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Chapter 19

Electric Circuits - Grade 11

19.1 Introduction

The study of electrical circuits is essential to understand the technology that uses electricity in
the real-world. This includes electricity being used for the operation of electronic devices like
computers.

19.2 Ohm'’s Law

19.2.1 Definition of Ohm’s Law

Activity :: Experiment : Ohm’s Law
Aim:
In this experiment we will look at the relationship between the current going
through a resistor and the potential difference (voltage) across the same resistor.

— -

Lo
Method:

1. Set up the circuit according to the circuit diagram.

2. Draw the following table in your lab book.

| Voltage, V (V) | Current, I (A) |
15
3,0
4,5
6,0

3. Get your teacher to check the circuit before turning the power on.
4. Measure the current.

5. Add one more 1,5 V battery to the circuit and measure the current again.
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6. Repeat until you have four batteries and you have completed your table.

7. Draw a graph of voltage versus current.
Results:

1. Does your experimental results verify Ohm's Law? Explain.

2. How would you go about finding the resistance of an unknown resistor using
only a power supply, a voltmeter and a known resistor Ry?

Activity :: Activity : Ohm’s Law
If you do not have access to the equipment necessary for the Ohm’s Law
experiment, you can do this activity.

| Voltage, V (V) | Current, I (A) ]

3,0 0,4
6,0 0.8
9,0 1,2
12,0 1,6

1. Plot a graph of voltage (on the y-axis) and current (on the z-axis).
Conclusions:

1. What type of graph do you obtain (straight line, parabola, other curve)
Calculate the gradient of the graph.

Does your experimental results verify Ohm’s Law? Explain.

> N

How would you go about finding the resistance of an unknown resistor using
only a power supply, a voltmeter and a known resistor Ry?

An important relationship between the current, voltage and resistance in a circuit was
discovered by Georg Simon Ohm and is called Ohm’s Law.

Definition: Ohm’s Law
The amount of electric current through a metal conductor, at a constant temperature, in a
circuit is proportional to the voltage across the conductor. Mathematically, Ohm'’s Law is
written:

V=R-I

Ohm's Law tells us that if a conductor is at a constant temperature, the voltage across the
ends of the conductor is proportional to the current. This means that if we plot voltage on the
y-axis of a graph and current on the z-axis of the graph, we will get a straight-line. The
gradient of the straight-line graph is then the resistance of the conductor.
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_ AV

414 R=24Y
> .
SEN !
o AV
5,0 .
s | Lo ____ )

i Al

0 ——t——t——

Current, I (A)

19.2.2 Ohmic and non-ohmic conductors

As you have seen, there is a mention of constant temperature when we talk about Ohm’s Law.
This is because the resistance of some conductors change as their temperature changes. These
types of conductors are called non-ohmic conductors, because they do not obey Ohm'’s Law.
As can be expected, the conductors that obey Ohm'’s Law are called ohmic conductors. A light
bulb is a common example of a non-ohmic conductor. Nichrome wire is an ohmic conductor.

In a light bulb, the resistance of the filament wire will increase dramatically as it warms from
room temperature to operating temperature. If we increase the supply voltage in a real lamp
circuit, the resulting increase in current causes the filament to increase in temperature, which
increases its resistance. This effectively limits the increase in current. In this case, voltage and
current do not obey Ohm's Law.

The phenomenon of resistance changing with variations in temperature is one shared by almost
all metals, of which most wires are made. For most applications, these changes in resistance
are small enough to be ignored. In the application of metal lamp filaments, which increase a lot
in temperature (up to about 1000°C, and starting from room temperature) the change is quite
large.

In general non-ohmic conductors have plots of voltage against current that are curved,
indicating that the resistance is not constant over all values of voltage and current.

W~

w

V vs. | for a non-ohmic conductor

Voltage, V' (V)
[\

3 4
Current, I (A)

Activity :: Experiment : Ohmic and non-ochmic conductors
Repeat the experiment as decribed in the previous section. In this case use a
light bulb as a resistor. Compare your results to the ohmic resistor.
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19.2.3 Using Ohm’s Law

We are now ready to see how Ohm’s Law is used to analyse circuits.

Consider the circuit with an ohmic resistor, R. If the resistor has a resistance of 5 {2 and
voltage across the resistor is 5V, then we can use Ohm’s law to calculate the current flowing
through the resistor.

[ 1
L |
R
r
| 1
Ohm's law is:
V=R-I
which can be rearranged to:
LV
R
The current flowing in the resistor is:
|4
I = =
R
_ v
50
= 1A

Worked Example 124: Ohm’s Law

Question:

The resistance of the above resistor is 10 2 and the current going through the
resistor is 4 A. What is the potential difference (voltage) across the resistor?
Answer
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Step 1 : Determine how to approach the problem
It is an Ohm's Law problem. So we use the equation:

V=R-I

Step 2 : Solve the problem

(10)(4)
= 40V

Step 3 : Write the final answer
The voltage across the resistor is 40 V.

Exercise: Ohm’s Law
1. Calculate the resistance of a resistor that has a potential difference of 8 V
across it when a current of 2 A flows through it.
2. What current will flow through a resistor of 6 {2 when there is a potential
difference of 18 V across its ends?
3. What is the voltage acroos a 10 € resistor when a current of 1,5 A flows
though it?

19.3 Resistance

In Grade 10, you learnt about resistors and were introduced to circuits where resistors were
connected in series and circuits where resistors were connected in parallel. In a series circuit
there is one path for the current to flow through. In a parallel circuit there are multiple paths
for the current to flow through.

T U ool

1
L |
series circuit parallel circuit
one current path multiple current paths

19.3.1 Equivalent resistance

When there is more than one resistor in a circuit, we are usually able to replace all resistors
with a single resistor whose effect is the same as all the resistors put together. The resistance
of the single resistor is known as equivalent resistance. We are able to calculate equivalent
resistance for resistors connected in series and parallel.
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Equivalent Series Resistance

Consider a circuit consisting of three resistors and a single battery connected in series.

Ra

The first principle to understand about series circuits is that the amount of current is the same
through any component in the circuit. This is because there is only one path for electrons to
flow in a series circuit. From the way that the battery is connected, we can tell which direction
the current will flow. We know that charge flows from positive to negative, by convention.
Current in this circuit will flow in a clockwise direction, from point A to B to C to D and back
to A.

So, how do we use this knowledge to calculate the value of a single resistor that can replace
the three resistors in the circuit and still have the same current?

We know that in a series circuit the current has to be the same in all components. So we can
write:

I=5hL=5Lh=1I

We also know that total voltage of the circuit has to be equal to the sum of the voltages over
all three resistors. So we can write:

V=Vi+Voa+V3

Finally, we know that Ohm’s Law has to apply for each resistor individually, which gives us:

Vi = L Ry
Voo = LRy
Vs = I3-R3

Therefore:

V=1L R +1Iy-Re+ 13- Rs

However, because
I=5L=1I=1I;

, we can further simplify this to:

V = I R+1 Ro+1 Ry
= I(R1—|—R2+R3)

Further, we can write an Ohm'’s Law relation for the entire circuit:

V=IR
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Therefore:
V = I(Rl + Ry + Rg)
I-R = I(R1+R2+R3)
R = Ri+Rx+R3

Definition: Equivalent resistance in a series circuit, R,
For n resistors in series the equivalent resistance is:

Rs=Ri+Ro+Rs+---+ Ry

Let us apply this to the following circuit.

R1=3 kQ

R2=10 k{2

R3=5 k2
The resistors are in series, therefore:
Ry = R+ R+ Rs
= 304102450
= 180

Worked Example 125: Equivalent series resistance |

Question: Two 10 k2 resistors are connected in series. Calculate the equivalent
resistance.

Answer

Step 1 : Determine how to approach the problem

Since the resistors are in series we can use:

Rs =R+ Ry
Step 2 : Solve the problem
R = Ri+Ry
= 10kQ+10kQ
20k )

Step 3 : Write the final answer
The equivalent resistance of two 10 k2 resistors connected in series is 20 k().
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x Worked Example 126: Equivalent series resistance Il

Question: Two resistors are connected in series. The equivalent resistance is
100 2. If one resistor is 10 €2, calculate the value of the second resistor.
Answer

Step 1 : Determine how to approach the problem

Since the resistors are in series we can use:

R, =R+ R>

We are given the value of R; and R;.
Step 2 : Solve the problem

R, = Ri+ Ry
Ry = Rs— Ry
= 10022 —-10%
90 Q2

Step 3 : Write the final answer
The second resistor has a resistance of 901).

Equivalent parallel resistance

Consider a circuit consisting of a single battery and three resistors that are connected in parallel.
A B C D

H G F E

The first principle to understand about parallel circuits is that the voltage is equal across all
components in the circuit. This is because there are only two sets of electrically common
points in a parallel circuit, and voltage measured between sets of common points must always
be the same at any given time. So, for the circuit shown, the following is true:

V=V=V=V

The second principle for a parallel circuit is that all the currents through each resistor must add
up to the total current in the circuit.

I=0L+L+1;

Also, from applying Ohm’s Law to the entire circuit, we can write:

V=—_—
RP

where IR, is the equivalent resistance in this parallel arrangement.
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19.3

We are now ready to apply Ohm’'s Law to each resistor, to get:

Vi = Ri-1,
Voo = Ry-1Ip
Vs = R3-I3
This can be also written as:
Vi
L = —
1 i
Vs
L, = =
2 o
V3
I; = =
3 R
Now we have:
I = L+1L+1;5
v _nh »n %
Rp a R1 RQ RS
_ v, v,V
"~ Ry R Rj
because V=vi=W=V
1 1 1
= v =4 _— 4 =
<R1 * R * R3>
1 (11 1
Rp B R1 R2 RB

Definition: Equivalent resistance in a parallel circuit, R,
For n resistors in parallel, the equivalent resistance is:

1_(1 1,11
R, Ri Ry Rs R,
Let us apply this formula to the following circuit.
Lol
Ry 1 R R
B LR N
100 20 10
(145410
B 10
_ 16
10
10
R, = —
P 16
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19.3.2 Use of Ohm’s Law in series and parallel Circuits

x Worked Example 127: Ohm’s Law

Question: Calculate the current (I) in this circuit if the resistors are both ohmic in
nature.
Answer

Ry=4 Q

Step 1 : Determine what is required

We are required to calculate the current flowing in the circuit.

Step 2 : Determine how to approach the problem

Since the resistors are Ohmic in nature, we can use Ohm's Law. There are however
two resistors in the circuit and we need to find the total resistance.

Step 3 : Find total resistance in circuit

Since the resistors are connected in series, the total resistance R is:

R=Ri+ Ry

Therefore,
R=24+4=6Q

Step 4 : Apply Ohm’s Law

V = R-I
Vv
I = —
R
12
6
= 2A

Step 5 : Write the final answer
A 2 A current is flowing in the circuit.

x Worked Example 128: Ohm’s Law |

Question: Calculate the current (I) in this circuit if the resistors are both ohmic in
nature.

Answer
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Ri=20Q

Step 1 : Determine what is required
We are required to calculate the current flowing in the circuit.

Step 2 : Determine how to approach the problem

Since the resistors are Ohmic in nature, we can use Ohm's Law. There are however
two resistors in the circuit and we need to find the total resistance.

Step 3 : Find total resistance in circuit
Since the resistors are connected in parallel, the total resistance R is:

1 1 n 1
R R Ry
Therefore,
.t
R R Ry
1 n 1
2 4
241
N 4
_ 3
4
4
Therefore,R = 3 Q
Step 4 : Apply Ohm’s Law
V. = R-1T
\%
I = —
R
12
- 7
3
= 9A

Step 5 : Write the final answer
A 9 A current is flowing in the circuit.

Worked Example 129: Ohm’s Law Il

Question: Two ohmic resistors (Ry and Ry) are connected in series with a battery.

Find the resistance of Rs, given that the

current flowing through R; and Ry is

0,25 A and that the voltage across the battery is 1,5 V. R1=1 Q.

Answer

Step 6 : Draw the circuit and fill in all known values.
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]
L
R1=10Q
Ry D
V=15V
r
| 1
1=0,25 A

Step 7 : Determine how to approach the problem.

We can use Ohm’s Law to find the total resistance R in the circuit, and then
calculate the unknown resistance using:

R=R1+ Ry

in a series circuit.

Step 8 : Find the total resistance

V. = R-I1
\%
R = —
I
15
0,25
= 60
Step 9 : Find the unknown resistance
We know that:
R=6Q
and that
R =1Q
Since
R=Ri+ Ry
Ro=R—R;
Therefore,
Ry =50

19.3.3 Batteries and internal resistance

Real batteries are made from materials which have resistance. This means that real batteries
are not just sources of potential difference (voltage), but they also possess internal resistances.
If the pure voltage source is referred to as the emf, &, then a real battery can be represented as
an emf connected in series with a resistor r. The internal resistance of the battery is
represented by the symbol r.
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Definition: Load
The external resistance in the circuit is referred to as the load.

Suppose that the battery (or cell) with emf £ and internal resistance r supplies a current T
through an external load resistor R. Then the voltage drop across the load resistor is that
supplied by the battery:

V=IR

Similarly, from Ohm’s Law, the voltage drop across the internal resistance is:

Vie=1-r

The voltage V of the battery is related to its emf £ and internal resistance 7 by:

E = V+1Irsor
vV = &-1Ir

The emf of a battery is essentially constant because it only depends on the chemical reaction
(that converts chemical energy into electrical energy) going on inside the battery. Therefore,
we can see that the voltage across the terminals of the battery is dependent on the current
drawn by the load. The higher the current, the lower the voltage across the terminals, because
the emf is constant. By the same reasoning, the voltage only equals the emf when the current
is very small.

The maximum current that can be drawn from a battery is limited by a critical value I.. At a
current of I., V=0 V. Then, the equation becomes:

0 = E&—-1Ir
I.r = €&
L€
r

The maximum current that can be drawn from a battery is less than %

Worked Example 130: Internal resistance

Question: What is the internal resistance of a battery if its emf is 12 V and the
voltage drop across its terminals is 10 V when a current of 4 A flows in the circuit
when it is connected across a load?

Answer

Step 1 : Determine how to approach the problem

It is an internal resistance problem. So we use the equation:

E = V+Ir
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Step 2 : Solve the problem

E = V+1Ir
12 = 10+4(r)
= 05

Step 3 : Write the final answer
The internal resistance of the resistor is 0.5 2.

Exercise: Resistance

1. Calculate the equivalent resistance of:

A three 2 Q resistors in series;

B two 4 Qresistors in parallel;

C a 4 () resistor in series with a 8 € resistor;

D a 6  resistor in series with two resistors (4 € and 292 ) in parallel.

2. Calculate the current in this circuit if both resistors are ohmic.

R1=3Q

3. Two ohmic resistors are connected in series. The resistance of the one resistor
is 4 QWhat is the resistance of the other resistor if a current of 0,5 A flows
through the resistors when they are connected to a voltage supply of 6 V.

4. Describe what is meant by the internal resistance of a real battery.

5. Explain why there is a difference between the emf and terminal voltage of a
battery if the load (external resistance in the circuit) is comparable in size to
the battery’s internal resistance

6. What is the internal resistance of a battery if its emf is 6 V and the voltage
drop across its terminals is 5,8 V when a current of 0,5 A flows in the circuit
when it is connected across a load?

19.4 Series and parallel networks of resistors

Now that you know how to handle simple series and parallel circuits, you are ready to tackle
problems like this:

It is relatively easy to work out these kind of circuits because you use everything you have
already learnt about series and parallel circuits. The only difference is that you do it in stages.
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Parallel Circuit 2

Parallel Circuit 1

—_—_—— e e e —— oy

| i1

Figure 19.1: An example of a series-parallel network. The dashed boxes indicate parallel sections

of the circuit.

In Figure 19.1, the circuit consists of 2 parallel portions that are then in series with 1 resistor.
So, in order to work out the equivalent resistance, you start by reducing the parallel portions to
a single resistor and then add up all the resistances in series. If all the resistors in Figure 19.1

had resistances of 10 €2, we can calculate the equivalent resistance of the entire circuit.

We start by reducing Parallel Circuit 1 to a single resistor.

The value of R, is:

.

1 N 1 1
" R, Ry R

111
a 10 10 10
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We can similarly replace Parallel Circuit 2 with Ry which has a value given by:

11 L1 1
Rpg o R5 RG R?
11 1\
Ry = (I—O—FE—FE)
14141\
B 10
3 —1
= (5)
1
3
Ry ;13—09
_— R} 100
Ry =X Q

This is now a simple series circuit and the equivalent resistance is:

R = Ry +Ri+ Ry
10 10
= —+104+ —
g T3
~ 100+ 30+ 100
- 30
_ %0
30
2
= 72Q
3

The equivalent resistance of the circuit in Figure 19.1 is 7% Q.

Exercise: Series and parallel networks

Determine the equivalent resistance of the following circuits:

40

2Q

1. Hello 2Q
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29
20 49 2Q

19.5 Wheatstone bridge

Another method of finding an unknown resistance is to use a Wheatstone bridge. A
Wheatstone bridge is a measuring instrument that is used to measure an unknown electrical
resistance by balancing two legs of a bridge circuit, one leg of which includes the unknown
component. Its operation is similar to the original potentiometer except that in potentiometer
circuits the meter used is a sensitive galvanometer.

In ing The Wheatstone bridge was invented by Samuel Hunter Christie in 1833 and

) improved and popularized by Sir Charles Wheatstone in 1843.

b >

R3 Rl

== D B Circuit for Wheatstone bridge

Ry R,

In the circuit of the Wheatstone bridge, R, is the unknown resistance. Ry, Rs and Rj3 are
resistors of known resistance and the resistance of Ry is adjustable. If the ratio of Ro:R; is
equal to the ratio of R;:R3, then the voltage between the two midpoints will be zero and no
current will flow between the midpoints. In order to determine the unknown resistance, Rj is
varied until this condition is reached. That is when the voltmeter reads 0 V.
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x Worked Example 131: Wheatstone bridge

Question:

Answer

What is the resistance of the unknown resistor R, in the diagram below if R;=4()
R>=8Q and R3=061).

b >

R3 Rl

—_ D B Circuit for Wheatstone bridge

Ry R,

C

Step 1 : Determine how to approach the problem
The arrangement is a Wheatstone bridge. So we use the equation:

RmZRg = R22R1

Step 2 : Solve the problem

RmZRg = R22R1
R,:6 = 8:4
R, = 120Q

Step 3 : Write the final answer
The resistance of the unknown resistor is 12 ).

Extension: Power in electric circuits

In addition to voltage and current, there is another measure of free electron
activity in a circuit: power. Power is a measure of how rapidly a standard amount
of work is done. In electric circuits, power is a function of both voltage and
current:

Definition: Electrical Power
Electrical power is calculated as:

P=I.V

Power (P) is exactly equal to current (I) multiplied by voltage (V') and there is
no extra constant of proportionality. The unit of measurement for power is the
Watt (abbreviated W).
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It was James Prescott Joule, not Georg Simon Ohm, who first
discovered the mathematical relationship between power dissipation
and current through a resistance. This discovery, published in 1841,
followed the form of the equation:

P=1I°R

and is properly known as Joule’s Law. However, these power
equations are so commonly associated with the Ohm’s Law equations
relating voltage, current, and resistance that they are frequently
credited to Ohm.

Activity :: Investigation : Equivalence
Use Ohm's Law to show that:

P=VI
is identical to
P=1I’R
and )
1%
P=—
R

19.6 Summary

1. Ohm's Law states that the amount of current through a conductor, at constant
temperature, is proportional to the voltage across the resistor. Mathematically we write
V = R/cdot]

2. Conductors that obey Ohm'’s Law are called ohmic conductors; those who do not are

called non-ohmic conductors.
3. We use Ohm's Law to calculate the resistance of a resistor. (R = %

4. The equivalent resistance of resistors in series (R;) can be calculated as follows:
Ri=Ri+Ro+Rs+ ..+ R,

5. The equivalent resistance of resistors in parallel (R,) can be calculated as follows:
11,1, 1 1
R, “ % TR TR TR,

6. Real batteries have an internal resistance.

7. Wheatstone bridges can be used to accurately determine the resistance of an unknown
resistor.

19.7 End of chapter exercise

1. Calculate the current in the following circuit and then use the current to calculate the
voltage drops across each resistor.
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Ry

[ 1
L1

3kQ2

T — OV 10k2 I::I R2

5k

[ 1
L1

R3

2. Explain why a voltmeter is placed in parallel with a resistor.
3. Explain why an ammeter is placed in series with a resistor.

4. [IEB 2001/11 HG1] - Emf

A Explain the meaning of each of these two statements:

i. “The current through the battery is 50 mA."”
ii. “The emf of the battery is 6 V."

B A battery tester measures the current supplied when the battery is connected to a
resistor of 100 €. If the current is less than 50 mA, the battery is “flat” (it needs to
be replaced). Calculate the maximum internal resistance of a 6 V battery that will
pass the test.

5. [IEB 2005/11 HG] The electric circuit of a torch consists of a cell, a switch and a small
light bulb.

The electric torch is designed to use a D-type cell, but the only cell that is available for
use is an AA-type cell. The specifications of these two types of cells are shown in the

table below:
Cell | emf | Appliance for which it | Current drawn from cell when con-
is designed nected to the appliance for which it
is designed
D 1,5V | torch 300 mA
AA | 1,5V | TV remote control 30 mA

What is likely to happen and why does it happen when the AA-type cell replaces the
D-type cell in the electric torch circuit?
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| | What happens

Why it happens |

(a) | the bulb is dimmer the AA-type cell has greater internal
resistance

(b) | the bulb is dimmer the AA-type cell has less internal re-
sistance

(c) | the brightness of the bulb is the same | the AA-type cell has the same internal
resistance

(d) | the bulb is brighter the AA-type cell has less internal re-
sistance

6. [IEB 2005/11 HG1] A battery of emf ¢ and internal resistance r = 25 §) is connected to
this arrangement of resistors.

100 2

- 50 Q 50 ©

|—1

The resistances of voltmeters V; and V5 are so high that they do not affect the current
in the circuit.

A Explain what is meant by “the emf of a battery”.
The power dissipated in the 100 €2 resistor is 0,81 W.

B Calculate the current in the 100 € resistor.
C Calculate the reading on voltmeter V.
D Calculate the reading on voltmeter V.

E Calculate the emf of the battery.

7. [SC 2003/11] A kettle is marked 240 V; 1 500 W.
A Calculate the resistance of the kettle when operating according to the above
specifications.

B If the kettle takes 3 minutes to boil some water, calculate the amount of electrical
energy transferred to the kettle.

8. [IEB 2001/11 HG1] - Electric Eels

Electric eels have a series of cells from head to tail. When the cells are activated by a
nerve impulse, a potential difference is created from head to tail. A healthy electric eel
can produce a potential difference of 600 V.

A What is meant by “a potential difference of 600 V"7

B How much energy is transferred when an electron is moved through a potential
difference of 600 V?
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Appendix A

GNU Free Documentation License

Version 1.2, November 2002

Copyright (©) 2000,2001,2002 Free Software Foundation, Inc.

59 Temple Place, Suite 330, Boston, MA 02111-1307 USA

Everyone is permitted to copy and distribute verbatim copies of this license document, but
changing it is not allowed.

PREAMBLE

The purpose of this License is to make a manual, textbook, or other functional and useful
document “free” in the sense of freedom: to assure everyone the effective freedom to copy and
redistribute it, with or without modifying it, either commercially or non-commercially.
Secondarily, this License preserves for the author and publisher a way to get credit for their
work, while not being considered responsible for modifications made by others.

This License is a kind of “copyleft”, which means that derivative works of the document must
themselves be free in the same sense. It complements the GNU General Public License, which
is a copyleft license designed for free software.

We have designed this License in order to use it for manuals for free software, because free
software needs free documentation: a free program should come with manuals providing the
same freedoms that the software does. But this License is not limited to software manuals; it
can be used for any textual work, regardless of subject matter or whether it is published as a
printed book. We recommend this License principally for works whose purpose is instruction or
reference.

APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that contains a notice placed
by the copyright holder saying it can be distributed under the terms of this License. Such a
notice grants a world-wide, royalty-free license, unlimited in duration, to use that work under
the conditions stated herein. The “Document”, below, refers to any such manual or work. Any
member of the public is a licensee, and is addressed as “you”. You accept the license if you
copy, modify or distribute the work in a way requiring permission under copyright law.

A “Modified Version” of the Document means any work containing the Document or a portion
of it, either copied verbatim, or with modifications and/or translated into another language.

A “Secondary Section” is a named appendix or a front-matter section of the Document that
deals exclusively with the relationship of the publishers or authors of the Document to the
Document's overall subject (or to related matters) and contains nothing that could fall directly
within that overall subject. (Thus, if the Document is in part a textbook of mathematics, a
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Secondary Section may not explain any mathematics.) The relationship could be a matter of
historical connection with the subject or with related matters, or of legal, commercial,
philosophical, ethical or political position regarding them.

The “Invariant Sections” are certain Secondary Sections whose titles are designated, as being
those of Invariant Sections, in the notice that says that the Document is released under this
License. If a section does not fit the above definition of Secondary then it is not allowed to be
designated as Invariant. The Document may contain zero Invariant Sections. If the Document
does not identify any Invariant Sections then there are none.

The “Cover Texts" are certain short passages of text that are listed, as Front-Cover Texts or
Back-Cover Texts, in the notice that says that the Document is released under this License. A
Front-Cover Text may be at most 5 words, and a Back-Cover Text may be at most 25 words.

A “Transparent” copy of the Document means a machine-readable copy, represented in a
format whose specification is available to the general public, that is suitable for revising the
document straightforwardly with generic text editors or (for images composed of pixels) generic
paint programs or (for drawings) some widely available drawing editor, and that is suitable for
input to text formatters or for automatic translation to a variety of formats suitable for input to
text formatters. A copy made in an otherwise Transparent file format whose markup, or
absence of markup, has been arranged to thwart or discourage subsequent modification by
readers is not Transparent. An image format is not Transparent if used for any substantial
amount of text. A copy that is not “Transparent” is called “Opaque”.

Examples of suitable formats for Transparent copies include plain ASCII without markup,
Texinfo input format, IATEX input format, SGML or XML using a publicly available DTD and
standard-conforming simple HTML, PostScript or PDF designed for human modification.
Examples of transparent image formats include PNG, XCF and JPG. Opaque formats include
proprietary formats that can be read and edited only by proprietary word processors, SGML or
XML for which the DTD and/or processing tools are not generally available, and the
machine-generated HTML, PostScript or PDF produced by some word processors for output
purposes only.

The “Title Page” means, for a printed book, the title page itself, plus such following pages as
are needed to hold, legibly, the material this License requires to appear in the title page. For
works in formats which do not have any title page as such, “Title Page” means the text near
the most prominent appearance of the work’s title, preceding the beginning of the body of the
text.

A section “Entitled XYZ" means a named subunit of the Document whose title either is
precisely XYZ or contains XYZ in parentheses following text that translates XYZ in another
language. (Here XYZ stands for a specific section name mentioned below, such as
“Acknowledgements”, “Dedications”, "Endorsements”, or "History”.) To “Preserve the Title"
of such a section when you modify the Document means that it remains a section “Entitled
XYZ" according to this definition.

The Document may include Warranty Disclaimers next to the notice which states that this

License applies to the Document. These Warranty Disclaimers are considered to be included by
reference in this License, but only as regards disclaiming warranties: any other implication that
these Warranty Disclaimers may have is void and has no effect on the meaning of this License.

VERBATIM COPYING

You may copy and distribute the Document in any medium, either commercially or
non-commercially, provided that this License, the copyright notices, and the license notice
saying this License applies to the Document are reproduced in all copies, and that you add no
other conditions whatsoever to those of this License. You may not use technical measures to
obstruct or control the reading or further copying of the copies you make or distribute.
However, you may accept compensation in exchange for copies. If you distribute a large enough
number of copies you must also follow the conditions in section A.
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You may also lend copies, under the same conditions stated above, and you may publicly
display copies.

COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have printed covers) of the
Document, numbering more than 100, and the Document'’s license notice requires Cover Texts,
you must enclose the copies in covers that carry, clearly and legibly, all these Cover Texts:
Front-Cover Texts on the front cover, and Back-Cover Texts on the back cover. Both covers
must also clearly and legibly identify you as the publisher of these copies. The front cover must
present the full title with all words of the title equally prominent and visible. You may add
other material on the covers in addition. Copying with changes limited to the covers, as long as
they preserve the title of the Document and satisfy these conditions, can be treated as
verbatim copying in other respects.

If the required texts for either cover are too voluminous to fit legibly, you should put the first
ones listed (as many as fit reasonably) on the actual cover, and continue the rest onto adjacent

pages.

If you publish or distribute Opaque copies of the Document numbering more than 100, you
must either include a machine-readable Transparent copy along with each Opaque copy, or
state in or with each Opaque copy a computer-network location from which the general
network-using public has access to download using public-standard network protocols a
complete Transparent copy of the Document, free of added material. If you use the latter
option, you must take reasonably prudent steps, when you begin distribution of Opaque copies
in quantity, to ensure that this Transparent copy will remain thus accessible at the stated
location until at least one year after the last time you distribute an Opaque copy (directly or
through your agents or retailers) of that edition to the public.

It is requested, but not required, that you contact the authors of the Document well before
redistributing any large number of copies, to give them a chance to provide you with an
updated version of the Document.

MODIFICATIONS

You may copy and distribute a Modified Version of the Document under the conditions of
sections A and A above, provided that you release the Modified Version under precisely this
License, with the Modified Version filling the role of the Document, thus licensing distribution
and modification of the Modified Version to whoever possesses a copy of it. In addition, you
must do these things in the Modified Version:

1. Use in the Title Page (and on the covers, if any) a title distinct from that of the
Document, and from those of previous versions (which should, if there were any, be listed
in the History section of the Document). You may use the same title as a previous
version if the original publisher of that version gives permission.

2. List on the Title Page, as authors, one or more persons or entities responsible for
authorship of the modifications in the Modified Version, together with at least five of the
principal authors of the Document (all of its principal authors, if it has fewer than five),
unless they release you from this requirement.

3. State on the Title page the name of the publisher of the Modified Version, as the
publisher.

4. Preserve all the copyright notices of the Document.

5. Add an appropriate copyright notice for your modifications adjacent to the other
copyright notices.
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6. Include, immediately after the copyright notices, a license notice giving the public
permission to use the Modified Version under the terms of this License, in the form
shown in the Addendum below.

7. Preserve in that license notice the full lists of Invariant Sections and required Cover Texts
given in the Document's license notice.

8. Include an unaltered copy of this License.

9. Preserve the section Entitled “History”, Preserve its Title, and add to it an item stating
at least the title, year, new authors, and publisher of the Modified Version as given on
the Title Page. If there is no section Entitled “History” in the Document, create one
stating the title, year, authors, and publisher of the Document as given on its Title Page,
then add an item describing the Modified Version as stated in the previous sentence.

10. Preserve the network location, if any, given in the Document for public access to a
Transparent copy of the Document, and likewise the network locations given in the
Document for previous versions it was based on. These may be placed in the “History”
section. You may omit a network location for a work that was published at least four
years before the Document itself, or if the original publisher of the version it refers to
gives permission.

11. For any section Entitled “Acknowledgements” or "Dedications”, Preserve the Title of the
section, and preserve in the section all the substance and tone of each of the contributor
acknowledgements and/or dedications given therein.

12. Preserve all the Invariant Sections of the Document, unaltered in their text and in their
titles. Section numbers or the equivalent are not considered part of the section titles.

13. Delete any section Entitled "Endorsements”. Such a section may not be included in the
Modified Version.

14. Do not re-title any existing section to be Entitled “Endorsements” or to conflict in title
with any Invariant Section.

15. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify as
Secondary Sections and contain no material copied from the Document, you may at your
option designate some or all of these sections as invariant. To do this, add their titles to the
list of Invariant Sections in the Modified Version's license notice. These titles must be distinct
from any other section titles.

You may add a section Entitled “Endorsements”, provided it contains nothing but endorsements
of your Modified Version by various parties—for example, statements of peer review or that the
text has been approved by an organisation as the authoritative definition of a standard.

You may add a passage of up to five words as a Front-Cover Text, and a passage of up to 25
words as a Back-Cover Text, to the end of the list of Cover Texts in the Modified Version.
Only one passage of Front-Cover Text and one of Back-Cover Text may be added by (or
through arrangements made by) any one entity. If the Document already includes a cover text
for the same cover, previously added by you or by arrangement made by the same entity you
are acting on behalf of, you may not add another; but you may replace the old one, on explicit
permission from the previous publisher that added the old one.

The author(s) and publisher(s) of the Document do not by this License give permission to use
their names for publicity for or to assert or imply endorsement of any Modified Version.

COMBINING DOCUMENTS

You may combine the Document with other documents released under this License, under the
terms defined in section A above for modified versions, provided that you include in the
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combination all of the Invariant Sections of all of the original documents, unmodified, and list
them all as Invariant Sections of your combined work in its license notice, and that you
preserve all their Warranty Disclaimers.

The combined work need only contain one copy of this License, and multiple identical Invariant
Sections may be replaced with a single copy. If there are multiple Invariant Sections with the
same name but different contents, make the title of each such section unique by adding at the
end of it, in parentheses, the name of the original author or publisher of that section if known,
or else a unique number. Make the same adjustment to the section titles in the list of Invariant
Sections in the license notice of the combined work.

In the combination, you must combine any sections Entitled “History” in the various original
documents, forming one section Entitled “History”; likewise combine any sections Entitled
“Acknowledgements”, and any sections Entitled “Dedications”. You must delete all sections
Entitled “Endorsements”.

COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents released under
this License, and replace the individual copies of this License in the various documents with a
single copy that is included in the collection, provided that you follow the rules of this License
for verbatim copying of each of the documents in all other respects.

You may extract a single document from such a collection, and distribute it individually under
this License, provided you insert a copy of this License into the extracted document, and follow
this License in all other respects regarding verbatim copying of that document.

AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate and independent
documents or works, in or on a volume of a storage or distribution medium, is called an
“aggregate” if the copyright resulting from the compilation is not used to limit the legal rights
of the compilation’s users beyond what the individual works permit. When the Document is
included an aggregate, this License does not apply to the other works in the aggregate which
are not themselves derivative works of the Document.

If the Cover Text requirement of section A is applicable to these copies of the Document, then
if the Document is less than one half of the entire aggregate, the Document's Cover Texts may
be placed on covers that bracket the Document within the aggregate, or the electronic
equivalent of covers if the Document is in electronic form. Otherwise they must appear on
printed covers that bracket the whole aggregate.

TRANSLATION

Translation is considered a kind of modification, so you may distribute translations of the
Document under the terms of section A. Replacing Invariant Sections with translations requires
special permission from their copyright holders, but you may include translations of some or all
Invariant Sections in addition to the original versions of these Invariant Sections. You may
include a translation of this License, and all the license notices in the Document, and any
Warranty Disclaimers, provided that you also include the original English version of this License
and the original versions of those notices and disclaimers. In case of a disagreement between
the translation and the original version of this License or a notice or disclaimer, the original
version will prevail.

If a section in the Document is Entitled “Acknowledgements”, “Dedications”, or “History”, the
requirement (section A) to Preserve its Title (section A) will typically require changing the
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actual title.

TERMINATION

You may not copy, modify, sub-license, or distribute the Document except as expressly provided
for under this License. Any other attempt to copy, modify, sub-license or distribute the
Document is void, and will automatically terminate your rights under this License. However,
parties who have received copies, or rights, from you under this License will not have their
licenses terminated so long as such parties remain in full compliance.

FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions of the GNU Free
Documentation License from time to time. Such new versions will be similar in spirit to the
present version, but may differ in detail to address new problems or concerns. See
http://www.gnu.org/copyleft/.

Each version of the License is given a distinguishing version number. If the Document specifies
that a particular numbered version of this License “or any later version” applies to it, you have
the option of following the terms and conditions either of that specified version or of any later
version that has been published (not as a draft) by the Free Software Foundation. If the
Document does not specify a version number of this License, you may choose any version ever
published (not as a draft) by the Free Software Foundation.

ADDENDUM: How to use this License for your documents

To use this License in a document you have written, include a copy of the License in the
document and put the following copyright and license notices just after the title page:

Copyright © YEAR YOUR NAME. Permission is granted to copy, distribute and/or
modify this document under the terms of the GNU Free Documentation License,
Version 1.2 or any later version published by the Free Software Foundation; with no
Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts. A copy of the
license is included in the section entitled “GNU Free Documentation License”.

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts, replace the
“with...Texts.” line with this:

with the Invariant Sections being LIST THEIR TITLES, with the Front-Cover Texts being
LIST, and with the Back-Cover Texts being LIST.

If you have Invariant Sections without Cover Texts, or some other combination of the three,
merge those two alternatives to suit the situation.

If your document contains nontrivial examples of program code, we recommend releasing these
examples in parallel under your choice of free software license, such as the GNU General Public
License, to permit their use in free software.
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