation.

Q1 = +3 × 10−9C Q2 = −5 × 10−9C
b b

2 m

Step 4 : Check units

All quantities are in SI units.
Step 5 : Determine the magnitude of the force

Using Coulomb’s Law we have

F = k
Q1Q2

r2

= (8,99 × 109N · m2/C2)
(3 × 10−9C)(5 × 10−9C)

(2m)2

= 3,37 × 10−8N

Thus the magnitude of the force is 3,37 × 10−8N. However since both point
charges have opposite signs, the force will be attractive.

Next is another example that demonstrates the difference in magnitude between the
gravitational force and the electrostatic force.
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Worked Example 111: Coulomb’s Law II

Question: Determine the electrostatic force and gravitational force between two
electrons 10−10m apart (i.e. the forces felt inside an atom)
Answer

Step 1 : Determine what is required

We are required to calculate the electrostatic and gravitational forces between two
electrons, a given distance apart.
Step 2 : Determine how to approach the problem

We can use:

Fe = k
Q1Q2

r2

to calculate the electrostatic force and

Fg = G
m1m2

r2

to calculate the gravitational force.
Step 3 : Determine what is given

• Q1 = Q2 = 1,6 × 10−19 C(The charge on an electron)

• m1 = m2 = 9,1 × 10−31 kg(The mass of an electron)

• r = 1 × 10−10m

We know that:

• k = 8,99 × 109 N · m2 · C−2

• G = 6,67 × 10−11 N · m2 · kg−2

All quantities are in SI units.
We can draw a diagram of the situation.

Q1 = −1,60 × 10−19C Q2 = −1,60 × 10−19C
b b

10−10m

Step 4 : Calculate the electrostatic force

Fe = k
Q1Q2

r2

= (8,99 × 109)
(−1,60 × 10−19)(−1,60 × 10−19)

(10−10)2

= 2,30 × 10−8 N

Hence the magnitude of the electrostatic force between the electrons is
2,30 × 10−8N. Since electrons carry the same charge, the force is repulsive.
Step 5 : Calculate the gravitational force

Fg = G
m1m2

r2

= (6,67 × 10−11N · m2/kg2)
(9.11 × 10−31C)(9.11 × 10−31kg)

(10−10m)2

= 5,54 × 10−51N

The magnitude of the gravitational force between the electrons is 5,54 × 10−51N.
This is an attractive force.
Notice that the gravitational force between the electrons is much smaller than the
electrostatic force. For this reason, the gravitational force is usually neglected when
determining the force between two charged objects.
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Important: We can apply Newton’s Third Law to charges because, two charges exert forces
of equal magnitude on one another in opposite directions.

Important: Coulomb’s Law

When substituting into the Coulomb’s Law equation, it is not necessary to include the signs of
the charges. Instead, select a positive direction. Then forces that tend to move the charge in
this direction are added, while forces that act in the opposite direction are subtracted.

Worked Example 112: Coulomb’s Law III

Question: Three point charges are in a straight line. Their charges are Q1 =
+2 × 10−9C, Q2 = +1 × 10−9C and Q3 = −3 × 10−9C. The distance between
Q1 and Q2 is 2 × 10−2m and the distance between Q2 and Q3 is 4 × 10−2m.
What is the net electrostatic force on Q2 from the other two charges?

+1 nC -3 nC+2 nC

2 m 3 m

Answer

Step 1 : Determine what is required

We are needed to calculate the net force on Q2. This force is the sum of the two
electrostatic forces - the forces between Q1 on Q2 and Q3 on Q2.
Step 2 : Determine how to approach the problem

• We need to calculate the two electrostatic forces on Q2, using Coulomb’s Law
equation.

• We then need to add up the two forces using our rules for adding vector
quantities, because force is a vector quantity.

Step 3 : Determine what is given

We are given all the charges and all the distances.
Step 4 : Calculate the forces.

Force of Q1 on Q2:

F = k
Q1Q2

r2

= (8,99 × 109)
(2 × 10−9)(1 × 10−9)

(2 × 10−9)

= 4,5 × 10−5N

Force of Q3 on Q2:

F = k
Q2Q3

r2

= (8,99 × 109)
(1 × 10−9)(3 × 10−9)

(4 × 10−9

= 1,69 × 10−5N

Both forces act in the same direction because the force between Q1 and Q2 is
repulsive (like charges) and the force between Q2 on Q3 is attractive (unlike
charges).
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Therefore,

Fnet = 4,50 × 10−5 + 4,50 × 10−5

= 6,19 × 10−5N

We mentioned in Chapter 9 that charge placed on a spherical conductor spreads evenly along
the surface. As a result, if we are far enough from the charged sphere, electrostatically, it
behaves as a point-like charge. Thus we can treat spherical conductors (e.g. metallic balls) as
point-like charges, with all the charge acting at the centre.

Worked Example 113: Coulomb’s Law: challenging question

Question: In the picture below, X is a small negatively charged sphere with a mass
of 10kg. It is suspended from the roof by an insulating rope which makes an angle
of 60◦ with the roof. Y is a small positively charged sphere which has the same
magnitude of charge as X. Y is fixed to the wall by means of an insulating bracket.
Assuming the system is in equilibrium, what is the magnitude of the charge on X?

– +
10kg

50cm

60o

X

Y

///////////

\
\
\
\
\

Answer

How are we going to determine the charge on X? Well, if we know the force
between X and Y we can use Coulomb’s Law to determine their charges as we
know the distance between them. So, firstly, we need to determine the magnitude
of the electrostatic force between X and Y.
Step 1 :

Is everything in S.I. units? The distance between X and Y is 50cm = 0,5m, and the
mass of X is 10kg.
Step 2 : Draw a force diagram

Draw the forces on X (with directions) and label.

T : tension from the thread

FE : electrostatic force

Fg: gravitational force

60◦

X

Step 3 : Calculate the magnitude of the electrostatic force, FE

Since nothing is moving (system is in equilibrium) the vertical and horizontal
components of the forces must cancel. Thus

FE = T cos(60◦); Fg = T sin(60◦).
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The only force we know is the gravitational force Fg = mg. Now we can calculate
the magnitude of T from above:

T =
Fg

sin(60◦)
=

(10)(10)

sin(60◦)
= 115,5N.

Which means that FE is:

FE = T cos(60◦) = 115,5 · cos(60◦) = 57,75N

Step 4 :

Now that we know the magnitude of the electrostatic force between X and Y, we
can calculate their charges using Coulomb’s Law. Don’t forget that the magnitudes
of the charges on X and Y are the same: QX = QY. The magnitude of the
electrostatic force is

FE = k
QXQY

r2
= k

Q2

X

r2

QX =

√

FEr2

k

=

√

(57.75)(0.5)2

8.99 × 109

= 5.66 × 10−5C

Thus the charge on X is −5.66× 10−5C.

Exercise: Electrostatic forces

1. Calculate the electrostatic force between two charges of +6nC and +1nC if
they are separated by a distance of 2mm.

2. Calculate the distance between two charges of +4nC and −3nC if the
electrostaticforce between them is 0,005N.

3. Calculate the charge on two identical spheres that are similiarly charged if they
are separated by 20cm and the electrostatic force between them is 0,06N.

17.3 Electric field around charges

We have learnt that objects that carry charge feel forces from all other charged objects. It is
useful to determine what the effect of a charge would be at every point surrounding it. To do
this we need some sort of reference. We know that the force that one charge feels due to
another depends on both charges (Q1 and Q2). How then can we talk about forces if we only
have one charge? The solution to this dilemma is to introduce a test charge. We then
determine the force that would be exerted on it if we placed it at a certain location. If we do
this for every point surrounding a charge we know what would happen if we put a test charge
at any location.
This map of what would happen at any point we call an electric field map. It is a map of the
electric field due to a charge. It tells us how large the force on a test charge would be and in
what direction the force would be. Our map consists of the lines that tell us how the test
charge would move if it were placed there.
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Definition: Electric field

An electric field as a region of space in which an electric charge experiences a force. The
direction of the electric field at a point is the direction that a positive test charge would
move if placed at that point.

17.3.1 Electric field lines

The maps depend very much on the charge or charges that the map is being made for. We will
start off with the simplest possible case. Take a single positive charge with no other charges
around it. First, we will look at what effects it would have on a test charge at a number of
points.
Electric field lines, like the magnetic field lines that were studied in Grade 10, are a way of
representing the electric field at a point.

• Arrows on the field lines indicate the direction of the field, i.e. the direction a positive
test charge would move.

• Electric field lines therefore point away from positive charges and towards negative
charges.

• Field lines are drawn closer together where the field is stronger.

17.3.2 Positive charge acting on a test charge

At each point we calculate the force on a test charge, q, and represent this force by a vector.

+Q

We can see that at every point the positive test charge, q, would experience a force pushing it
away from the charge, Q. This is because both charges are positive and so they repel. Also
notice that at points further away the vectors are shorter. That is because the force is smaller
if you are further away.

Negative charge acting on a test charge

If the charge were negative we would have the following result.
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-Q

Notice that it is almost identical to the positive charge case. This is important – the arrows
are the same length because the magnitude of the charge is the same and so is the magnitude
of the test charge. Thus the magnitude (size) of the force is the same. The arrows point in
the opposite direction because the charges now have opposite sign and so the test charge is
attracted to the charge. Now, to make things simpler, we draw continuous lines showing the
path that the test charge would travel. This means we don’t have to work out the magnitude
of the force at many different points.

Electric field map due to a positive charge

+Q

Some important points to remember about electric fields:

• There is an electric field at every point in space surrounding a charge.

• Field lines are merely a representation – they are not real. When we draw them, we just
pick convenient places to indicate the field in space.

• Field lines always start at a right-angle (90o) to the charged object causing the field.

• Field lines never cross.

17.3.3 Combined charge distributions

We will now look at the field of a positive charge and a negative charge placed next to each
other. The net resulting field would be the addition of the fields from each of the charges. To
start off with let us sketch the field maps for each of the charges separately.
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Electric field of a negative and a positive charge in isolation

+Q -Q

Notice that a test charge starting off directly between the two would be pushed away from the
positive charge and pulled towards the negative charge in a straight line. The path it would
follow would be a straight line between the charges.

+Q -Q

Now let’s consider a test charge starting off a bit higher than directly between the charges. If it
starts closer to the positive charge the force it feels from the positive charge is greater, but the
negative charge also attracts it, so it would move away from the positive charge with a tiny
force attracting it towards the negative charge. As it gets further from the positive charge the
force from the negative and positive charges change and they are equal in magnitude at equal
distances from the charges. After that point the negative charge starts to exert a stronger force
on the test charge. This means that the test charge moves towards the negative charge with
only a small force away from the positive charge.

+Q -Q

Now we can fill in the other lines quite easily using the same ideas. The resulting field map is:

+Q -Q
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Two like charges : both positive

For the case of two positive charges things look a little different. We can’t just turn the arrows
around the way we did before. In this case the test charge is repelled by both charges. This
tells us that a test charge will never cross half way because the force of repulsion from both
charges will be equal in magnitude.

+Q +Q

The field directly between the charges cancels out in the middle. The force has equal
magnitude and opposite direction. Interesting things happen when we look at test charges that
are not on a line directly between the two.

+Q +Q

We know that a charge the same distance below the middle will experience a force along a
reflected line, because the problem is symmetric (i.e. if we flipped vertically it would look the
same). This is also true in the horizontal direction. So we use this fact to easily draw in the
next four lines.

+Q +Q

Working through a number of possible starting points for the test charge we can show the
electric field map to be:
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+Q +Q

Two like charges : both negative

We can use the fact that the direction of the force is reversed for a test charge if you change
the sign of the charge that is influencing it. If we change to the case where both charges are
negative we get the following result:

-Q -Q

17.3.4 Parallel plates

One very important example of electric fields which is used extensively is the electric field
between two charged parallel plates. In this situation the electric field is constant. This is used
for many practical purposes and later we will explain how Millikan used it to measure the
charge on the electron.

Field map for oppositely charged parallel plates
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+
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+
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+

-

+

-
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This means that the force that a test charge would feel at any point between the plates would
be identical in magnitude and direction. The fields on the edges exhibit fringe effects, i.e. they

bulge outwards. This is because a test charge placed here would feel the effects of charges only
on one side (either left or right depending on which side it is placed). Test charges placed in
the middle experience the effects of charges on both sides so they balance the components in
the horizontal direction. This is clearly not the case on the edges.

Strength of an electric field

When we started making field maps we drew arrows to indicate the strength of the field and
the direction. When we moved to lines you might have asked “Did we forget about the field
strength?”. We did not. Consider the case for a single positive charge again:

+Q

Notice that as you move further away from the charge the field lines become more spread out.
In field map diagrams the closer field lines are together the stronger the field. Therefore, the
electric field is stronger closer to the charge (the electric field lines are closer together) and
weaker further from the charge (the electric field lines are further apart).
The magnitude of the electric field at a point as the force per unit charge. Therefore,

E =
F

q

E and F are vectors. From this we see that the force on a charge q is simply:

F = E · q

The force between two electric charges is given by:

F = k
Qq

r2
.

(if we make the one charge Q and the other q.) Therefore, the electric field can be written as:

E = k
Q

r2

The electric field is the force per unit of charge and hence has units of newtons per coulomb.

As with Coulomb’s law calculations, do not substitute the sign of the charge into the equation
for electric field. Instead, choose a positive direction, and then either add or subtract the
contribution to the electric field due to each charge depending upon whether it points in the
positive or negative direction, respectively.

Worked Example 114: Electric field 1
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Question: Calculate the electric field strength 30/rmcm from a 5/rmnC charge.

b

+5nC
x

30 cm

Answer

Step 1 : Determine what is required

We need to calculate the electric field a distance from a given charge.
Step 2 : Determine what is given

We are given the magnitude of the charge and the distance from the charge.
Step 3 : Determine how to approach the problem

We will use the equation:

E = k
Q

r2
.

Step 4 : Solve the problem

E = k
Q

r2

=
(8.99 × 109)(5 × 10−9)

(0,3)2

= 4,99 × 102N.C−1

Worked Example 115: Electric field 2

Question: Two charges of Q1 = +3/rmnC and Q2 = −4/rmnC are separated
by a distance of 50/rmcm. What is the electric field strength at a point that is
20/rmcm from Q1 and 50/rmcm from Q2? The point lies beween Q1 and Q2.

b

+3nC
x

10 cm 30 cm

b

-4nC

Answer

Step 1 : Determine what is required

We need to calculate the electric field a distance from two given charges.
Step 2 : Determine what is given

We are given the magnitude of the charges and the distances from the charges.
Step 3 : Determine how to approach the problem

We will use the equation:

E = k
Q

r2
.

We need to work out the electric field for each charge separately and then add
them to get the resultant field.
Step 4 : Solve the problem

We first solve for Q1:

E = k
Q

r2

=
(8.99 × 109)(3 × 10−9)

(0,2)2

= 6,74 × 102N.C−1
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Then for Q2:

E = k
Q

r2

=
(8.99 × 109)(4 × 10−9)

(0,3)2

= 2,70 × 102N.C−1

We need to add the two electric field beacuse both are in the same direction. The
field is away from Q1 and towards Q2. Therefore,
Etotal = 6,74 × 102 + 2,70 × 102 = 9,44 × 102N.C−1

17.4 Electrical potential energy and potential

The electrical potential energy of a charge is the energy it has because of its position relative
to other charges that it interacts with. The potential energy of a charge Q1 relative to a
charge Q2 a distance r away is calculated by:

U =
kQ1Q2

r

Worked Example 116: Electrical potential energy 1

Question: What is the electric potential energy of a 7nC charge that is 2 cm from
a 20nC?
Answer

Step 1 : Determine what is required

We need to calculate the electric potential energy (U).
Step 2 : Determine what is given

We are given both charges and the distance between them.
Step 3 : Determine how to approach the problem

We will use the equation:

U =
kQ1Q2

r

Step 4 : Solve the problem

U =
kQ1Q2

r

=
(8.99 × 109)(7 × 10−9)(20 × 10−9)

(0,02)

= 6,29 × 10−5J

17.4.1 Electrical potential

The electric potential at a point is the electrical potential energy per unit charge, i.e. the
potential energy a positive test charge would have if it were placed at that point.
Consider a positive test charge +Q placed at A in the electric field of another positive point
charge.

400



CHAPTER 17. ELECTROSTATICS - GRADE 11 17.4

+ bc

+Q

A B

The test charge moves towards B under the influence of the electric field of the other charge.
In the process the test charge loses electrical potential energy and gains kinetic energy. Thus,
at A, the test charge has more potential energy than at B – A is said to have a higher

electrical potential than B.
The potential energy of a charge at a point in a field is defined as the work required to move
that charge from infinity to that point.

Definition: Potential difference

The potential difference between two points in an electric field is defined as the work

required to move a unit positive test charge from the point of lower potential to

that of higher potential.

If an amount of work W is required to move a charge Q from one point to another, then the
potential difference between the two points is given by,

V =
W

Q
unit : J.C−1 or V (the volt)

From this equation we can define the volt.

Definition: The Volt

One volt is the potential difference between two points in an electric field if one joule of
work is done in moving one coulomb of charge from the one point to the other.

Worked Example 117: Potential difference

Question: What is the potential difference between two point in an electric field if
it takes 600J of energy to move a charge of 2C between these two points.
Answer

Step 5 : Determine what is required

We need to calculate the potential difference (V) between two points in an electric
field.
Step 6 : Determine what is given

We are given both the charges and the energy or work done to move the charge
between the two points.
Step 7 : Determine how to approach the problem
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We will use the equation:

V =
W

Q

Step 8 : Solve the problem

V =
W

Q

=
600

2
= 300V

17.4.2 Real-world application: lightning

Lightning is an atmospheric discharge of electricity, usually, but not always, during a rain
storm. An understanding of lightning is important for power transmission lines as engineers
who need to know about lightning in order to adequately protect lines and equipment.

Extension: Formation of lightning

1. Charge separation

The first process in the generation of lightning is charge separation. The
mechanism by which charge separation happens is still the subject of research.
One theory is that opposite charges are driven apart and energy is stored in
the electric field between them. Cloud electrification appears to require strong
updrafts which carry water droplets upward, supercooling them to −10 to
−20 oC. These collide with ice crystals to form a soft ice-water mixture called
graupel. The collisions result in a slight positive charge being transferred to
ice crystals, and a slight negative charge to the graupel. Updrafts drive lighter
ice crystals upwards, causing the cloud top to accumulate increasing positive
charge. The heavier negatively charged graupel falls towards the middle and
lower portions of the cloud, building up an increasing negative charge. Charge
separation and accumulation continue until the electrical potential becomes
sufficient to initiate lightning discharges, which occurs when the gathering of
positive and negative charges forms a sufficiently strong electric field.

2. Leader formation

As a thundercloud moves over the Earth’s surface, an equal but opposite
charge is induced in the Earth below, and the induced ground charge follows
the movement of the cloud. An initial bipolar discharge, or path of ionized
air, starts from a negatively charged mixed water and ice region in the
thundercloud. The discharge ionized channels are called leaders. The negative
charged leaders, called a ”stepped leader”, proceed generally downward in a
number of quick jumps, each up to 50 metres long. Along the way, the
stepped leader may branch into a number of paths as it continues to descend.
The progression of stepped leaders takes a comparatively long time (hundreds
of milliseconds) to approach the ground. This initial phase involves a
relatively small electric current (tens or hundreds of amperes), and the leader
is almost invisible compared to the subsequent lightning channel. When a
step leader approaches the ground, the presence of opposite charges on the
ground enhances the electric field. The electric field is highest on trees and
tall buildings. If the electric field is strong enough, a conductive discharge
(called a positive streamer) can develop from these points. As the field
increases, the positive streamer may evolve into a hotter, higher current
leader which eventually connects to the descending stepped leader from the
cloud. It is also possible for many streamers to develop from many different

402



CHAPTER 17. ELECTROSTATICS - GRADE 11 17.5

objects simultaneously, with only one connecting with the leader and forming
the main discharge path. Photographs have been taken on which
non-connected streamers are clearly visible. When the two leaders meet, the
electric current greatly increases. The region of high current propagates back
up the positive stepped leader into the cloud with a ”return stroke” that is
the most luminous part of the lightning discharge.

3. Discharge When the electric field becomes strong enough, an electrical
discharge (the bolt of lightning) occurs within clouds or between clouds and
the ground. During the strike, successive portions of air become a conductive
discharge channel as the electrons and positive ions of air molecules are pulled
away from each other and forced to flow in opposite directions. The electrical
discharge rapidly superheats the discharge channel, causing the air to expand
rapidly and produce a shock wave heard as thunder. The rolling and gradually
dissipating rumble of thunder is caused by the time delay of sound coming
from different portions of a long stroke.

Important: Estimating distance of a lightning strike

The flash of a lightning strike and resulting thunder occur at roughly the same time. But light
travels at 300 000 kilometres in a second, almost a million times the speed of sound. Sound
travels at the slower speed of 330 m/s in the same time, so the flash of lightning is seen before
thunder is heard. By counting the seconds between the flash and the thunder and dividing by 3,
you can estimate your distance from the strike and initially the actual storm cell (in kilometres).

17.5 Capacitance and the parallel plate capacitor

17.5.1 Capacitors and capacitance

A parallel plate capacitor is a device that consists of two oppositely charged conducting plates
separated by a small distance, which stores charge. When voltage is applied to the capacitor,
electric charge of equal magnitude, but opposite polarity, build up on each plate.

E

C

R

Figure 17.1: A capacitor (C) connected in series with a resistor (R) and an energy source (E).

Definition: Capacitance

Capacitance is the charge stored per volt and is measured in farad (F)

Mathematically, capacitance is the ratio of the charge on a single plate to the voltage across
the plates of the capacitor:

C =
Q

V
.
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Capacitance is measured in farads (F). Since capacitance is defined as C = Q
V

, the units are in
terms of charge over potential difference. The unit of charge is the coulomb and the unit of the
potential difference is the volt. One farad is therefore the capacitance if one coulomb of charge
was stored on a capacitor for every volt applied.
1 C of charge is a very large amount of charge. So, for a small amount of voltage applied, a
1 F capacitor can store a enormous amount of charge. Therefore, capacitors are often denoted
in terms of microfarads (1 × 10−6), nanofarads (1 × 10−9), or picofarads (1 × 10−12).

Important: Q is the magnitude of the charge stored on either plate, not on both plates
added together. Since one plate stores positive charge and the other stores negative charge,
the total charge on the two plates is zero.

Worked Example 118: Capacitance

Question: Suppose that a 5 V battery is connected in a circuit to a 5 pF
capacitor. After the battery has been connected for a long time, what is the charge
stored on each of the plates?
Answer

To begin remember that after a voltage has been applied for a long time the
capacitor is fully charged. The relation between voltage and the maximum charge
of a capacitor is found in equation ??.

CV = Q

Inserting the given values of C = 5F and V = 5V, we find that:

Q = CV

= (5 × 10−12F )(5V )

= 2,5 × 10−11C

17.5.2 Dielectrics

The electric field between the plates of a capacitor is affected by the substance between them.
The substance between the plates is called a dielectric. Common substances used as dielectrics
are mica, perspex, air, paper and glass.
When a dielectric is inserted between the plates of a parallel plate capacitor the dielectric
becomes polarised so an electric field is induced in the dielectric that opposes the field between
the plates. When the two electric fields are superposed, the new field between the plates
becomes smaller. Thus the voltage between the plates decreases so the capacitance increases.
In every capacitor, the dielectric keeps the charge on one plate from travelling to the other
plate. However, each capacitor is different in how much charge it allows to build up on the
electrodes per voltage applied. When scientists started studying capacitors they discovered the
property that the voltage applied to the capacitor was proportional to the maximum charge
that would accumulate on the electrodes. The constant that made this relation into an
equation was called the capacitance, C. The capacitance was different for different capacitors.
But, it stayed constant no matter how much voltage was applied. So, it predicts how much
charge will be stored on a capacitor when different voltages are applied.

17.5.3 Physical properties of the capacitor and capacitance

The capacitance of a capacitor is proportional to the surface area of the conducting plate and
inversely proportional to the distance between the plates. It is also proportional to the
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permittivity of the dielectric. The dielectric is the non-conducting substance that separates the
plates. As mentioned before, dielectrics can be air, paper, mica, perspex or glass.
The capacitance of a parallel-plate capacitor is given by:

C = ǫ0
A

d

where ǫ0 is the permittivity of air, A is the area of the plates and d is the distance between the
plates.

Worked Example 119: Capacitance

Question: What is the capacitance of a capacitor in which the dielectric is air, the
area of the plates is 0,001m2 and the distance between the plates is 0,02m?
Answer

Step 1 : Determine what is required

We need to determine the capacitance of the capacitor.
Step 2 : Determine how to approach the problem

We can use the formula:

C = ǫ0
A

d

Step 3 : Determine what is given.

We are given the area of the plates, the distance between the plates and that the
dielectric is air.
Step 4 : Determine the capacitance

C = ǫ0
A

d
(17.1)

=
(8,9 × 10−12)(0,001)

0,02
(17.2)

= 4,45 × 10−13F (17.3)

17.5.4 Electric field in a capacitor

The electric field strength between the plates of a capacitor can be calculated using the
formula:
E = V

d
where E is the electric field in J.C−1, V is the potential difference in V and d is the

distance between the plates in m.

Worked Example 120: Electric field in a capacitor

Question: What is the strength of the electric field in a capacitor which has a
potential difference of 300V between its parallel plates that are 0,02m apart?
Answer

Step 1 : Determine what is required

We need to determine the electric field between the plates of the capacitor.
Step 2 : Determine how to approach the problem

We can use the formula:
E = V

d

Step 3 : Determine what is given.

We are given the potential difference and the distance between the plates.
Step 4 : Determine the electric field
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E =
V

d
(17.4)

=
300

0,02
(17.5)

= 1,50 × 104J.C−1 (17.6)

(17.7)

Exercise: Capacitance and the parallel plate capacitor

1. Determine the capacitance of a capacitor which stores 9 × 10−9C when a
potential difference of 12 V is applied to it.

2. What charge will be stored on a 5µF capacitor if a potential difference of 6V
is maintained between its plates?

3. What is the capacitance of a capacitor that uses air as its dielectric if it has
an area of 0,004m2 and a distance of 0,03m between its plates?

4. What is the strength of the electric field between the plates of a charged
capacitor if the plates are 2mm apart and have a potential difference of 200V
across them?

17.6 Capacitor as a circuit device

17.6.1 A capacitor in a circuit

When a capacitor is connected in a DC circuit, current will flow until the capacitor is fully
charged. After that, no further current will flow. If the charged capacitor is connected to
another circuit with no source of emf in it, the capacitor will discharge through the circuit,
creating a potential difference for a short time. This is useful, for example, in a camera flash.
Initially, the electrodes have no net charge. A voltage source is applied to charge a capacitor.
The voltage source creates an electric field, causing the electrons to move. The charges move
around the circuit stopping at the left electrode. Here they are unable to travel across the
dielectric, since electrons cannot travel through an insulator. The charge begins to accumulate,
and an electric field forms pointing from the left electrode to the right electrode. This is the
opposite direction of the electric field created by the voltage source. When this electric field is
equal to the electric field created by the voltage source, the electrons stop moving. The
capacitor is then fully charged, with a positive charge on the left electrode and a negative
charge on the right electrode.
If the voltage is removed, the capacitor will discharge. The electrons begin to move because in
the absence of the voltage source, there is now a net electric field. This field is due to the
imbalance of charge on the electrodes–the field across the dielectric. Just as the electrons
flowed to the positive electrode when the capacitor was being charged, during discharge, the
electrons flow to negative electrode. The charges cancel, and there is no longer an electric field
across the dielectric.
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17.6.2 Real-world applications: capacitors

Capacitors are used in many different types of circuitry. In car speakers, capacitors are often
used to aid the power supply when the speaker require more power than the car battery can
provide. Capacitors are also used to in processing electronic signals in circuits, such as
smoothing voltage spikes due to inconsistent voltage sources. This is important for protecting
sensitive electronic compoments in a circuit.

17.7 Summary

1. Objects can be positively, negatively charged or neutral.

2. Charged objects feel a force with a magnitude:

F = k
Q1Q2

r2

3. The force is attractive for unlike charges and repulsive for like charges.

4. A test charge is +1C

5. Electric fields start on positive charges and end on negative charges

6. The electric field is constant between equally charged parallel plates

7. A charge in an electric field, just like a mass under gravity, has potential energy which is
related to the work to move it.

8. A capacitor is a device that stores charge in a circuit.

17.8 Exercises - Electrostatics

1. Two charges of +3nC and −5nC are separated by a distance of 40cm. What is the
electrostatic force between the two charges?

2. Two insulated metal spheres carrying charges of +6nC and −10nC are separated by a
distance of 20 mm.

A What is the electrostatic force between the spheres?

B The two spheres are touched and then separated by a distance of 60mm. What are
the new charges on the spheres?

C What is new electrostatic force between the spheres at this distance?

3. The electrostatic force between two charged spheres of +3nC and +4nC respectively is
0,04N. What is the distance between the spheres?

4. Calculate the potential difference between two parallel plates if it takes 5000J of energy
to move 25C of charge between the plates?

5. Draw the electric field pattern lines between:

A two equal positive point charges.

B two equal negative point charges.

6. Calculate the electric field between the plates of a capacitor if the plates are 20mm apart
and the potential difference between the plates is 300V.

7. Calculate the electrical potential energy of a 6nC charge that is 20cm from a 10nC
charge.

8. What is the capacitance of a capacitor if it has a charge of 0,02C on each of its plates
when the potential difference between the plates is 12V?
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9. [SC 2003/11] Two small identical metal spheres, on insulated stands, carry charges -q
and +3q respectively. When the centres of the spheres are separated by a distance d the
one exerts an electrostatic force of magnitude F on the other.

d
−q +3q

The spheres are now made to touch each other and are then brought back to the same
distance d apart. What will be the magnitude of the electrostatic force which one sphere
now exerts on the other?

A 1

4
F

B 1

3
F

C 1

2
F

D 3F

10. [SC 2003/11] Three point charges of magnitude +1 µC, +1 µC and -1 µC respectively
are placed on the three corners of an equilateral triangle as shown.

b

bb

+1 µC +1 µC

-1 µC

Which vector best represents the direction of the resultant force acting on the -1 µC
charge as a result of the forces exerted by the other two charges?

(a) (b) (c) (d)

11. [IEB 2003/11 HG1 - Force Fields] Electric Fields

A Write a statement of Coulomb’s law.

B Calculate the magnitude of the force exerted by a point charge of +2 nC on another
point charge of -3 nC separated by a distance of 60 mm.

C Sketch the electric field between two point charges of +2 nC and -3 nC,
respectively, placed 60 mm apart from each other.

12. [IEB 2003/11 HG1 - Electrostatic Ping-Pong]

Two charged parallel metal plates, X and Y, separated by a distance of 60 mm, are
connected to a d.c. supply of emf 2 000 V in series with a microammeter. An initially
uncharged conducting sphere (a graphite-coated ping pong ball) is suspended from an
insulating thread between the metal plates as shown in the diagram.
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V32 mm

plate A

plate B

S

Q

+1000V

b

b

When the ping pong ball is moved to the right to touch the positive plate, it acquires a
charge of +9 nC. It is then released. The ball swings to and fro between the two plates,
touching each plate in turn.

A How many electrons are removed from the ball when it acquires a charge of +9 nC?

B Explain why a current is established in the circuit.

C Determine the current if the ball takes 0,25 s to swing from Y to X.

D Using the same graphite-coated ping pong ball, and the same two metal plates, give
TWO ways in which this current could be increased.

E Sketch the electric field between the plates X and Y.

F How does the electric force exerted on the ball change as it moves from Y to X?

13. [IEB 2005/11 HG] A positive charge Q is released from rest at the centre of a uniform
electric field.

negative plate

b+Q

positive plate

How does Q move immediately after it is released?

A It accelerates uniformly.

B It moves with an increasing acceleration.

C It moves with constant speed.

D It remains at rest in its initial position.

14. [SC 2002/03 HG1] The sketch below shows two sets of parallel plates which are
connected together. A potential difference of 200 V is applied across both sets of plates.
The distances between the two sets of plates are 20 mm and 40 mm respectively.

200 V

2
0

m
m

4
0

m
m

b

b
R

P

A B

C D

When a charged particle Q is placed at point R, it experiences a force of magnitude F . Q
is now moved to point P, halfway between plates AB and CD. Q now experiences a force
of magnitude ...

A 1

2
F

B F

C 2F
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D 4F

15. [SC 2002/03 HG1] The electric field strength at a distance x from a point charge is E.
What is the magnitude of the electric field strength at a distance 2x away from the point
charge?

A 1

4
E

B 1

2
E

C 2E

D 4E

16. [IEB 2005/11 HG1]

An electron (mass 9,11 × 10−31 kg) travels horizontally in a vacuum. It enters the
shaded regions between two horizontal metal plates as shown in the diagram below.

+400 V

0 V

P
b

A potential difference of 400 V is applied across the places which are separated by 8,00
mm.
The electric field intensity in the shaded region between the metal plates is uniform.
Outside this region, it is zero.

A Explain what is meant by the phrase “the electric field intensity is uniform”.

B Copy the diagram and draw the following:

i. The electric field between the metal plates.

ii. An arrow showing the direction of the electrostatic force on the electron when
it is at P.

C Determine the magnitude of the electric field intensity between the metal plates.

D Calculate the magnitude of the electrical force on the electron during its passage
through the electric field between the plates.

E Calculate the magnitude of the acceleration of the electron (due to the electrical
force on it) during its passage through the electric field between the plates.

F After the electron has passed through the electric field between these plates, it
collides with phosphorescent paint on a TV screen and this causes the paint to
glow. What energy transfer takes place during this collision?

17. [IEB 2004/11 HG1] A positively-charged particle is placed in a uniform electric field.
Which of the following pairs of statements correctly describes the potential energy of the
charge, and the force which the charge experiences in this field?

Potential energy — Force

A Greatest near the negative plate — Same everywhere in the field

B Greatest near the negative plate — Greatest near the positive and negative plates

C Greatest near the positive plate — Greatest near the positive and negative plates
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D Greatest near the positive plate — Same everywhere in the field

18. [IEB 2004/11 HG1 - TV Tube]

A speck of dust is attracted to a TV screen. The screen is negatively charged, because
this is where the electron beam strikes it. The speck of dust is neutral.

A What is the name of the electrostatic process which causes dust to be attracted to
a TV screen?

B Explain why a neutral speck of dust is attracted to the negatively-charged TV
screen?

C Inside the TV tube, electrons are accelerated through a uniform electric field.
Determine the magnitude of the electric force exerted on an electron when it
accelerates through a potential difference of 2 000 V over a distance of 50 mm.

D How much kinetic energy (in J) does one electron gain while it accelerates over this
distance?

E The TV tube has a power rating of 300 W. Estimate the maximum number of
electrons striking the screen per second.

19. [IEB 2003/11 HG1] A point charge is held stationary between two charged parallel plates
that are separated by a distance d. The point charge experiences an electrical force F due
to the electric field E between the parallel plates.
What is the electrical force on the point charge when the plate separation is increased to
2d?

A 1

4
F

B 1

2
F

C 2 F

D 4 F

20. [IEB 2001/11 HG1] - Parallel Plates

A distance of 32 mm separates the horizontal parallel plates A and B.
B is at a potential of +1 000 V.

V32 mm

plate A

plate B

S

Q

+1000V

b

b

A Draw a sketch to show the electric field lines between the plates A and B.

B Calculate the magnitude of the electric field intensity (strength) between the plates.
A tiny charged particle is stationary at S, 8 mm below plate A that is at zero
electrical potential. It has a charge of 3,2 × 10−12 C.

C State whether the charge on this particle is positive or negative.

D Calculate the force due to the electric field on the charge.

E Determine the mass of the charged particle.
The charge is now moved from S to Q.

F What is the magnitude of the force exerted by the electric field on the charge at Q?

G Calculate the work done when the particle is moved from S to Q.
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Appendix A

GNU Free Documentation License

Version 1.2, November 2002
Copyright c© 2000,2001,2002 Free Software Foundation, Inc.
59 Temple Place, Suite 330, Boston, MA 02111-1307 USA
Everyone is permitted to copy and distribute verbatim copies of this license document, but
changing it is not allowed.

PREAMBLE

The purpose of this License is to make a manual, textbook, or other functional and useful
document “free” in the sense of freedom: to assure everyone the effective freedom to copy and
redistribute it, with or without modifying it, either commercially or non-commercially.
Secondarily, this License preserves for the author and publisher a way to get credit for their
work, while not being considered responsible for modifications made by others.

This License is a kind of “copyleft”, which means that derivative works of the document must
themselves be free in the same sense. It complements the GNU General Public License, which
is a copyleft license designed for free software.

We have designed this License in order to use it for manuals for free software, because free
software needs free documentation: a free program should come with manuals providing the
same freedoms that the software does. But this License is not limited to software manuals; it
can be used for any textual work, regardless of subject matter or whether it is published as a
printed book. We recommend this License principally for works whose purpose is instruction or
reference.

APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that contains a notice placed
by the copyright holder saying it can be distributed under the terms of this License. Such a
notice grants a world-wide, royalty-free license, unlimited in duration, to use that work under
the conditions stated herein. The “Document”, below, refers to any such manual or work. Any
member of the public is a licensee, and is addressed as “you”. You accept the license if you
copy, modify or distribute the work in a way requiring permission under copyright law.

A “Modified Version” of the Document means any work containing the Document or a portion
of it, either copied verbatim, or with modifications and/or translated into another language.

A “Secondary Section” is a named appendix or a front-matter section of the Document that
deals exclusively with the relationship of the publishers or authors of the Document to the
Document’s overall subject (or to related matters) and contains nothing that could fall directly
within that overall subject. (Thus, if the Document is in part a textbook of mathematics, a
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Secondary Section may not explain any mathematics.) The relationship could be a matter of
historical connection with the subject or with related matters, or of legal, commercial,
philosophical, ethical or political position regarding them.

The “Invariant Sections” are certain Secondary Sections whose titles are designated, as being
those of Invariant Sections, in the notice that says that the Document is released under this
License. If a section does not fit the above definition of Secondary then it is not allowed to be
designated as Invariant. The Document may contain zero Invariant Sections. If the Document
does not identify any Invariant Sections then there are none.

The “Cover Texts” are certain short passages of text that are listed, as Front-Cover Texts or
Back-Cover Texts, in the notice that says that the Document is released under this License. A
Front-Cover Text may be at most 5 words, and a Back-Cover Text may be at most 25 words.

A “Transparent” copy of the Document means a machine-readable copy, represented in a
format whose specification is available to the general public, that is suitable for revising the
document straightforwardly with generic text editors or (for images composed of pixels) generic
paint programs or (for drawings) some widely available drawing editor, and that is suitable for
input to text formatters or for automatic translation to a variety of formats suitable for input to
text formatters. A copy made in an otherwise Transparent file format whose markup, or
absence of markup, has been arranged to thwart or discourage subsequent modification by
readers is not Transparent. An image format is not Transparent if used for any substantial
amount of text. A copy that is not “Transparent” is called “Opaque”.

Examples of suitable formats for Transparent copies include plain ASCII without markup,
Texinfo input format, LATEX input format, SGML or XML using a publicly available DTD and
standard-conforming simple HTML, PostScript or PDF designed for human modification.
Examples of transparent image formats include PNG, XCF and JPG. Opaque formats include
proprietary formats that can be read and edited only by proprietary word processors, SGML or
XML for which the DTD and/or processing tools are not generally available, and the
machine-generated HTML, PostScript or PDF produced by some word processors for output
purposes only.

The “Title Page” means, for a printed book, the title page itself, plus such following pages as
are needed to hold, legibly, the material this License requires to appear in the title page. For
works in formats which do not have any title page as such, “Title Page” means the text near
the most prominent appearance of the work’s title, preceding the beginning of the body of the
text.

A section “Entitled XYZ” means a named subunit of the Document whose title either is
precisely XYZ or contains XYZ in parentheses following text that translates XYZ in another
language. (Here XYZ stands for a specific section name mentioned below, such as
“Acknowledgements”, “Dedications”, “Endorsements”, or “History”.) To “Preserve the Title”
of such a section when you modify the Document means that it remains a section “Entitled
XYZ” according to this definition.

The Document may include Warranty Disclaimers next to the notice which states that this
License applies to the Document. These Warranty Disclaimers are considered to be included by
reference in this License, but only as regards disclaiming warranties: any other implication that
these Warranty Disclaimers may have is void and has no effect on the meaning of this License.

VERBATIM COPYING

You may copy and distribute the Document in any medium, either commercially or
non-commercially, provided that this License, the copyright notices, and the license notice
saying this License applies to the Document are reproduced in all copies, and that you add no
other conditions whatsoever to those of this License. You may not use technical measures to
obstruct or control the reading or further copying of the copies you make or distribute.
However, you may accept compensation in exchange for copies. If you distribute a large enough
number of copies you must also follow the conditions in section A.
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You may also lend copies, under the same conditions stated above, and you may publicly
display copies.

COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have printed covers) of the
Document, numbering more than 100, and the Document’s license notice requires Cover Texts,
you must enclose the copies in covers that carry, clearly and legibly, all these Cover Texts:
Front-Cover Texts on the front cover, and Back-Cover Texts on the back cover. Both covers
must also clearly and legibly identify you as the publisher of these copies. The front cover must
present the full title with all words of the title equally prominent and visible. You may add
other material on the covers in addition. Copying with changes limited to the covers, as long as
they preserve the title of the Document and satisfy these conditions, can be treated as
verbatim copying in other respects.

If the required texts for either cover are too voluminous to fit legibly, you should put the first
ones listed (as many as fit reasonably) on the actual cover, and continue the rest onto adjacent
pages.

If you publish or distribute Opaque copies of the Document numbering more than 100, you
must either include a machine-readable Transparent copy along with each Opaque copy, or
state in or with each Opaque copy a computer-network location from which the general
network-using public has access to download using public-standard network protocols a
complete Transparent copy of the Document, free of added material. If you use the latter
option, you must take reasonably prudent steps, when you begin distribution of Opaque copies
in quantity, to ensure that this Transparent copy will remain thus accessible at the stated
location until at least one year after the last time you distribute an Opaque copy (directly or
through your agents or retailers) of that edition to the public.

It is requested, but not required, that you contact the authors of the Document well before
redistributing any large number of copies, to give them a chance to provide you with an
updated version of the Document.

MODIFICATIONS

You may copy and distribute a Modified Version of the Document under the conditions of
sections A and A above, provided that you release the Modified Version under precisely this
License, with the Modified Version filling the role of the Document, thus licensing distribution
and modification of the Modified Version to whoever possesses a copy of it. In addition, you
must do these things in the Modified Version:

1. Use in the Title Page (and on the covers, if any) a title distinct from that of the
Document, and from those of previous versions (which should, if there were any, be listed
in the History section of the Document). You may use the same title as a previous
version if the original publisher of that version gives permission.

2. List on the Title Page, as authors, one or more persons or entities responsible for
authorship of the modifications in the Modified Version, together with at least five of the
principal authors of the Document (all of its principal authors, if it has fewer than five),
unless they release you from this requirement.

3. State on the Title page the name of the publisher of the Modified Version, as the
publisher.

4. Preserve all the copyright notices of the Document.

5. Add an appropriate copyright notice for your modifications adjacent to the other
copyright notices.
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6. Include, immediately after the copyright notices, a license notice giving the public
permission to use the Modified Version under the terms of this License, in the form
shown in the Addendum below.

7. Preserve in that license notice the full lists of Invariant Sections and required Cover Texts
given in the Document’s license notice.

8. Include an unaltered copy of this License.

9. Preserve the section Entitled “History”, Preserve its Title, and add to it an item stating
at least the title, year, new authors, and publisher of the Modified Version as given on
the Title Page. If there is no section Entitled “History” in the Document, create one
stating the title, year, authors, and publisher of the Document as given on its Title Page,
then add an item describing the Modified Version as stated in the previous sentence.

10. Preserve the network location, if any, given in the Document for public access to a
Transparent copy of the Document, and likewise the network locations given in the
Document for previous versions it was based on. These may be placed in the “History”
section. You may omit a network location for a work that was published at least four
years before the Document itself, or if the original publisher of the version it refers to
gives permission.

11. For any section Entitled “Acknowledgements” or “Dedications”, Preserve the Title of the
section, and preserve in the section all the substance and tone of each of the contributor
acknowledgements and/or dedications given therein.

12. Preserve all the Invariant Sections of the Document, unaltered in their text and in their
titles. Section numbers or the equivalent are not considered part of the section titles.

13. Delete any section Entitled “Endorsements”. Such a section may not be included in the
Modified Version.

14. Do not re-title any existing section to be Entitled “Endorsements” or to conflict in title
with any Invariant Section.

15. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify as
Secondary Sections and contain no material copied from the Document, you may at your
option designate some or all of these sections as invariant. To do this, add their titles to the
list of Invariant Sections in the Modified Version’s license notice. These titles must be distinct
from any other section titles.

You may add a section Entitled “Endorsements”, provided it contains nothing but endorsements
of your Modified Version by various parties–for example, statements of peer review or that the
text has been approved by an organisation as the authoritative definition of a standard.

You may add a passage of up to five words as a Front-Cover Text, and a passage of up to 25
words as a Back-Cover Text, to the end of the list of Cover Texts in the Modified Version.
Only one passage of Front-Cover Text and one of Back-Cover Text may be added by (or
through arrangements made by) any one entity. If the Document already includes a cover text
for the same cover, previously added by you or by arrangement made by the same entity you
are acting on behalf of, you may not add another; but you may replace the old one, on explicit
permission from the previous publisher that added the old one.

The author(s) and publisher(s) of the Document do not by this License give permission to use
their names for publicity for or to assert or imply endorsement of any Modified Version.

COMBINING DOCUMENTS

You may combine the Document with other documents released under this License, under the
terms defined in section A above for modified versions, provided that you include in the
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combination all of the Invariant Sections of all of the original documents, unmodified, and list
them all as Invariant Sections of your combined work in its license notice, and that you
preserve all their Warranty Disclaimers.

The combined work need only contain one copy of this License, and multiple identical Invariant
Sections may be replaced with a single copy. If there are multiple Invariant Sections with the
same name but different contents, make the title of each such section unique by adding at the
end of it, in parentheses, the name of the original author or publisher of that section if known,
or else a unique number. Make the same adjustment to the section titles in the list of Invariant
Sections in the license notice of the combined work.

In the combination, you must combine any sections Entitled “History” in the various original
documents, forming one section Entitled “History”; likewise combine any sections Entitled
“Acknowledgements”, and any sections Entitled “Dedications”. You must delete all sections
Entitled “Endorsements”.

COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents released under
this License, and replace the individual copies of this License in the various documents with a
single copy that is included in the collection, provided that you follow the rules of this License
for verbatim copying of each of the documents in all other respects.

You may extract a single document from such a collection, and distribute it individually under
this License, provided you insert a copy of this License into the extracted document, and follow
this License in all other respects regarding verbatim copying of that document.

AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate and independent
documents or works, in or on a volume of a storage or distribution medium, is called an
“aggregate” if the copyright resulting from the compilation is not used to limit the legal rights
of the compilation’s users beyond what the individual works permit. When the Document is
included an aggregate, this License does not apply to the other works in the aggregate which
are not themselves derivative works of the Document.

If the Cover Text requirement of section A is applicable to these copies of the Document, then
if the Document is less than one half of the entire aggregate, the Document’s Cover Texts may
be placed on covers that bracket the Document within the aggregate, or the electronic
equivalent of covers if the Document is in electronic form. Otherwise they must appear on
printed covers that bracket the whole aggregate.

TRANSLATION

Translation is considered a kind of modification, so you may distribute translations of the
Document under the terms of section A. Replacing Invariant Sections with translations requires
special permission from their copyright holders, but you may include translations of some or all
Invariant Sections in addition to the original versions of these Invariant Sections. You may
include a translation of this License, and all the license notices in the Document, and any
Warranty Disclaimers, provided that you also include the original English version of this License
and the original versions of those notices and disclaimers. In case of a disagreement between
the translation and the original version of this License or a notice or disclaimer, the original
version will prevail.

If a section in the Document is Entitled “Acknowledgements”, “Dedications”, or “History”, the
requirement (section A) to Preserve its Title (section A) will typically require changing the
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actual title.

TERMINATION

You may not copy, modify, sub-license, or distribute the Document except as expressly provided
for under this License. Any other attempt to copy, modify, sub-license or distribute the
Document is void, and will automatically terminate your rights under this License. However,
parties who have received copies, or rights, from you under this License will not have their
licenses terminated so long as such parties remain in full compliance.

FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions of the GNU Free
Documentation License from time to time. Such new versions will be similar in spirit to the
present version, but may differ in detail to address new problems or concerns. See
http://www.gnu.org/copyleft/.

Each version of the License is given a distinguishing version number. If the Document specifies
that a particular numbered version of this License “or any later version” applies to it, you have
the option of following the terms and conditions either of that specified version or of any later
version that has been published (not as a draft) by the Free Software Foundation. If the
Document does not specify a version number of this License, you may choose any version ever
published (not as a draft) by the Free Software Foundation.

ADDENDUM: How to use this License for your documents

To use this License in a document you have written, include a copy of the License in the
document and put the following copyright and license notices just after the title page:

Copyright c© YEAR YOUR NAME. Permission is granted to copy, distribute and/or
modify this document under the terms of the GNU Free Documentation License,
Version 1.2 or any later version published by the Free Software Foundation; with no
Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts. A copy of the
license is included in the section entitled “GNU Free Documentation License”.

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts, replace the
“with...Texts.” line with this:

with the Invariant Sections being LIST THEIR TITLES, with the Front-Cover Texts being
LIST, and with the Back-Cover Texts being LIST.

If you have Invariant Sections without Cover Texts, or some other combination of the three,
merge those two alternatives to suit the situation.

If your document contains nontrivial examples of program code, we recommend releasing these
examples in parallel under your choice of free software license, such as the GNU General Public
License, to permit their use in free software.
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